3 The integral

Start with simple functions, f : X — [—00, 00] is simple if it takes only finitely many values.

Definition. If f is a non-negative (initially, just to be careful about cancellation), simple,
measurable functions on (X, F, u) and E € F, then

Note that its a finite sum, and that the integral could be +o00. Since f is measurable,
fYe;) € F and Ig(f) is well defined.
Properties of the integral.

Theorem. Ifs; : X — R are simple and measurable then

1. Ig(es;) = clp(s;),c>0

2. Ip(s1+ s2) = Ip(s1) + Ie(s2)
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3. 81 < 59 = ]E(Sl) < IE(SQ).

Proof. We just prove the second one. Let E; = s7'(¢;) (the sets on which s; is constant, and
F; = s5%(c;) (the sets on which sy is constant. Then X = U, i = U, Fi, and on E; N F},
$1 -+ So is constant. So

Ip(si+s2) =Y (c+d)u(ENF;NE) = Y du((s1+s2)"'(d)NE)

,J de(0,00)

=> au(E;NF;NE)+ Y ¢u(E;NF;NE)
i,j i,J
=> &> WENFNE)+Y > wENF;NE)
i j j i
by U; EiNF;N E = E;N E, because they are disjoint unions, and so Ip(s1 + s2) = Ip(s1) +

Ig(s2). ]

For Riemann integrals we forced f~!(c;) N Eto be intervals, so the Lebesgue integral is
very different.

Definition. f: X — [0, 00| is a non-negative and measurable function, then we define
/ f dp =sup{lg(s)|0 < s < f simple, non-negative, measurable}
E

We pay for such an easy definition. We need to show that there exist such simple functions

Proposition. If f is measurable, 3 a sequence of simple measurable functions 0 < s; <
siv1 < f, such that s;(z) — f(x) and on any subset of X on which f is bounded, s;(z) — f(x)
uniformly

Proof. Suppose we take [0,n) C R. Divide this into n2™ subintervals of length 2.

- .
Ii:{tER22—n§t§2Ln}, 1<i<n2

Then we define the sets E; = f~1(I;) and F,, = f~1([n, o0]). Essentially, each E; is the set on

which f attains a value between (1 —1)/2" and /2", i.e., z € E; = (i—1)/2" < f(z) < i/2™.
And F,, is the set on which f attains a value in [n, 00]. Then X =, E; U F),. Define

n2"

(o) =2 (50 ) xao) 4, )

=1

So on E;, s,(z) < f(x) and on F,,, n < f and s, = n, so s,(z) < f.
Now to show that s, < s,.1. For s,.1, each E; from s, gets partitioned into two parts:

i—12i—1 2% —1 i
on ? on+1 ? on+1 ’2_n
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then s, is (i —1)/2™ and (2i — 1)/2™ on the same area where s, is just (i —1)/2". Further,
if we look at [n,n + 1], $,41 is n on this interval, as it was for s,. So we have shown that
sp < fand s, < spiq.

Now we need to show that s, — f. If f(z) = oo, x € F, Vn. So s,(x) = n, ¥n, so
s, — o00. For the finite case there is some ng such that f(z) < ng. If f(z) < ng, then
Vn > ng the intervals I; range from [0,n] at least, so f(x) is in some I; since f(x) < n, so

1—1
2n

i1
-

<f@) <5 s

so |f(z) — su(z)| < 1/2" for n > ny, so s, — f.
If f is bounded, then f(x) < ng, Vo € X, then |f(z) —s,(z)| < 1/2", Vx € X, s0s, — f
uniformly. n

Theorem. f, g measurable, £, F € F, then
1. f<g= [pfdu < [, g9dp
2. ECF= [,fdu< [, fdu
8. wWE)=0= [, fdu=0
Proof. 1. Let s be simple, s < f then s < g so sup,<; Ip(s) < sup,<, Ix(s)

2. This is true for simple functions,by definitions of the integrals in terms of measures, so
true for their supremum.

3. Ip(s) = > ciu(s™'(c;) N E) which is 0 by measure theory
O

Theorem. (Chebychev) f > 0 measurable, E € F, ¢ >0 and E. = {x € E|f(x) > c} then

u(Ee) < %/Ef dp

Proof. Rewrite as cu(E.) < [, fdu Define
so 0 <s < fand

Lemma. f > 0 measurable and fE fdu < oo, E € F then

u({z € B, f(z) = 50}) = 0
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Proof.

{z € E|f(z) = o0} = ({z € X|f(z) =n} = [ En

and )
M(En)g—/fd/vc—>0asn—>oo
nJg

Theorem. If f > 0, measurable, {A;}°,, A; € F, A;NA; =0, then

/Efduzgﬁifdu, =y

Proof. As usual, we proceed by proving an inequality in both directions.
Given € > 0, 30 < s < f, s simple, measurable (called a test function) such that

/ fdu <Ig(s)+e
E

[e.9]

And we already know additivity for simple functions, Ig(s) = > .~ 1a,(s) by the countable
additivity of measures. But

IE(s>s;/Aifdu:»/Efdungfdwe, ve

Since € is arbitrary, we have the inequality in one direction.
To get the other direction. Let E = A;UA,, s1, s simple measurable such that 0 < s; < f
such that [, s;du > [, fdu—e€/2. But then set s = max(sy, s), s0

/sduz/ siduz/ fdu—e/2
A A; A;

1 1

But we know for simple functions that

/fd,uZ/sdu:/ sdu+/ sdp > fdp + fdu —e
E E A1 AQ A1 A2

since € is arbitrary, we have established the inequality in the other direction (and the rest
of the finite cases follow by induction). So E = Ufil A;, A;N A, = 0 then fE fdu =

PO fAi fdp.
In general if E = J;2, A; then

N
fdp> [ fdu= /fd, VN
/Eu ENu;Aiu

Since this is true for all N, the infinite inequality follows. O]
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This is sort of the same as for measures, once we have finite case, we can prove infinite

case by hedging it in somehow.

Corollary. If E; measurable and £1 C FEy--- C Ex, B = U;’il E; then

lim fduz/fd,u
En E

Proof. Apply the above theorem with A; = F1, Ay = Ey \ By, A; = E; \ E;_1. Then E =
U;-)Zl Al, Az N Aj = @ and

fdu = lim / fdu = lim fdu
/E’ n—»oolz1 A, n—oo Jp.
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