Problem Set III Solutions

1. §6.22.

Denote 0 = T@Q. The unwound portion of the string has the same
length as the arc T'Q in clockwise direction from T to @, so TP = a#f.
Also, T has coordinates (acosf,asinf). Since TP is perpendicular to
TO and the string is unwound counter-clockwise, TP = af(cos(6 — %)% +
sin(f — Z)j) = af(sin0i — cos 0). So the parametric equations for T are

x=acosf+afsinf and y = asinf — ab cosb.

2. §6.32.

digt) = (cost — tsint)i + (sint + tcost)] + k. Then

dR(

|* \/C052t+81n t + 12 sin? t+t2COSQt+1*\/t2+2

Hence T'(t) = (%)Z + (Sinj:%mt)j + (\/t;?)k

3. §6.43.

Let B(t) = f1(t)i+ f2(t)j. For any function f(t) we will denote by f’(t) the
first derivative of f with respect to ¢t and by f”(¢) the second derivative
with respect to t. Since %8 = |dR(t | = 1, it follows that (f])%(¢) +
(f3)?(t) = 1. But by the definition of the curve, fi(t) = x and f2(t) =y =
e*, hence f4(t) = f{(H) . Then (f)2(t) = (1+ €)1, so (1) =
(14 e2M)=3 = (14 €2*)~z2. Also, f3(t) = fl(t)e'® = (1 + ¢27)~2¢7.

So &= f{(t)i+ f3(1)] = (1+¢*) 720 + (1+ ) 7e7].

From (f{)2(t) = (1+e21®)~1 it follows that 2f{'() f](t) = (1+ 2f1(t))/.
(—1)(A+e2n)72 = —2f](£)e2 O (1+¢21(9) 72, hence f{/(t) = —e**(1+
e**) 72 Also, f(t) = (/1) = N1 (1) + (f1)*(1)) = e (1+62 )%
So @ = fi/(t)i+ f3(£)] = (=€*" (1 + ) 2)i + e*(1 + €*)7].



4. §6.4 4.

(a) Tt is quite clear that we can choose x = 2cos 6, y = 3sin#, for 6 from

0 to 2.
(b) ﬁ(@) = 2cosbi + 3sinbj, so Rd(g) = —2sinfi + 3cos;. Hence the
length s of the curve is given by the integral
2m
s = 4+ 5 cos? 0d6.
0
5. §6.78
(a) 5=10]=V3
(b) T =15 =Js(i+j+k)
_ loxal _ li=i _ V2
(©) k=Tom =55 = 5vs
(d) Using (e): @ = 5T + k3N, so k = %s(z +j+k)+3(—1—j+2k)
Hence § = ?
G _ @x@)xT _ (G=DxCGHitk) _ 1 55 o)
(€) N = TG = A = (= I+ 2k)
6. $7.42

(a) x=r(t)cosB(t) =t, y=r(t)sinf(t) =t, z=2z(t) =t
(b) =7t + 106+ 22 = V2r + 2
7. §7.54.
(a) We have that 7(t) = 1,6(t) = 2t, and 2(t) = 3t2.
Hence & = 77 + 100 + 25 = 7 + 2620 + 3t22.
(b) We have that #(t) = 0,6(t) = 2, and 2(t) = 6t.
Hence @ = (7 — r62)7 + (rf + 270)0 + 32 = —4t37 + 616 + 6t2.

(¢) Going to Cartesian coordinates, R(t) = t cos t2i+t sint2j+3k. Then
ds

% = (cost? — 2t2sint2)i + (sint2 + 2¢2 cos t2)j + 3t2k. Hence &=

4B | — T+ 131,
(d) The arc length is given by the integral f05 V1 + 13t4dt.



8. §7.58.

(a) Since 7 = 2,0 = 1, and 2 = 1, it follows that #(t) = 2t7 + 20 + 2, so
7(1) = 27 + 0 + 2.
Since # = 2,0 = 0, and % = 0, it follows that @(t) = (2 — t2)7 + 4t6),
so @(1) = 7 + 46.

(b) Since 7(1) x @(1) = —4# 4+ 0+ 72, |7(1) x @(1)| = V66. Also, |#(1)| =
VB Hence k(1) = (S0l _ os _ v

9. §7.512.

Since § = —6#, we have that 6 = —f7 — 7. Since # = 06, 6= — (67 + 620).
Then 6 = — (67 + 67 + 2660 + 628). Since 67 = 66 and 6 = —67, it follows
that 6 = (63 — 6)7 — 3660.

10. $8.12.

We consider O to be the origin of the Cartesian system, and M the plane
ay. If P has coordinates (z, y, z), then its projection on M has coordinates
(z,9,0), so the distance from O to the projection of P on M is \/x? + y2.

Hence f(P) = v/22 + y2.

11. §$8.6 2ad.
(a)
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12. §8.6 7.
From the determinant we get ¢ = —13x — yz + 3z. Then g—g = —13,

¢ _ _, 99 _ _
oy = % o: = YT



(a) If P(x,y,z) = (0,0,0), then %|p = —13, g—§|P =0, %|p = 3,50 q
is going to be most sensitive to chances in the x variable.
0, 9 0,
(b) If P(x,y,2z) = (10,15,20), then 3l|p = —13, —le = —20, 5ilp =
—12, so g is going to be most sensitive to chances in the y variable.
0, 9 0,
(c) If P(x,y,2) = (15,15,15), then 3l|p = —13, —le = —15, gllp =

—12, so g is going to be most sensitive to chances in the y variable.

13. §8.68.

(a) We have that V = ma?b. Then 2% = 2rab and 4% = ma?. If a =0,
V' is equally sensitive to changes in ¢ and b. If a # 0, V is more
sensitive to changes in a if |b| > % V' is more sensitive to changes
in b if |b] < % and V is equally sensitive to changes in a and b if
ol = 15"

(b) We have that S = 2rab+2ma?. Then 22 = 27 (b+2a) and 22 = 27a.
Hence, S is more sensitive to changes in a if |b+ 2a| > |a|, S is more
sensitive to changes in b if |b + 2a| < |a|, and S is equally sensitive

to changes in a and b if |b + 2a| = |a|.



