18.085 - Mathematical Methods for Engineers I, Fall 2007
Solutions - Problem Set 2

Prof. Gilbert Strang

Section 1.3

7) Suppose A is rectangular (m by n) and
C'is symmetric (m by m) matrix
i) (ATcA)T
= ATCT(AT)T since C = CT (symmetric)
=ATCA
- ATCA is symmetry 4
(AD)nxm (Chmxm (A)mxn
L ATCAs (nxn) 4

ii) Let A= |a1 a2 as an
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Since ala; = a? > 0, we conclude that

AT A has no negative numbers on its diagonal 4
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Section 1.4
3) —u"=06(x—1/3)+6(x—2/3)

General Fixed-Fixed Solution

) =1/3)r , x<1/3
"Tla-01/3 , 2>1/3

B (1-2/3)x , x<2/3
"Tla-o23 , 2>2/3

Combining two single-load solutions:
1-1/3)x+(1-2/3)x , x<1/3

u=<S (1—2)1/3+(1-2/3)x ,1/3<z<2/3
(1—2)1/3+(1—2)2/3 , z>2/3

T for x <1/3
=4q1/3  for 1/3<x<2/3
1—z for z>2/3 #



Second Method
Az+B ,x<1/3
uz)=qCx+D ,1/3<2<2/3
Ex+F |, x>2/3
u(0) =0

A-0+B=0

,'.B:O# —@
A(1/3) g C(1/3)+ D
A=C+3D —Q2
A-1=C —®
C(2/3)+D = E(@2/3)+F
2C +3D =2E+3F —@
C-—1=E —0®
E(1)+F=0
E=-F —®
@-0®
Z+3D-1=¢
D =

Wl

#
©—-@
20 +3(1/3) = 2E + 3(—E)

20+1=-E —)
@-2x®

1+3=-3E
E=—1y

C=1+4+F
=1+(-1)
O =0y

E=-F
=1y

A-1=C
A=1+40
LA=1y

T , x<1/3
sou(z)=<1/3 ,1/3<2<2/3
l—2z ,2>2/3



5) Free-Free condition

u(z) =—R(x—a)+Cx+ D
+

u'(0) =0 u'(1)=0
W'(0)=0+C=0

S C=0
uw'(l)=-14+C=0

SO0 =1

.. There are no solutions for C' and D

C cannot be 0 and 1 at the same time 4

7 f@) =6z —-1/3) = bz —2/3)

Ar+B |, 2<1/3
uz)=qCx+D ,1/3<2<2/3
Ex+F |, x>2/3
u'(O):A:O#

0
AR +B=C(1/3)+D

3B=C+3D —(2)
A-1=C
.'.O:—l#

C(2/3)+D =E(2/3)+ F
2C +3D =2E +3F —3)

C+l =F

E =04
redundant, less one equation

From (3)

2C + 3D = 3F
3D =3F —2C
=3F +2
D=F+2/3

From (2)

3B=-1+3D

—1+43F +2
3
=F+1/3

B =



F+1/3 ,x<1/3
ulx) =9 -+ F+2/3 ,1/3<x2<2/3
F , x>2/3
F can take any value F' € R

.. infinitely many solutions for u(z) 4

0 , <0
23

12) u"" =4(z) : C(z) = {
— , x>0
6

Cubic spline C(z) is a particular solution for u

uw(x) = C(x) + Az + Ba?> + Gz + D

Given that  wu(1) = u”(1) =0
1 w”(~1) = 0
1
u()) =z +A+B+G+D =0

1

A+B+G+D=—¢ —D
u(-1)=04+(-A)+B-G+D=0

A-B+G-D=0 —2
u”(1) =1+ 6A(1)+2B =0

6A+2B=-1 —@)

u"(-1) =0—6A+2B =0

B=3A
1 1
_ = B=_=
12 # 4
1 1 1
_E+(_Z)+G+D__E
1 1
(Do =
G+D=-
1
G—-D=—-
6
1
G=0 D=—
) 6#
1, 1, 1



Section 1.5
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4) >> K =toeplitz([2 —1 zeros(1,3)]);
>> [Q7E] = eig(K);
>> [DST = Q #diag([-1 -1 1 -1 1])

DST =

0.2887  0.5000  0.5774  0.5000  0.2887
0.5000  0.5000 —0.0000 —0.5000 —0.5000
0.5774 —0.0000 —0.5774  0.0000 0.5774
0.5000 —0.5000 —0.0000  0.5000 —0.5000
0.2887 —0.5000  0.5774 —0.5000  0.2887

>> JK =[1:5]" % [1:5];

>> sin(JK * pi/6)/sqrt(3) DST = sin(JK *pi/6)/sqrt(3)

ans =

0.2887  0.5000  0.5774  0.5000  0.2887
0.5000  0.5000  0.0000 —0.5000 —0.5000
0.5774  0.0000 —-0.5774 —0.0000 0.5774
0.5000 —0.5000 —0.0000  0.5000 —0.5000
0.2887 —0.5000  0.5774 —0.5000  0.2887




>> DST'
ans =

0.2887
0.5000
0.5774
0.5000
0.2887

0.5000
0.5000
—0.0000
—0.5000
—0.5000

>> inv(DST)

ans =

0.2887
0.5000
0.5774
0.5000
0.2887

2
-1

=
Il
— = = =

0.5000
0.5000
—0.0000
—0.5000
—0.5000

-1 0
2 -1
-1 2

0.5774
—0.0000
—0.5774

0.0000

0.5774

0.5774
—0.0000
—0.5774
—0.0000

0.5774

-1
0
-1

fi=a1q1+axq2+azq3+asqs

fo=biqr +baga+b3qs+baqa

fa=ciqu+coqa+c3gz+caqy

fa=diqgn+daga+dsgs+daiga

0.5000
—0.5000
—0.0000

0.5000
—0.5000

0.5000
—0.5000
—0.0000

0.5000
—0.5000

0.2887
—0.5000
0.5774
—0.5000
0.2887

0.2887
—0.5000
0.5774
—0.5000
0.2887

DST' =inv(DST)



9)

fal = o @ @ @ [a b a &
a9 b2 Co dg

f1 fo f3

a3 bz c3 ds

as by cy4 dy

denote by A

fi and ¢; are the column ¢ of their respective matrix

F=0QA
Q'QA=Q'F
A=Q'F

From MATLAB

2 0 0 0
) 0 vV2 0 V2
o vV 0 -V
0 0 -2 0],
1 0
-1 1
A7:
0 -1 1
0 0 —-1],.,
A_TA_
_ 1 0 0
1 -1 0 0
-1 1 0
=10 -1 0
1 -1
0 1 -1
- 0 0 -1
T2 -1 0
=l -1 2 —-1|=Kj
L 0 -1 2 4
AAT
1 0
1 -1 0
-1 1
= 0 -1
-1 1
0 1 -1
0 —1



-1 2 -1 0

= :B
0 -1 2 -1 t#
0 0 -1 1
0.5858
eig(K3) = | 2.0000
3.4142
[u s v]=svd(A_)
1.8478
s = 1.4142
0.7654

02 =1.84782 = 3.4142 = )3
02 =1.41422 =2 = ),
02 = 0.76542 = 0.5858 = A

.. The eigenvalues of K3 are the squared singular values 02 of A_ #



