1.1 Applications to Probability

B is the bernoulli space of outcome of coin toss. Where as usual H — 1, T — 0, and
B\ Bjeg — (0,1]. Let E be the set of outcomes in which an event occurs. Then the
probability is pp(E)

Define Ry, the Radamacher function

Ri(w) =2a; — 1, W= .a1a;y...

(sort of a heads you win, tails you lose function) The function looks like a square wave thingy.
We would like to measure how many heads in first N tosses. Let Sy be the number of
heads in the first N tosses, then

Sy(w) =ay + -+ ap, Sy :(0,1] - N
And we see that
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Let E be the number of heads in the first N tosses from N/2. The ”distance” from N/2
that is.
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the question is what is imy . pr(En)
This is the same as saying that

Sy 1

EN:{wGB; N 3

Before we proceed,

Theorem. Special Chebyshev [ is piecewise constant, non-negative on [0, 1] then

u{f(w)m}sl/m”f
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Proof. 1f f is piecewise constant then we have intervals such that

U@, zie0) = [0.1], (@5, @i11) disjoint
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so f(x) = ¢,z € (x4, Tiq1),¢; > 0 and then

/[0 =Yl =) 2 Yl — ) 2 0 Y (e — ) = anl /() > o)
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and so

plrw >ap< s [
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Theorem. Weak Law of Large Numbers
B =0

Proof. Ey is equivalent to

{wifv(w) > 4N, () = (Z Ri<w>>

then we apply Chebyshev with a = 4€?N?, f,, = (3_ R;)? then

/{01 /01]<ZR2+ZRR>

N 1

E —
MEN) < 15532 = 1eN

So

this tends to 0 as N — oo

1.2 Continue Extending Measures

One of our methods was to define a measurable set, A, as one in which
w(C)=p(CNA)+ p"(CnN A9, VO e 2%
A second approach is to define a set M as follows
Mp ={B € 2%|3 a sequence A; € R, such that u*(B & A;) =0}

then we define M as the set of countable unions of sets of Mg
On 2% consider the function

d,(A,B) = p*(B o A) € [0,00]
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Idea This is almost a metric on the power set. We see its, symmetric and non-negative, but

d(A, B) = 0 does not mean that A = B, but thats alright. However, we have to check that

it has the triangle inequality:

WHASB) < i (ASC) + i (BeC)

this follows from the fact that

(AeB)c(AeC)u(BeC)

(check above relation for self)

11



