Lecture VI
Calculus of Vector Functions

Recall that ‘fi—}? denotes the first-order derivative of R(t), and that %5 de-
notes the second-order derivative of ]%(t) We introduce new notations for these
functions: Cfl—? = R(t) and ‘571; = R(t). Let R(t) = a1(t)i + az(t)] + as(t)k-.
Then the following differentiation rules stand:

1. R(t) = a1 (1)i + aa(t)] + as(b)k.

2. R(t) =y (t)i + ao(t)] + ds(t)k.
Let A(t) and B(t) be differentiable vector functions, and let a(t) be a
differentiable scalar function. The following differentiation rules stand:

3. L(A(t)+ B(t))= A+ B.

4. La)A(t) = at) A(t) + a(t) At).

—

5. L(At) Bty =A B+ A B

—

(1) x B(t)) = Ax B+ Ax B.

o

6. <L(

Theorem 1 (Unit-Vector Theorem) Let E(t) be a unit vector function, R(t) =
a(t) for allt. Then:

1. The direction ofﬁ is perpendicular to that of 4. The vector formula de-

scribing this is 4(t) - 4(t) = 0 for all t.

2. |a(t)| equals the rate of change of the direction of 4(t) measured in radians

per time.

The proof for the first part of the Unit-Vector Theorem is quite brief. Since

la(t)| = 1, a(t) - 4(t) = 1. Using differentiation rule 5, we get that 2a(t) - u(t) =

b =0, ie. 4(t) is perpendicular to a(t).



Definition 1 Let R(t) be a continuous vector function on an interval [a,b]. The
set C' of all points having ﬁ(t) as position vector for some t in [a,b] is called a

finite curve. The function E(t) is called a path for C.

For a point P on a curve C, the vector ‘fi—lf at P is called the velocity vector at
P and is denoted ¥ (P). Similarly, the vector %13 at P is called the acceleration
vector at P and is denoted @(P). Let d = da — ‘f—t?. We will now define two
important scalar functions important for the curve C.

Definition 2 The curvature k is a function defined by k(P) = %.

Definition 3 The torsion 7 is a function defined by 7(P) = %.

The curve C' is uniquely determined by the functions k and 7.



