The final

This exam is closed book, no books, papers or recording devices permitted. You may use theorems
from class, or the book, provided you can recall them correctly.

With short solutions and comments. I hope I did not damage too many delicate egos with this final!
Problem 1
Suppose f € L?([—m,w]) and f(z) = 0 for all z € [—m,n]. Show that f: flz)dz =0 for

all a < b, with a,b € [0,1] N@ implies that f =0 almost everywhere with respect to

Lebesgue measure.
Generally well done.

Ans:- From a standard result, f =0 a.e. in [a, b] for every a,b &€ [—m, 7| N Q. The subset of
[, 7] on which f(z) > 0 is therefore the union of a countable collection of sets of measure

zero, so also of measure zero. Hence f =0 almost everywhere in [—m, ).

Problem 2

Suppose A is a bounded and self-adjoint operator on a Hilbert space H, show that if
(Au,u} =0 forall w€ H then A =0.

Only one person got this right. I did not say compact, so you cannot use the spectral theory of
compact operators. No, all bounded operators are not compact etc.

Ans:- For any u,v € H, expanding using sesquilinearity (and linearity of A) gives
0={Afu+v),u+v}+e{A(u+iv),u + v} = 2{Au,v).
Setting v = Au implies that ||Au|| = 0 for all u € H, thatis A4 = 0 as an operator.

Problem 3

Give an example of an element of L?(R) which is not the Fourier transform of an element of

I R).

Of course, I confused people by giving a harder version of this on the practice final.

Ans. If the Fourier transform of f € L*(R) isin L' then it must be the inverse Fourier



transform of an L' function, hence continuous. Thus it suffices to find an L? function which
is not continuous, say the characteristic function of [0, 1].

Problem 4

If € L*(R) show that
v(z) = Zul:.r —2mj), = € [—m,m]
JeL
converges to an element of L ([—, 7]).

Generally well done although quite a few people tried to use Fourier series.

Ans:- By the translation-invariance of Lebesgue measure and countable additivity, the terms,
v; = u(zr — 2mj), for = € [—m, 7], in the series satisfy

Zf v ldz = 3 fuldz < co.
[—m.x] B

JeL

Thus, the series » v, is Cauchy in L' ([—w, ]} and hence converges by the completeness of
¥

LY ([=m,m]).

Problem 5

Show that there is no function u € L*([—m, ) satisfying

f u(z)sin(kz)dz = k=3 ¥ k € N.
[—5‘[,5‘[]

Mostly people got this one.

Ans:- If there is such a function its real part also satisfies the condition, so we can assume it is
Wl

real. Then the integral in ( 5 ) is 2w times the imaginary part of the kth Fourier

coefficient, thus |cx|* > 4w?k which series diverges, violating Bessel's inequality.

Problem 6

Show that the function f(z) = |z|exp[(—z?) is in L?(R) and that its Fourier transform is



infinitely differentiable. Is f a Schwartz function?

Many people thought this function was Schwartz, it is not infinitely differentiable and that is
one of the requirements!

Ans: Certainly f € L*(R) and we know (if you like from class) that z?f € L(R) for every

p € M. Since follows that % f (£) is continuous for every p. No, it is not Schwartz.

Problem 7

Suppose f € L*(R) is such that zf(z) € L*(R) and the Fourier transform is such that

£f(€) € L3(R). Show that there exists a function g € L2(R) such that

[ 1) (560 +262)) dz = [ ale)oterie v 6 € S®)

Many people got this one at least more-or-less right. However, many of the arguments to
justify the integration by parts were dubious to say the least.

Ans:- Since zf(z) € L*(R) is given, we only need to find g1 € L*(R) satisfying
d
[0 (20@) tz = [ mlstara v o e stm)
R z ]

and then g = g1 + zf(z) will solve the actual problem. If we set ¢ = 1, as we can with

e —

1 € S(R) uniquely determined, then d¢/dzx = i£1(£) so

[ @ (gw}) &z =

i [ @@ =i [ foeve
B R
_ f G (€N (E)de = f a1 (2)¢(z)dz
B B

where by definition g1 € L*(R) is the function with Fourier transform equal to #£ f (£) -in

L? by assumption.
Problem 8



If f e L*(|0,1]), show that

(Au)(z) = A Tt z e [0,1],

defines a compact operator A : L#([0,1]) — L3([0,1]).

One can argue directly as I did in the practice exam and show that Awu has equismall tail with
respect to the Fourier basis when ||u|| < 1. Or

Ans:- If one sets F(z,t) = f(t) when t € [0,1], = = t and zero otherwise one gets a

function in L?#([0, 1]*) sucht that

Aufr) = F(z,t)u(t)dt.

[0,1]

Thus, from result in class this operators is Hilbert-Schmid, hence compact.
Problem 9
Show that there exists an element f € S(R) which has [ |f|°dz =1 but [p z*f(z)dz =0
for every k.
Rather a lot of wild things said here.

Ans:- If f € S(R) then its Fourier transform is Schwartz and conversely. We also know that
Tei 0= (0 [ 5@
- = |—1 T I |adT.
dg* R

Thus we just have to arrange that # and ALL its derivatives vanish at the origin. We do know

that there is a non-trivial Schwartz function which vanishes outside [1,2] for instance. Taking
this as the Fourier transform of cf and then choosing the positive constant so that ||f||z= =1

solves the problem.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


