Problem Set X Solutions

1. §2432.
On C1, we take ﬁ(t) = 3costi—|—3sint§' with 0 <t <, so ‘Z—If = —3sinti+

3costj. On Cy we take R(t) = 3ti, with —1 < ¢ < 1. Then
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= / 369 dt + / —3intedcos’ tdt+
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+ / (—27sin? t + 45 cos® t — 3 cos te—9sin® Hdt =
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= / —27sin? t + 45 cos®* t = —27m + 72/ cos®t = 9,
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since f_ll O dt = [y sinte? cos’ tqt and Jy cos te=9sin’ tgs — 0.

2. §2433.

—

The elipse can be parametrized by R(r,6) = racos 0i + rbsinfj, with
0<r<1land0 <86 < 2r. Then ”Cll—]f = acosG%—l—bsinH} and ‘% =

—rasin0i + rbsin ). Hence @(r,0) = rabk, so the area of the ellipse is

oar o1 1
// dA = / / || drd = Zﬁab/ rdr = wab
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By the Green theorem, the area is given by the integral % /. C(—y%+x}')-dﬁ,

3. §24.34.

where C' is the reunion of the cycloid and the segment on the z axis. Let
C} be the segment on the z axis. Its parametrization is B(t) = a(t—sint)i,
with 2kr <t < (2k + 2)m. Hence on Cy F = —yi + xj = a(t —sint)], so
fCl F-dR = 0. Let C5 be the cycloid segement. Its parametrization is

dt

R(t) = a(t —sint)i + a(1 — cost)j. Hence i _ a(l — cost)i +asintj and
F = —a(1 — cost)i + a(t — sint)j. Hence
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/ F.-dR = a*(tsint —sin®t — 1 + 2cost — cos? t)dt =
Ca (2k+2)m
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:aQ/ (2 —2cost — tsint)dt =
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= 4ra® — a2/ tsintdt = 2ma?
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So the area is
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= - F.-dR+ = F-dR = =2ma* = 7a
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4. 2437,
Slnce C is clockwise, we have that fcﬁ -dR = — I Iz rotFdA. Since
rotF = M, — Ly =y — 1, the integral is
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(a) Denote Cy the counterclockwise circle of radius 3 with center at O.

Then from 24.5.1 it follows that

fﬁ-dﬁ:—yf F-dR = —4
C Cy

(b) Since C does not contain O, we can apply Green’s theorem and get

j{ﬁ-dé:o
C

(¢) From 24.5.1 it follows that

fﬁ-dﬁ:—yf F-dR = —4
c Ch

(d) If C does not contain O, [, F.dR = 0. If C contains O, then if it is
clockwise, we can take a counterclockwise curve Cy containing both

C and C; and get that

/ﬁ-dﬁ:—/ ﬁ-dﬁ:—/ F.dR = -4
C Co Cq

In the same manner, if the curve contains O and it is counterclock-

wise, fc F.dR = 4. So the possible values are 0, +4.

5. 4245 1.
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(e) Using the same reasoning as in (d), depending on the winding number
of C, the possible values of the integral are of the form 4n, with n

integer.
6. ¢ 24.5 2.

(a) If the circle is counterclockwise, fcﬁ -dR = —5. If the circle is
clockwise, ¢, F.dR =5.

(b) The possible values of ¢, F - dR are 0,%5.
7. §24.72.
Since x = rcosf and y = rsin 6, we have that

dx = cosOdr — rsin 8d6,

dy = sinfdr + r cos 6d6

Hence

dr = (cos® 6 4 sin? 0)dr = cos Odx + sin Ody,

.o 9r or _ <
so g = cosf and 5, = sin 0. Also

rdf = r(cos® 6 + sin? §)df = — sin Odx + cos Ody,

SO % = —’Sj,“e and g—z = Coje.
8. § 2473
(1) F =r#, so G(r,0) = r, H(r,0) = 0. Hence %8 — 0 and %2 = 0. So
-~ 10 190G
F:—— H —_——_—— =
rot r@r(r) r 00

(2) F = f(r)?, so G(r,0) = f(r), H(r,0) = 0. Hence 2% = 0 and

00
agTHZO. So
L, 10 10G
(3) F =10, so G(r,0) = 0, H(r,0) = r. Hence 2¢ = 0 and & = 2.
So
L, 10 10G



(4) F =16, s0 G(r,0) =0, H(r,0) = 1. Hence 9G — () and
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5 ﬁ:ré,soGr,G =176, H(r,0) = r. Hence 2 = and 2
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(6) F = rf, so G(r,0) = 3120, H(r,0) = r2. Hence
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5 = 3r-. So
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(7) F = 10, so G(r,0) = 3r2, H(r,0) = —r2. Hence
%’—TH:—Z’)TQ. So
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