6 Completeness of Fourier Series

Our main theorem:
Theorem. If f € L'([—m,7]) and
1

" or

f(z)e ™mdr = 0, Vn

[777771-]

Qn

then f =0 a.e.
6.1 Proof1l
Steps

1. Replace f by N
ow) = [ fae-c

where C' is chosen so that f[fﬂ . gdz = 0. At this step we would like to prove that 1)

The Fourier coefficients of g also vanish. 2) g is continuous. We have already proved
the second one somewhere.

2. Replace g by h:
g—>h:/ g(t)ydt —C'

—T

h is continuously differentiable and all fourier coefficients vanish.

OUR MAIN STEP:
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Theorem. If [ is continuous on [—m,w| and differentiable at xoy € (—m, ), then the Fourier

series of f
S cacpnlo) = £(20)

ne”L

(i.e. the series converges to f(xp))

(Note: We are going to apply this to h, we conclude that h = 0, g is the derivative of h
so g = 0. And then the final step is to show g =0= f =0 a.e.)

Proof. We want to show that S,(f)(zo) — f(x¢). Now

n

Sn(f)(l’0> = Z Ck(pk :EO Z —ilc:c-‘rikw()dx —

k=—n k— nY T

) (o) / f(z)Dy(zg — x)dx, D,(s) = % Z e'ks

SO NOwW

Dn(S):% - :>/ D SCO—ZL' 272/ Zmox r=1

(so we have shown that the Fourier series for f(x) = 1 converges to 1). Now since we know
the convergence of the fourier series for constants

Su(f)(0) = [f(w0) = / (f(z) = f(x0)) Dn(wo — x)d
_ 1 " f(l’) _ f(l’()) T =20 ¢ i(n+1)(zo—2) in(zo—1)
N 2 /;ﬂ. T — X ei(l’—xo) (e € )
Now for the crucial part of the argument. We want to show that S,(f)(z¢) = Ani1 — Ay,

where
An+1 _ 2i /«71' (f(x) - f(l’o) 1’ — Xo ) ei(n+1)x0 ) e,ilm
™ —T

x—x9 eile—wo)

The the boxed function is € L?([—m, 7]), since it is continuous. Thus Ay is a Fourier coeffi-
cients of an L? function. A_,, is similar, but with an opposite sign. By Bessel’s Inequality

Sl < fllee = ¢ >0 j—o00,  VfeL?
J

so then S, (f)(x¢) — f(zo) — 0. O

Theorem. If u(Ae A;) — 0 then
/ fdp — / fdp
A; A
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Proof. Assume f non-negative. Pass to a subsequence Ay such that u(Ax©A) = p(A\ Ax)+
u(Ar \ A) < 27%. Now, it is enough to show that

Set By = A\ Ag. Then F = J By has finite measure, and so if we define the ”"remainder”
Fy = UkZNBk then u(Fy) — 0. Now By C Fy, VN, so

Jdp < fdp
By Fy

So if we can prove that fFN fdp — 0 we are done.
Now we write F' = {J;., G;, with G; = Fj \ Fj1 and G, N G, = 0. So we have divided
F' into a countable number of disjoint subsets. So by countable additivity of the integral

/Ffduzi/ijdu

since f € L' the left is finite, so the right converges. Thus the "tail” of the sequence goes to

0:
fdu = / fdpu — 0
Fn ]:ZN Gj

Theorem.

/[a’b] hi(s) (/[M] hg(l’)dl’) ds = /[a’b] (/{Lb] hl(s)ds) dx

Proof. Linear in hy and hs. Noting this, we could just prove the above for simple functions
and then by linearity again for characteristic functions of a measurable set. Say h; = xa,
A C [a,b]. By definition of measurability, A can be approximated by a sequence of sets that
are a finite union of disjoint intervals, A; and pu(A & A;) — 0. So fAJ_ ldp — [, 1dp. And
for each A; we can approximate them by a sequence of intervals. So it suffices to prove the
above theorem for intervals. Let hy = X(q, 5,] and ha = X[, 4,) then we would like that

/ </ X[Chdl](x)dx) ds = / (/ ds) Xer,di) (2)d
[a1,b1] [a1,s] [a1,b1] [x,b1]

