Proposition. uy, is countably additive.

Proof. Given A; € R, A; N A; = 0, we know that [J;°, A; = A € R, we must show that
pr(A) <57 un(A;), and then we are done, since we already know by the previous theorem

that pr(A) =327, pr(As).
Lemma. If A€ Ry, u(A) >0

1. 9F € Ry, such that F is closed and F C A and pr(F) > pp(A) —€
2. If Aec Ry then 3G € Rr , G open and G D A and p(G) < p(A) +e.

Proof. 1t suffices to show this for multi-intervals. Let

I = (Cbl,bl) X oo X (an,bn)

(assume b; > a;), I have denoted the interval here as open, but it may be open closed or
semi-open. Define F' as follows

F:[a1+5,b1—5]x---x[an+5,bn—5}cl

then

if we choose 0 small enough (0F'(J) is a polynomial in § and vanishes as 6 — 0.
We can define G similarly by

G=(a1—06,by+6) XX (an—0,by+08) DT



We continue with our proof.

Given § > 0 apply the above lemma to get F' C A, pup(F) > p(A) — 9, given € > 0
apply lemma to each A; to get G; open such that A; C G; and u(G;) < u(A;) + €/2°. Now
F c A= " A; and so F is closed and bounded and thus compact, by Heine-Borel. So
there is a finite subcover. This implies that

N
FclJa
=1

for some N (since we have a finite subcover, we might as well just take the first N). But we
know that we have finite additivity of u, so

u(F) < Zu(Gi)

and
p(A) =6 < p(F) < DG < 3 (1A +57) < Do mlA) + e
then we have .
p(A) =6 < Zu(Az) +e
so pur(A) < 3275, i (Ai) O

We try to enlarge R. First we try to measure every subset of X. Suppose B C X. Try
to cover B by a countable collection of elements of R.
IsBC Uz, Ai, A eR

Definition. Outer Measure: p* : 2% — [0, 0o] has two conditions
1. If it is not possible to cover the set then we define p*(B) = oo

2. If it is possible we say
p'= inf Y p(A4) € [0, 00]
i=1

Lemma. If A € R then u*(A) = u(A)

Proof. A is a cover of itself, so automatically, u*(A) < p(A). Suppose {4;}5°, is a cover of
A, and A; € R. We would like that

p(A) < Zu(Ai)

Because then, in particular p(A) <inf > u(A;) = p*(A) and we would be done.
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Set Al = A;NAeR, then A=J2, A.. So the A} are in R, but they are not disjoint.
So to make them disjoint we do the following

AL = A
Ay = A\ A

N-1
Al = A\ (U A;) CR
i=1

Then Ay ¢ UY, A” and this construction means that A}, N A} =@, h # [ and now

o e¢]

A=JAL AT N AL =0= u(A) =D u(A]) <> p(A)
=1

i=1 =1

the last part follows since A7 C A} and since A C A; then
u(A) < 3 u(4y)
j=1

and we are done. O
Caratheodory’s Idea What subsets of X should be measurable.

Definition. Measureable Set Call M the set of measurable sets. Then
1) AeMep(C)=p (CNA) +u (Cn A% VC € 2¥

Definition. Set of Measure 0 Consider y countably additive, B C X has measure 0 if
p*(B) =0, i.e. Ye >0 3A; C R such that B C |J;2, A; such that

ZM(A) <€

Theorem. A set of measure 0 has the Caratheodory property.

Proof. Assume p*(A) = 0. Then p*(C'NA) = OVC, because a cover of A is a cover of C'N A.
So then we try to show p*(C) = p*(C N A°).
It is clear that p*(C) > p*(CNA°). And by subadditivity p*(CNA)+p*(CNAS) > p*(C),
so (f) holds.
[



