Theorem. An operator B C B(H) is compact, (i.e. B({||u|| < 1}) is compact) if and only
if there exists a sequence of finite rank operators, T,, such that ||B — T,| — 0.

Theorem described in the next page...
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Proof. Consider the opposite of 7y,

7er = Z<f7 QOJ>90]'

J<N

is of finite rank. Also 7% = 7y and Id = 7y + m(ny and Ty7T(N) = 0.

We claim that if B is compact, then nyB = T, — B in norm as N — oo. B — Ty =
B —7TNB = (Id—ﬂ'N>B = 7T(N)B.

By compactness of B({u; ||u| < 1}), if f € B({w;||u|| <1}) we know ||mn f|| < € if N
large uniformly Vf € B({|u|| < 1}). So Vu € H, |ju|]| = 1, ||7v)Bul| < e. So Vu € H,
|7 (vyBul| < €llul| = ||7v)B]| < €. (We have the converse left to prove). O

Note about finite rank operators.
By definition, B € B(H) is of finite rank if B(H) = V is finite dimensional. The following
lemma is very important.

Lemma. B finite rank < Ju;,v; € H, i =1,... N such that

(x) Bf= Z(ﬁ u;)v;

Proof. Clear that (x) implies B(H) C span{vy,...,v,}.
Conversely suppose B(H) = V is finite dimensional. Choose an orthonormal basis of V/,
©1,-..,0n. Vf € H consider

F:H> f—(Bf,¢)eC
We can see that this is bounded and thus continuous

[N = [(Bf,pal < [IBfllle:ll < I1BIIIfI]

Then F; is a continuous linear functional, then Riesz implies that F;(f) = (f,w;) for some
u; € H.
However, Bf € V, so because ¢; is complete and orthonormal

N N

Bf =) (Bf.gaei = F(fei =Y (f,ue:

i=1 i=1

Hence B of finite rank then B* of finite rank, because

(Bu,v) = (u, B*v), Yu,v e H

69



So then

N
S fwu)(wiw) = (w B VuveH
=1
N
= B'v = Z<Uavi>ui

i=1

So we can fully justify the statement above that B compact implies that B* compact.

So we can also justify C(H) is a two-sided ideal. Because it is easy to see that B;Bs is
compact if By is compact. To show that By B is compact if B, is compact, just show that
ByBy = (B{B;)*, which is compact, because the right is compact.

Theorem. If A € C(H) is a compact operator and A* = A (self-adjoint) then 3 a complete
orthonormal basis, {p;} such that each p; is an eigenvector, Ap; = \p;, Vi, \; € R. We can
also show

1. The set of all \; which does this is discrete and can only accumulate at O
2. And for every A # 0, dim{u € H; Au = \u} < oo.

Proof. First Step Find a non-trivial eigenvalue/eigenvector (if A # 0).
Consider the function

{ue Hillu| =1} 5 u— (Au,u) € R

((Au,u) = (u, Au) = (A*u,u) = (Au, u), so (Au, u) is in fact real). Suppose (Au, u) assumes
a positive value. Define

sup  (Au,u) =C < |[[Auf[lul] < [|A]l

weH, Jull=1

Then by definition of sup there exists a sequence u; € H, ||u;|| = 1 such that (Au;,u;) — C.
By diagonalization choose a subsequence u;, such that myu;, — myu for some u € H,
VN (weak convergence). Note: the previous is equivalent to (uj,,v) — (u,v), Vv € H.
Rename u;, as u;.
We claim that (Au,u) = C, i.e. the supremum is attained. This is true because com-
pactness of A implies Au; — Au (in norm). Why? We just prove that Au; is Cauchy.

[ Awn — Aug[|* = ||y (At — Augn) | + [[77(v) (At — Ay ) ||
< |lmn(Auy, — Auy,)|)? + € by choice of N large

<€ 4 € by choice of n, m by weak convergence

By completeness Au; — w. And we know
(Auj,v) = (u;, Av) — (u, Av) = (Au,v)

70



so w = Au.

So all we've done is extract a weakly convergent sequence, Au; — Au and u; — u (—
means weak convergence)

To show (Au;,u;) — (Au,u),

|[(Auj, uj) — (Au, u)| = [(Au; — Au, ug)| + [(Au, uj — )
< [|A4; = Allllull

The 1st term converges because of strong convergence of A;, and second term because u; — u
and Au fixed. So the supremum of (Au,u) on |jul| =1 is attained.

Now we have found u such that [|ul =1 and (Au, u) = sup, = (Av, v).

