18.05 Lecture 12
March 2, 2005

Functions of Random Variables

X - random variable, continuous with p.d.f. f(x)

Y =1r(X)

Y doesn’t have to be continuous, if it is, find the p.d.f.
To find the p.d.f., first find the c.d.f.

BY <9) =PO(X) <) =P r(N) <o) = [ flapde

zr(2)<y
Then, differentiate the c.d.f to find the p.d.f.:

Example:
Take random variable X, uniform on [-1, 1]. Y = X2, find distribution of Y.
p.d.f. f(z) = {4 for —1 <z < 1;0 otherwise}

VY
Y = XLB(Y <) = P(X2<Y) = B(— < X < f) = /_ff(w)dw

Take derivative before integrating.
0 1 1 1
~PY <y =Ff(VY X =+ f-y) X 5—F==—
5P SV = WD) % g [0 % s =

1
f(y) ={—,0 <y < 1;0 otherwise.
(y) {\/y }

(f(Vy) + F(=vy))

Suppose r is monotonic (strictly one-to-one function).

X = r(y), can always find inverse: y = r~1(z) = s(y) - inverse of r.
P(Y <y) =P(r(z) <y) =

=P(X < s(y)) if r is increasing (1)

=P(X > s(y)) if r is decreasing (2)

(1) = F(s(y)) where F() - c.d.f. of X,
OP(Y <y) _ OF(s(y)
dy oy
(2) =1-P(X <s(y)) =1-F(s(y)),

= f(s(y)s'(y)

IP(Y <y)

- = W)

~—

1
1

If r is increasing — s = r~! is increasing. — s'(y) > 0 — s'(y) = |s'(y)]
If r is decreasing — s = r~ ' is decreasing. — s'(y) <0 — —s'(y) = |s'(y)]

Answer: p.d.f. of Y: f(y) = f(s(y))|s'(v)]
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Example: f(z) = {3(1 —2)%,0 <z < 1;0 otherwise.} Y = 10e5*

1, Y 1
=10e" - X = —In(—=); X' = —
Y =10e 511(10), E
f()_—3(1—11(—} )|—1|1o< < 10€%;0, otherwi
—n [ otherwise.
Y sIn(gg)lsy 0=y < ;0,

X has c.d.f. F(X)=P(X < z), continuous.
Y = F(X),0 <Y <1, what is the distribution of Y?

cdf P(Y <y)=P(F(X)<y) =P(X <F'(y)) = F(F(y)) =y,0<y <1
p.df. f(y) ={1,0 <y < 1;0, otherwise.}

Y - uniform on interval [0, 1]

X - uniform on interval [0,1]; F - c.d.f. of Y.

F-lz)
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Y =FYX);PY <y =PF z)<y)=P(X <F(y)) = F(y).
— Random Variable Y = F~1(X) has c.d.f. F(y).

Suppose that (X, Y) has joint p.d.f. f(x,y). Z=X +Y.

P(Zﬁz):]P’(X+Y§z):/
z+y<z
p.d.f.:

flz)= % = /_Oo f(z,z — x)dx

S

= <) +)

If X, Y independent, f1(z) = p.d.f. of X. fa(y) = p.d.f. of Y
Joint p.d.f.:

fo) = @R 56) = [ " @) fa - a)da

Example: X, Y independent, have p.d.f.:

f(@) ={ae™ ", x > 0;0, otherwise}.
Z7=X+Y:

f(z):/ e e T gy
0

Limits determined by: (0 <z,z—2>0—-0<z < 2)

z z
flz) = ozz/ e”Ydr = oz2e*az/ dr = a?ze™**
0 0
This distribution describes the lifespan of a high quality product.

It should work “like new” after a point, given it doesn’t break early on.
Distribution of X itself:
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f(x,y)dedy = [ [  f(x,y)dyde,



> o1 .
X,P(X >2)= / ae”dr = ae” Y (—=)|X =7
z a

Conditional Probability:

P(X>z+t,x>z) PX>z+t) e &
PX>z+tX>2)= PX > ) = PX > 2) = e =€ =P(X >1¢)

** End of Lecture 12
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