Alternate Proof Get to the point where we have

: 1
fni = Zgra HgTH < ?
r=1

then

> [ larldn < o0
r=1 X

thus Y2, g, converges pointwise almost everywhere. Let f be the limit. It is defined almost
everywhere. where it is not defined call it 0. We would like to show that f, — f in L', in
other words, show that the whole sequence converges there.

Given € > 0, dng such that n, m > ng then

[ 15 fuldu <

If we fix n > ng and let m — oo then

€ > hminf/ |fm - fn|d,u > liminf |fm - fn’dﬂ > / |f - fn|dﬂ - ||f - fn”L1

all of this by fatous lemma. So we are done.

5 Hilbert Space and Completeness

Work in the abstract setting. (X, F, u) a measure space. Define
LX(X,F,p) = {f : X — C|measurable and / |fPdu < oo}
X

and define L? as the equivalence classes
LX(X, F, ) = {[fIIf € LXX, F, )}
Easy to see that £? vector space.

Lemma. f,g € L? then fg € L!
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Proof.
0< (fg)?=IfPx2fg+ 9> = £2fg < |f] + |9

[ustan< [152an+ [ ioban

since both of the integrals on the right are finite, we are done. O

SO

Lemma. pu(X) < oo implies that L2(X, F,u) C LYX, F, ).

L2 is also a normed space with the norm

1/2
|WW=(LUW@

its not hard to show that
L[fll2 =0
2. [lefllz = lelll £z
3. f + gl < N flle + llgll2 (Schwarz Inequality)

This space is quite different from L!, because the norm comes from an inner product,
which we define by

= / fadu, L*(X,pu) x L*(X,p) — C
X
This inner product satisfies the following properties
f1+f27 > <f17g>+<f27g>
cf,g) = c(f,9)

{
{
3. (f,9) = {9, ) = (f,c9) =¢f.9)
4. (f.f)z0and (f,f)=0=f=0

Definition. A pre-Hilbert space is a linear space V' with a sesquilinear inner product V' xV >

(v,w) — (v,w) € C.

1.

2.

This is a specific type of normed space since |v|| = (v, v)/2.

Definition. A Hilbert Space is a complete pre-Hilbert space.
We claim that ||v|| = (v,v)'/2. Not hard to prove, I omit it.

Lemma. In an inner product space, |(v,w)| < ||v||||w]|.
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Proof. B
0 < (v+ Aw,v + Aw) = (v,v) + Mw, v) + Mo, w) + A\ {v, w)

Choose
L T

(w, w)

(v, w)* < [[ol*lw]l* = [{v, w)| < [Jo]l||wl]

|<U7w>|2 |<U’w>|2 — HU||2 _ |<an>|
ol wl? ol

SO

We can use this to prove the triangle inequality by computing (v + w, v + w).
Theorem. For (X, F, ) a measure space L*(X, 1) is a Hilbert space

Basically we want to show that its complete, with the norms

1/2
||fr|2:(/X |f|2du) )= [ s

Proof. Let {f,} be a Cauchy sequence, we will use the L' result. Set Z = {x € X|f,(z) #
0 for some n}. Reason we do this is because if we set 7, = {x € X||f.(x)| > 1/k} measurable
and of finite measure. The point is that

7 =z € X||fal@)] > 1/k}
n,k
is measurable, and of finite measure, because (by Chebyshev)

i € X[ ful)] > 1/k} < &2 /X Fuldy

Now Z = U, Zk, (Zy) < 00, Zis1 D Zp O .... If f € L?, then f|z € L*(Z, p) since

/Zk 1 fldp < (u(Zi)"? (/X |f|2du) 172

$0 {fn|z,} Cauchy on L'(Z},, u) Vk. So we know that f,|z, — gx € L'(Zk, 1) by completeness
of LY Zy, ).

We showed 3 a subsequence f,(;)|z, — gr pointwise a.e. So we can extract successive
subsequence Z, ..., Zy,... so that fnk(g) — g pointwise on L'(Zy, u) implies that we have
a measurable function g on Z such that fnk(g)(x) — g on Zj, pointwise. This converges to g,
a.e. on Z = J:2, Zx. Modify on a set of measure 0 to get convergence everywhere, g = 0 on
X\ Z.

hi is a subsequence of f, in L?*(X,u). Consider the sequence |h,, — h,|, n fixed, m
variable, we know this is
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1. sequence in L*(X, p)
2. () = hp(2)]? = |g(x) — hp(2)|? pointwise.

Fatou’s Lemma implies
/ lim inf |hy (2) — hy(2)|?dp < lim inf/ | P, — hon|*d s
X
/\g |d,u<hm1nf/|h — hy|*dp

But given € > 0, 3N such that m,n > N = ||h, — hpll2 < €. Soif n > N we get

||g—hn|\2§6:>hn—>gEL2

Still in the setting of abstract Hilbert space, H with inner product (, ).

31