Step 2 Claim: u is an eigenvector for A.
Take ¢ € H, ||¢|| = 1, with ¢pLu. Consider u + tp € H.

lu+tel* = [l + Elle)* =1+ ¢
Then
u+ty

and this is "a little curve on the unit sphere” (parametically defined), call it u;. Then

(Auy, 1) — uTltz)W“ ), U t) = ﬁ[(/lu, W)+ H A, 8) + (A, 1) + £2( A, )]

This is a differentiable function, because it is a polynomial in ¢.
Also (Aug, us) < (Au,u), so uy has a local max at ¢t = 0. So

i(A(u +tp), u+ tp) = (Au, ) + (Ap,u) =0

dt —o
We can also consider u + ite, because |[i¢|| = 1, (ip,u) = 0. The same argument implies
that J
A+ itp) utite) = (Au, ) — (Ap,u) =0
=0

So when we combine the above two statements we get

(Au, ) + (Ap,u) =0
<AU’7 90> - <A907 U> =0

So then (Au, @) = 0. Thus we have shown that

’ plu = goJ_Au‘

The above is only true if Au = &u for some £ € C, because if ¢ Lu and ¢ 1 Au, then u and
Au have to be contained in the same 1-dimensional subspace. Now, because (Au, u) is real,
£ € R*. So indeed u is an eigenvector with Au = Au, A > 0.
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Step 3: Call u = u;. Consider the subspace of H,
H ={ve Hyvlu}
This is a Hilbert space with the same induced norm and
AH, C H,

because v € Hy, vLlu; implies that (Av,u;) = (v, Auy) = 0 and so A\(v,u;) = 0.
Also A = A* is compact. We can repeat the process.
We get an orthonormal sequence @1, ..., ¢y .... And

1. If it terminates, then (Au,u) =0, Yulpy, ..., oN
2. If it does not terminate we claim that (Au,u) =0, VuLlyp;, Vj € N.

We state this formally

Lemma. 2 above holds, and furthermore if we have such a sequence 1, o, ... with eigen-
values Ay, Mg, . .., then |\;| — 0 as j — oo.

Proof. NB |\;| is decreasing (non-increasing) by construction, since [A;| = supy, =y [{(Au, w)|.
Now, if it is not true that |[A\;| — 0, i.e. 3¢ > 0 such that |\;| > ¢, Vj. Then because |\,
is increasing, this implies that we can choose a subsequence with A;, > 0 or A;, < 0, on a

subset of {¢;,}i of {n}n.

So then, by the way we have constructed the eigenvalues, |(Au,u)| > con span{y;,,..., ¢, ...} =
G. But this contradicts the fact that |Ap,;| — 0 as j — oo (which follows from the compact-
ness of A) O

So (Au,u)y =0, Yulpy, ..., 05, .... O

Now, the above result (in particular the last line) implies that
H=H, ®H,

where

Hl = Span{gol,gog, .. }

Hy = {uw;uly;,Vj}
Because if u € Hy then
o
U = Z(u, wj)p; =>u—u;Ly; Vj
=0

We know that (Au,u) =0 on Hy. Note that A : Hy — Hj, since
ulp; = (Au, @;) = (u, Apj) = A\j(u, ;) = 0
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So in fact A = 0 on all of Hy, because Yu,v € H,

(A(u+v),u +v) =0 = (Au,v) + (v, Au)
(A(u~+iv),u +iv) =0 = —(Au, v) + (v, Au)

then (Au,v) = 0 implies that A = 0.
We can get a corollary of the above for normal operators.

Definition. An operator is normal if
[A*, Al = A"A— AA* =0
This is slightly weaker than A = A*| it just says that A and A* commute.

Corollary. If A € C(H) and A normal, then there exists a complete orthonormal basis of
etgenvectors of A. The only difference between this and the above is that \; € C, but still
Al — 0.

Proof. A € C(H) then A* € C(H) which implies that

A+ A
= -

BeC(H), B=B

apply our theorem above to B. So there exists an orthonormal basis of eigenvectors for B,
with BQDJ = )\jQOj, )‘j € R, |)‘j‘ — 0.

We can also define
A— A*

i
Now [A, A*] = 0 implies that [D, B] = 0.
For each 0 # X\ € R define

D= €C(H), D=D"

Hy,={u € H; Bu = \u}

this is finite dimensional (trivially since there can only be a finite number of eigenvalues
that are A, or else |\;| — 0 would not be true). By commutivity if u € H), then B(Du) =
DBu = DAu = ADu, so in fact D : Hy — H),. So we can choose an orthonormal basis of
H) such that Dy} = n;¢;.

So for A, we get the following eigenvectors and eigenvalues

A=B+iD:Hy— H,,  Ap)=(\+in)g)

We can do this for every A which is an eigenvalue of B, and we get a countable complete
orthonormal basis. Note that on Hy(B) = {Bu = 0} we can just choose eigenvectors/values
from D. O
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