Countable additivity of the integral under decomposition of the domain.

Corollary. If f > 0 measurable, we can define ps(E) for E C F as

s (E) = /Efdu

This is a countably additive measure, because of countable additivity under decomposition of
the domain. So we can construct new measures from old.

Example. For Borel subsets on the real line £ C B(R) we can define a probability measure

pa(E) = \/LZ—W/EeXp(_%Q)dﬂL

so that ug(R) = 1. We can get measures from any positive function. An important question
in analysis is how measures are related (Radon-Nikodym)

Proposition. (Monotone Convergence Theorem) We are in the measure space (X, F, ).
Suppose f; is a sequence of measurable functions f; : X — [0,00], f;(x) increasing for each
x. Solim;_ fi(x) = f(x) is a measurable function, then

/.ﬁm fidp = 1im/fjdu
EJ 7> J7JE
Proof. First,

f<r= [ g [ i< [ gaus v [ o< [ g

(sort of follows because our integral is one from below, but we have to show that the integral
somehow works the other ways as well)
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Suppose 0 < s < f is simple measurable. Suppose 0 < ¢ < 1 is a constant. Define
E, ={z € E|f,(x) > cs(x)}. So then E, 11 D E,, and | J7 | E,, = E.Then

i [ = [ fanz [ ez [ esa
I7JE E E, n

since n is independent of j we can take limits as n — o0, so

lim [ fidp > c/ sdp = lim / fidp > / sdpu
J7JE E J7JE E
but this is true for any s which approximates f, so in fact
lim [ fidp > / fdp
J7®JE E
O

There exists a sequence 0 < s; of simple functions such that s; T f(x), so now we’ve just

shown that
/ fdp = lim [ s,dup
E n—oo E

This is stronger than our "sup” definition, because you need just one sequence approaching
f (increasing).

Theorem. Linearity f and g non-negative and measurable and ¢ > 0, then

/chduzc/Efdu /(f+g)du=/fdu+/gdu

Proof. We already know that first one. Now we choose a sequence of simple functions
0 <s; < f(x) such that s;(z) T f(x), Vo € X and similarly ¢; with ¢; T g, and we are done,
because we know linearity for simple functions and we can take limits O

Corollary. If f; is a sequence of measurable non-negative functions, and Y .-, fi(x) = f(x).

Then . .
[E;ﬁ(fﬁ)zizl/]ﬂfidu

Proof. Let Fy = ZZN:1 fi, then

/EFNdu=§;/Efidu:»/Efdu=g/Eﬁdu
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Definition. A measurable function f : X — [—o00, 00| is integrable, f € L(u, F) if

/f+d,u<oo /f_du<oo
E E
that is f € £(E, p) if and only if f is measurable and [}, | f|du < co.

If f is integrable, f € L(FE, u), then

[ iridn= [ e~ [ r-a

But now we have to go back and check that £ is a linear space.
So we check that for f € L(F,u), then cf € L(E, u).
Also, we need to show that h = f + ¢, f,g € L(E, i) then

/hwz/fw+/gw
E F FE

do this by checking where f, g and h have a fixed sign, and then sum up those regions.
Now we discuss more theorems on integrals.

Theorem. Fatou’s Lemma If f; is a sequence of non-negative measurable functions (don’t
have to be increasing) then

/liminf fidp < lim_inf/ fidu
E J E

Proof. Set gi(z) = inf;> f;(z), non-negative and measurable, but also increasing, i.e. gxi1(z) >
gr(x). So we can apply monotone convergence theorem

lim gi(z) = liminf f; = / liminf f;dp = klim / grdp
J E —o0 J g

k—o00

For each j > k, gi(z) = inf,>¢ f; < f;(z) implies that

/gk(fv)dué/fjdu, Vki/gk(x)duﬁ i.nf/ fidp
E E E izk JE
thus
/liminffjd,u: lim/gk(x)duglim.inf/ fidu
E k—o0 E j B
]

Theorem. Lebesgue Dominated Convergence We have (X, F,p). If f; is a sequence
of measurable functions, which converge pointwise f;j(x) — f(x) AND 3Jg integrable, non-
negative such that |f;| < g, Vj. Then

/1im fidp = 1im/fjdu
EJ7>® J7° JE
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Proof. There is a trick. Apply Fatou’s Lemma to g + f; > 0, measurable. Then
/ liminf(g + f;)du < hminf/ (g+ f;)dup
E J E
Since f;(xz) — f(x) pointwise, liminf;(g + f;) = g + f.

/gdu+/fdu=/(g+f)du§1imjinf U:gdwrffjdu}

/fd,u < lim‘inf/ fidu
E J E

Similarly, apply Fatou’s Lemma to g — f; > 0, we get

/E(g—f)du < liminf {/Egdu— /Efjdu} - —/Efdu < limjinf [—/Efjd,u}

We know that liminf(—a;) = — limsup(a;), so

and so

—/ fdu < —limsup/ fjd,u:>/fd,u2hm8up/ fidp.
E j E E j E

combining the two inequalities that we got yields

liminf/ fidp > / fdu > limsup/ fidu
J E E J E
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