18.05 Lecture 13

March 4, 2005

Functions of random variables.

If (X,Y) with joint p.d.f. f(z,y), consider Z =X + Y.
p.d.f. of Z: f(z) = [, f:czf:v)dx

IfXandY mdependent f(z f fi(@) fa(z — x)dx

Example:

X, Y independent, uniform on [0, 1], X, Y ~ U[0,1],Z =X +Y
p.d.f. of X, Y:

fi(z) ={1,0 <z < 1;0 otherwise} = I(0 < z < 1),

Bly) =10<y<1)=I0<z-z<1)
f)= T 10<2<1)xI0<z—z<1)ds

Limits: 0 <2 <1;z—1<zx <z

Both must be true, consider all the cases for values of z:

fiz)
2 Z4-z
1 2 Z
Case 1: (z < ) Jp=0
Case 2: (0<2<1)— [ ldz =2z
Case 3: (1<z<2) — [l ldr =22
Case 4: (z2>2) — [, =

Random variables likely to add up near 1, peak of f(z) graph.

Example: Multiplication of Random Variables
X >0,Y >0.Z=XY (Zis positive)
First, look at the c.d.f.:

y=zlx

vazlx

Pz =RV <= [ fepidy= [ faa

p.d.f. of Z:
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16 = FE=D [ S e

Example: Ratio of Random Variables

Z=X/Y (all positive), P(Z < z) = P(X < zY) = [ . f(z,y)dzdy =[5 [5"

p.df f(z) = [;° f(zy.y)ydy
In general, look at c.d.f. and express in terms of x and y.

Example: X1, Xs, ..., X,, - independent with same distribution (same c.d.f.)
f(z) = F'(z) - p.d.f. of X;

Y = maximum among X7, Xs...X,

P(Y <y) =P(max(X1,...,X,) <y) =P(X; <y, Xo <y.X, <y)

Now, use definition of independence to factor:

=P(X; <y)P(X2 <y)..P(X, <y)=F(y)"
p.d.f. of Y:

fly) = ==F(y)" =nF(y)" "F'(y) =nF(y)" " f(y)

Y = HliIl(Xl’ R Xn)v]P)(Y S y) = P(min(Xla 7Xn) S y)
Instead of intersection, use union. But, ask if greater than y:
=1—-P(min(Xy,..., X,) > ¥)

=1-P(X1>y,... X, >vy)

=1-P(X; > y)P(X2 > y)..P(X, >y)

=1-P(X; >y)"

=1-(1-P(X; <y))"

—1- (1 F(y)"

X = (X1, Xa,., Xn), Y = (Y1, Y, ..., Yy) = r(X)

Yl = rl(Xla aXn)
}/2 = TQ(Xla aXn)
LX

n)

— —
Suppose that a map r has inverse. X =r~1(Y)
YEA ng Ydy — g(y )1stheJomtpdf of Y

Yn = rn(Xh .

B(Y € 4) = P(r(X) € A) = B(X € s(4)) = [, 4, f(F)de = [, f(s(7))|J|dT |

Note: change of variable 2’ = s(%/)
Note: J = Jacobian:

9s1 9s1
oy1 o OyYn
J=det| ... .. ..
Osn Osn
oy1 o OyYn

The p.d.f. of Y : Fs(y)|J|

Example:

f(x, y)dedy

(X1, X2) with joint p.d.f. f(x1,22) = {4129, for 0 < 27 < 1,0 < 9 < 1;0, otherwise}
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X1
Yi=——Ya=X1X
1=, 142

. Y.
Y1 = 71(X1, X2), Yo = ra(Xy, Xo) inverse X1 = \/Y1Ys = 51(Y1,Y2), Xo = ?2 = 53(Y1,Y2)
1

But, keep in mind the intervals for non-zero values:

NS VL
2001 200

1
Qy?/Q 2/Yy2/y1

1 1 1

4y1 4y1 2y1

Joint p.d.f. of (Y1,Y2):

2
2250 < s <1, and 0 < ,/3—2 < 1;0 otherwise }
1

|y1|

Condition implies that they are positive, absolute value is unneccessary.

)
9(y1,92) = {4V/y192 y—j|J| =

¥

"
Joint p.d.f. of (Y1,Y2)

** Last Lecture of Coverage on Exam 1 **
** End of Lecture 13
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