8 Extending Fourier Transform to L*(R), Proving the
Schwartz Functions are Dense in L°

The Schwartz functions

o)

S(]R):{f:RHC,fEC , sup|z™ -

z€R

< o0 Vm, l}

Here are our main propositions for this section. These should always be in the back of our
minds.

Proposition. S(R) is dense in L*(R)

Theorem. The Fourier Transform F extends by continuity to an isomorphism F : L*(R) —
L*(R).;

We remark that S(R) is a complete metric space (but not a Banach Space).
Now we can define a norm on S by

7= > sup

pa<k *€

4
p_—
v da:qf‘

Each of the terms of the sum is a norm of S(R). So S(R) with || — || is a normed space (but
not complete).
We define (not a norm) a metric

N =gl
=L Ty

This is well defined. To show its a metric we just have to show the triangle inequality.

Lemma. If || — || is a norm, then
If =gl
d(f.9) = 77—
1+ |f =gl
is a distance.
Proof. This is not very hard, its just algebra. O]

Exercise Prove that S(R) is complete with respect to the metric defined above.
Now we already know

Theorem. F : S(R) — S(R).

Definition. A tempered distribution ”generalized function” is a linear function u : S(R) —

C
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Now look at v € L*(R), define

v(f) = /Rf(ar)v(a:)dq;, %(f) —u (_%)

Then L*(R) — S'(R) = {u: S(R) — C}. S'(R) is the dual space of S(R).
Example. ¢ : S(R) — C. Then do(f) = f(0). Because

[ 1, >0
0, z<0

And
() = [ fHau= [ f@de. vieS®)
Then in S'(R)

0= (=) == [ =r0=a0

To show that F can be extended from a dense subset to a L?. Now formally we want to
show that if f, € S(R), f, — f in L2 Then Ff, = f, satisfies

Ifo = full® = 27 fu = full® =0, n— o0
So then fn is Cauchy and thus convergent in L?*(R). So we want to define
Ff=1lim f, f=1lmf,,  f.€SR)

So that
F:S[R) — S(R) — L*(R)

8.1 Density of the Schwartz Functions

To prove this we need to show the existence of a sequence of functions f, € .S, for each
f € L*(R) such that f, — f.

Theorem. Uniqueness If | — f, f| € S, then
limﬁb: lim f, = f
so that Ff is well defined.

Proof. f, — f,then f/—f, — 0in L%(R). The Placherel implies || f/— f||? = (27)||f.—f]|> —
0 O

48



The proof that S(R) is dense in L*(R). Comes in 2 steps.
First Step

Theorem. If f € L*(R) and

~Jf(@), |z| <N
Inlz) = {0, | > N

then fx — f in L*(R) as N — oo

Proof.
0, z| < N
If = Il = -
—f(z), |z|>N
IF = sl = [ 1@Pa =0, asN -
|z|>N
because f is square integrable. O]

Second Step Now it suffices to show that the functions above can be approximated by
in L? by sequences in S(R).

We use Fourier Series. Suppose f vanishes outside radius of 2R. Consider g(y) = f(2Ry).
We are sort of refitting the function so that g will vanish outside of [-1,1], g € L?. Then
by results in Fourier series, g = . c,e™ converges in L? i.e. the C* function g,,(y) =
D inj<m Cn€™ € C([—m, ) converges to g in L*([—,7]).

We claim the existence of a function x € C*°(R) such that 0 < y <1 and

x(z) = {1’ <1

0, |z|>m

Lemma. g,, — g in L*([—m,7|) then Xgm — xg in L*([—m, 7).
Proof.
/ Xgm — xg[*dzx = / X2|gm — gl*dz < / |9m — 9> =0

Lemma. We claim that

X

ﬁ)ﬁf € L*(R) asm — oo

v (

and that

fm = Xgm (—) € SR)
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Proof. fm € C®°(R) and f,,(x) =0 with |z| > 27 R. So this is a smooth function with

d4
mlﬂf' < Chu, Cy, a constant
T

so fm € S(R), and its easy to see convergence. O

Now to finish the proof we need to construct x, the ”cutoff” function.
Theorem. Ifa < b in R with e >0, Iy : R — [0, 1] which is C*>° such that
1, z€la,b
x(z) = 1
0, z€(—00,a—¢€Ulb+e 00)
Step 1 Observe that

z <0

e, x>0
T) = ’
o=
is in C'"*°. We prove this by induction. We want to show that

& i pe(a)
) =

_1
x

(&

where py, is a polynomial, this is true because if we take a derivative

dk+1 ( —%) o xzp;g - 2kxpk +pk _1
ke )= 22k 12 €

Now we have

. drf . ope(T) 1
xli%w:xlf& x2k ¢r=0

Step 2 We can explicitly construct y now:

B flx—a+e)f(—z+b+e)
X_f(—x+a+e)+f(x—a+e)+f(—x+b+e)+f(m—b+e)

we see that this satisfies what we want. And we are done.

Review Proof We cut off the crap near infinity and get a sequence which converges to
some function. So now it suffices to assume that f =0 in |z| > N. Now approximate in L?
using fourier series in L', which we can do since

L*([=N,N]) € LY([=N,N]),  [If = @ulls < 2N)2II£l2

(some stuff which I don’t know what it means:) f € S
for = [ f@e s, swplf©l < [ 1
R §eR R

©p, — fin L' then A
sup [f — @n| < |[f = ¢uli — 0
€eR
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