
12 The Wave Equation 

The wave equation in one space and one time variable is 

d2u d2u 
= 0, u : (Rx, Rt) → R 

dt2 
− 
dx2 

Theorem. If f0, f1 ∈ C∞(Rx), ∃!u ∈ C∞(R2 
x,t) satisfying the wave equation with the initial 

conditions u(0, x) = f0(x) and ∂xu(0, x) = f1(x), ∀x ∈ R. 

Proof. We can write all solutions of the wave equation as u(t, x) = ϕ(t + x) + ψ(t − x) where 
u ∈ C∞(R2) and ϕ, ψ ∈ C∞(R). 

If u(t, x) = ϕ(t + x) + ψ(t − x) obviously 

∂2 ∂2 

∂t2 
ϕ(t + x) = 

∂x2 
ϕ(t − x) 

Conversely if we have d2u d2u = 0, u : (Rx, Rt) → R then consider 
dt2 − 

dx2 

∂u ∂u 
v(t, x) = + 

∂t ∂x 

then 
∂v ∂2u ∂2u ∂v ∂2u ∂2u 

= = + 
∂t ∂t2 

+ 
∂t∂x

, 
∂x ∂t∂x ∂x2 

∂v then by the equality of mixed derivatives, ∂v = 
∂x . If we define v(t, x) = ϕ(s, r) where 

∂t 
s = t + x and r = t − x, then 

∂v ∂ϕ ∂s ∂ϕ ∂r ∂ϕ ∂ϕ 
= + = + 

∂t ∂s ∂t ∂r ∂t ∂s ∂r 
∂v ∂ϕ ∂s ∂ϕ ∂r ∂ϕ ∂ϕ 

= = 
∂x ∂s ∂x 

− 
∂r ∂x ∂s 

− 
∂r 

if ∂v/∂t = ∂v/∂x then ∂ϕ/∂r = 0. So ϕ is only a function of s, so it is a function of t + x. 
1So v = ∂u/∂t + ∂u/∂x = ϕ(t + x). If Φ� = ϕ then u = 
2 Φ(t + x) satisfies that equation. So 

if we let u = ϕ1(t + x) + u� then ∂u�/∂t + ∂u�/∂x = 0. If we apply the same argument with 
the signs switched then u� = ψ(t − x), and so u = ϕ1(t + x) − ψ(t − x). 

Now the initial conditions: 

u(0) = ϕ(x) + ψ(−x) = f0 

∂u 
(0, x) = ϕ�(x) + ψ�(−x) = f1

∂t 

If we differentiate the first equation we get ϕ�(x) − ψ�(−x) = f0
� then 

1 1 
ϕ�(x) = (f1 + f0

�) ψ�(x) = (f1(−x) − f0
�(−x))

2 2 
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If we take the following it solves the equation


x 1 
ϕ(x) = (f1 + f0

�)dx 
20 

Exercise ϕ + ψ is not unique, but u is unique. 

12.1 Fourier Series solutions 

From the uniqueness of u if f0 and f1 are both 2π­periodic then 

fi(x + 2π) = fi(x), ∀x ∈ R = ⇒ u(t, x + 2π) = u(t, x), ∀t, x ∈ R2 

Because the equation is translation invariant, ũ(t, x) = u(t, x + 2π) satisfies 

u ∂2u ∂2 ̃∂2 ̃ u ∂2u 
∂t2 

(t, x) = 
∂t2 

(t, x + 2π), 
∂x2 

(t, x) = 
∂x2 

(t, x + 2π) 

ũ(0, x) = f0(x + 2π). 
Now, we can expand the solution in the fourier series 

u(t, x) = 
2
1 
π k∈Z ck (t)e

ixk � π 
ck (t) = u(t, x)e−ixk dx −π 

when we combine our wave equation condition with ∂2u/∂t2 = ∂2u/∂x2 with the below, we 
get � πd2ck (t) 

� π ∂2u ∂2u 
= 

∂t2 
(t, x)e−ixk dx = 

∂x2 
(t, x)e−ixk dx 

dt2 
−π −π 

Integrate by parts (there are no boundary terms by periodicity) and this is � π d2 � π


e−ixk dx = −k2
u(t, x) u(t, x)e−ixk dx = −k2 ck (t)
dx2 

−π −π 

So the Fourier coefficients of u(t, x) with f0, f1 are 2π­periodic (initial conditions/driving 
system 2π periodic) satisfy � � 

d2 

+ k2 ck (t) = 0 
dt2 

itk + bke−itk So the general solution for the Fourier coefficients are of the form ck (t) = ak e . So 
if the initial data is 2π­periodic and smooth, then the solutions are 2π periodic in t (as well 
as space). 
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Now to solve for ak , bk: � π � π 

f0(x)e
−ixk dx = ck (f0)ck (0) = u(0, x)e−ixk dx = 

−π −π � ππd du 
(0, x)e−ixk dx = f1e

−ixk dx = ck (f1)k (0) = ck (0) = c
dt −π dt −π 

but ck(0) = ak + bk and ck
� (0) = iak − ibk , and so the coefficients are 

1 1 1 1 
ak = (ck (0) + ck

� (0)), bk = (ck (0) − ck
� (0)) 

2 ik 2 ik 

and for k = 0, ck(0) = a0 and ck
� (0) = b0. And the solution is 2π­periodic in t if and only if � π

b0 = −π f1(x)dx = 0. 
So now we have 2 ways of solving the equation for 2π­period input data 

1. By using u(t, x) = ϕ(t + x) + ψ(t − x). 

2. If we set 
π � π 

f0e
−ixk f1e

−ixk dxαk = dx, βk = 
−π −π 

then the Fourier series solution is ⎤⎡ ⎢⎢⎣ 
⎥⎥⎦


1 1 1 1 1
 1i(t+x)k i(x−t)k u(t, x) = (αk + βk )
2 

(αk − βk ) (α0 + β0t)+ +e e 
2π 2 2π 

ak bk k=0 term 

d2 

ik ik 
k=0 

Note: k2 are the eigenvalues of on [−π, π].
dx2 
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