Definition. Orthogonality (u,v) =0 < ulw.
Definition. {¢;}icr, I countable is orthonormal if ||y, ||z = 1, and (¢;, p;) = 0,7 = j.
Example. Basis vectors in C".

Definition. Fourier Coefficients if f € H the (discrete) Fourier Coefficients of f are

an(f)={(fipn) €C, nel

Assume I = {1,...} is enumerated. Consider

N

Sn(f) =D ealf)en(f)

n=1

Theorem. Bessel’s Inequality If {¢;}icr is an orthonormal set and f € H a Hilbert
space, then

Zlcn HE ISP < o0

Proof. Sy = SN ei(f)pi, ci(f) = (f. ). Recall that

LogeH, fLg=|If+9l*>={f+g.f+a9) =+ {f9)+ g )+ g9 = I/ + gl

Apply this repeatedly so

1Sn(AII* =

i +cen(f)en

N
=2_ el = szw
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Consider f — Sy(f)Ly;, 1 <i < N. Then

n=1

(f =Sn(f)sp) =, 05) = (Sn(f)5) = ¢;(f) — <chs0m 90j> =0

So (f — Sn(f),Sn(f)) =0 then
LA = 11f = Sw(f) + S (DIF = 11f = Sw(DIZ + [ISx(HII* =

= [Sn(AII* = Z lei(HI* < IfII*,  because [[f — Su[* = 0

O
If M > N then
M 2 M
IS8 () = Su(NIF = | D en(Deen| =D leal NP
n=N n=N

so it follows that Sy(f) is Cauchy in H. Then the completeness of H implies that Sy (f) —
S(f) converges in H. Does S(f) = f always? We have a condition below to answer this.

Definition. In H {p;}icr, I countable is said to be complete if, w € H and (w,p;) =
0, Vi € I then w = 0.

Proposition. Completeness of ¢; is equivalent to the condition

F=Y cnlf)en, Vf € Hoco = (f.00)
nel

Proof. Look at f — S(f). Then f — Sy(f)Lypn, VN > n. We know by Cauchy-ness that
Sn(f) — S(f) for some S(f). Now we have to show that

0= (f—Sn(f),on) = (f =S(f),en)

we must simply show that (Sx(f),vn) — (S(f),¢n). But if g; — ¢ in H then Vw € H,
(gj, w) — (g, w) since

(9 = g5:w)| < llg — gjll[[w]| — 0.
So by (f — S(f),pn) =0 for all n, so by completeness, f — S(f) =0 and f = S(f). O

Our main example of complete orthonormal function are the fourier series. Fourier series,
functions on [—m, 7] € R. We claim that

1
@n(x) = \/ﬂ

exp(inx), nez
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is a complete orthonormal set in L?([—m, 7], prep). We know that

1
H‘Pn”z = / ’¢n|2dﬂLeb = / 2—dx =1
[—7T,7T] T

Also,
1 \(n—m)x
(bns om) = / onPmdir, = o Ty
[_Wvﬂ'] T [—7r,7r]
assume n # m, then the above is
1 %ei(n—m)x 1 ei(n—m)x -

=0

2 (Crn U0 —m) v 2mi(n —m)

—Tr

but there is a problem: these are Riemann integrals. We have only proved the FTC applies
to Riemann integrals. We would like

Theorem. If f is continuous on [a,b] then

b
Riemann Integral :/ fdx = fdure, = Lebesgue Integral
a (a,b]

This theorem would imply that {—=¢""}, is orthonormal in L*([—, 7]). However, it is
hard to prove that ¢, are complete.

Theorem. Separable Hilbert space has a complete orthonormal set (called a basis)

Proof. H is separable if it has a countable dense subset £ C H, E = H. We prove it has a
basis by using Gram-Schmidt process. Order the set E' = {ej, es,...}. We have the following
two steps
1. ey if e; = 0, then go to step 2. If e; # 0 then
€1

1=
el

2. Assume after n steps that we have {1, ..., ¢, } orthonormal and e; € spanc{¢1,...,¢n}, j <
n. Then consider e, 1. If e,,1 € spanc{p1,...,¥,} pass to next step.

If e,11 ¢ spanc{p1,...,@,} then

N

g = €nt1 — Z<en+1a%>%’ #0

i=1

(because if e, 11 can be written as such a sum then e, is in the span). Now gLp;, 1 <
1 < n, and define

_ 9
Pntl = 77
g1l
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if we continue this indefinitely, then we get {(;}csy orthonormal.

Show completeness: Suppose w € H, wly;, Vi. The density of F in H implies
that given € > 0, Je; € E such that ||w — ¢ < e. But ¢ is a finite linear combination
e = Zfim‘te cipi. So wley, and

€ 2 w—ell* = wll* + [led])* = [lw]| < e
since this holds Ve, ||w|| = 0. O

Now lets go back and prove that the Riemann integral is the same as the Lebesgue
integral (in the cases we care about)

Theorem. If f € C([a,b]) then f € L'([a,b]) and

b
[ s = [
a [a,b]

1s true if f is Riemann integrable

Proof. f Riemann integrable means that f is bounded and

b b
sup L(f, P) :/ fdx :/ fdx = ir}ng(f,P)
P a a
where L(f, P) and U(f, P) are the familiar upper and lower sums. Then set

sp(P) = Z( inf }fX[ai#li)

a—1,a;

a simple measurable function. Just to make sure everything is kosher, replace f by f+c > 0,
so that we know we are working with positive functions. Then

L(f.P) = I(s1(P)) < /

[a,]

b
mMj/jms/ fdus
Ja_ [a,b]

We can prove the inequality the other way by considering (—f + ¢) O

—inx

So now we have justified the computation of (y,, v,) where ¢, = \/%76
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