Pset # 5 Solutions

1.

(a)

We use the substitution u = /st (for s > 0 say), so that du =
14712\ /sdt, and compute

/ t=1/2e=st gt :/ 957 12e=v gy = \/E
0 0 S

As t'/? is twice the antiderivative of t~*/2, the Laplace tranform of

t1/2 is 2/s times the Laplace transform of t71/2, namely 2/ms /2,
as we wanted.

This converges for r > —1. To see this, we note that the integral
from 0 to 1 (which has a positive integrand) is bounded above
by ¢, and so converges as fol t"dt = % is bounded. For the
remainder, we use the integral test, comparing the integral to the
series Y 2 n"e”", and then using the ratio test here. The ratio
% converges to 1/e as n — 00, so that the series and

hence the integral converges.

For the first part, we use integration by parts.
o¢] o¢]
L(r+1)= / te tdt = rtr_le_t‘go + r/ tte~tdt = rI'(r).
0 0
Moreover, I'(1) = [ e~'dt = 1 and with the substitution u = /2,
1 - —1/2 _—t - —u?
F<§) = /et = 2e " du = /.
0 0

We wish to compute [~ e~*'dt. Using the substitution u = st
for s > 0, we obtain

o 1 o r 1
(u/s) e u-du=s""1 ue tdu = M
0 s 0 Sr+1

2. We verify this term-by-term in the Taylor expansion for sint/t, namely

t2 4 t6
1—54-5—%4—“-.



3.

Indeed, according to the previous problem, the Laplace transform of
t?" is T'(2n + 1)/s***1. Now, again according to the previous problem,

F@2n+1)=2nT'2n)=2n-2n—1)-(2n—2)---1-I'(1) = (2n)!.

Therefore, the Laplace transform of t2"/(2n + 1)! is 1/(2n + 1)s?" L.
As the Taylor expansion of arctan u is

ut o ud

u_g_i_g_...,

this shows that L[sint/t] is in fact arctan(1/s).
(a) Notice that if 2(¢) is a function with Laplace transform X (s), then
oo d o0
Lltz](s) = / tr(t)e *tdt = —— z(t)e *'dt = —X'(s).
0 ds Jo

Therefore as we know L[y'] = sY and [y"] = s?Y,
1= Lity" +y +ty]
= —d%(:fY) +sY =Y’
= —25Y — Y +sY Y’
= —[(s*+1)Y' +sY].

(b) We separate variables to get

Y' o s
Y 8241
whence logy = —1log(1+s?) + C and Y = ¢(1 + s*)7'/% as we

wanted.

(¢) To expand this in a binomial series, we compute

() - EReh

n n!
(=1"-1-3----(2n—1)
N 2nn/!
_(c1r(en)!
2l 2.4 (2n)
_ (=1)"(2n)!
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Now, we represent c(1 4 s2)7"/2 as c¢s~'(1 4+ 1/5%)7'/2, obtaining

=53 () =X s

n= n=0

As (2n)! =T(2n + 1), (2n)!/s* ! = L[t*"], and we conclude that

as desired. This series evidently converges faster than e’ and so is
convergent on all of R; we conclude that (setting ¢ = 1), y(0) =
(—=1)°/(2° - (01)?) = 1 and that the n'® derivative of y, which is
just 0 or n! times the (n/2)™ term in the series above (if n is odd
or even respectively), is finite.

First we solve the problem y” 4+ y = u.(t) with y(0) = ¢'(0) =0
and then use superposition to get us the rest of the way there.
Indeed, for t < ¢ we must have y(¢f) = 0 by uniqueness, so by
continuity we have y(c¢) = 3'(¢) = 0. But then to the right of
¢, y = Acos(t — ¢) + 1, so y(c) = Acos(c — ¢) +1 = 0 and
y'(c) = —Asin(c — ¢) = 0. This yields (for example) ¢ = ¢ and
A= —1, 50 y(t) = u.(t)[1 — cos(t — ¢)]. But then the solution we
seek in the end is

y(t) = ug(t) cost + 2 Z Veupx[1 — cos(t — k).

It is the case that cos(t — km) = (—1)*cost, so we can actually
write this solution as

t) = ZZU;W%— [1— QZukﬁ] cost = 2[t/m|+ (1 —2[t/7]) cost),

where in the last expression the brackets refer to the greatest
integer function. This is a function which remains positive but
which returns to the value y = 1 infinitely man times (so its
maximum grows, but it always drops back down).



(c) As before, we get

()

y(t) = ug(t) cost + 2 Z Y upig a1 — cos(t — 11k/4)).

If we look at cos(t — 11k/4) as the real part of e*"11%/47 in the
interval [11n/4,11(n + 1)/4) we are looking at the real part of

+ (_1)n+16711(n+1)1/4
1 4 e—11i/4

i . 1
2n+1-2) (—1)Fe "M = app 1426

On the right side of this expression, the denominator is a nonzero
constant and the rest of the expression is bounded by 2, so the
right side can never grow past a certain size. We conclude that
the solution will eventually consistently exceed any number (unlike
the first solution, above, which always returns to y = 1).

If we set

u= /0 t(t — Po(taw)dr =t /0 t o(r)dr — /0 t ro(r)dr

then
u—/gb YdT +tp(t) — to(t) /gb )dr)

so that u” = ¢(t). We conclude that we are solving
u” + u = sin(2t)

with the initial conditions that u(0) = «'(0) = 0 (as integrals from
0 to 0 are necessarily 0).
Using the Laplace transform, we are looking to solve (1+s%)U(s) =
2/(s* +4), so

2 2/3 23
(2 4+ 1)(s24+4) s24+1 244
so applying the inverse Laplace we obtain u = %sint — %sin(2t).
A particular solution is given by Asin(2t), so that —4A + A =1
and A = —1/3. The general solution is then u = Bsint+C cost—
5sin(2t), so that u(0) = C' = 0 and «/(0) = B —2/3 = 0. We

conclude that u(t) = Zsint — §sin(2¢), as we wanted.

U(s) =