Let a = max(ay,c;) and b = min(by, d;) then the above becomes

/ (/ d:c)ds:/ (/ ds)dm
[a,b] [a,s] [a,b] [x,]

which is clearly true. O
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Apply the above with h; = e and hy = f. Then

[ (o [ (o) oo

The inner integral on the right is just a linear combination of exponentials so the right is 0.
And if we define the function
o) = [ g

then its Fourier coefficients are 0, Vn # 0. Then if we adjust by an appropriate constant and
let g(s) = f[_w q fdx — C, where C is such that ¢o(g) = 0. There is no problem with passing
to another function h, with ¢, (h) = 0, ¥Yn, which we define as

h(y) = / g—C'
[771-»:'/]

So we know that h(y) = 0 by the pointwise convergence of Sy (h). Thus g is at least constant,
since its indefinite integral is 0. Since g is constant, so f[_w J fdx — C must be 0 Vs. Now

Theorem.

fdﬂ = 07 V[CL7 b] - [—7'(', ﬂ-]
[a,0]

Proof.

fdu=g(b) = g(a) =0
0.

]

And as a consequence of this, and one of the theorems above, the integral of f is 0 on
EVERY measurable set. So f = 0 almost everywhere. So we have proved completeness.
Theorem. If f € L*([—m,x|) then the Fourier series

1 ine 2 o 1 " —inx
chgpn:%che — feL cn—%/_wf(x)e dx
nez neL
Proof. Bessel’s Inequality (¢,,’s are orthonormal). Then
Z |cn‘2 <|fllze = chsﬁn
nez

is Cauchy in L?([—m, 7]) because the series converges (its the definition of convergence).
So we know Y ¢, = g convergent in L?([—, 7). So ¢,(g) = ¢, by convergence since

(g, pn) = ngnoo< > cksok,gon> = ¢,
|k|<N
f—ge€ L*([-m,7]) C L', all fourier coefficients vanish are 0, so f — g =0 a.e. in L. O
Periodic function period 27 on R can be identified with functions on the ”circle” R/277Z

(ie. x =y, x —y € 27Z). Can identify L*([—m,x]) with L*(S), where S = R/277Z
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6.2 Proof 2
Theorem. If (f,p,) =0, Vn then f =0 almost everywhere.

Theorem. If f is piecewise differentiable then Sn(f) converges uniformly to f.

Proof.

Lemma.

= inc,(f)

C

3
VRS
=&
N———

Proof.
df

—e "dxr =

s s d ) ]

(f(m)e ™™ — f(=m)e"™) +inca(f)
if f(r) = f(—mn) (periodicity) then ¢, (%) = inc,(f) O
and f’ is in L? as well. So f’ fourier series converges, and
Z Cn a 2 = 22712|cn|2 < 00
dz

Now if we can prove that > |¢,(f)| converges then we are done. But

GIEDY ni)/ (S n2len(1)F)

91~ 5-
3 3

1/2

Let x. be the function
(x—a)le, a<zx<a+e
Xe = {1, at+e<z<b-—e¢
(b—x)e, b—e<x<bh

(which is basically sort of a function that inclines then stays at 1 and goes back down to 0).
This function x. is piecewise differentiable, so then Sy(x.) converges uniformly to x.. Now,

(f,Sn(xe)) =0, since Sx(x.) = \/Lz? Zln\SN cn(xe)e™™, so

1 T o
(f;Sn(xe)) = <f, E |Z cn(Xe)e > =0

n|<N

since we are assuming that (f,¢,) = 0, Vn. Now, 0 = (f, Sv(x)) — ([, xe). Now if we let
¢ — 0, then x. becomes the characteristic function for [a, b], thus

0= (f:xe) = U Xust) = /[ Jiuo

This holds for all closed intervals.
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6.3 Differential Equations

Try to solve a differential equation such as

g, \ given g € L*([—pi,w|) f is to be 27 periodic.
We can guess if f € L*([—m,7]) then f = " c,p,. Differentiate fourier series term-by-
term (its illegal, but who cares)

/ ﬂ+)\f: Z(/\—nQ)cngOn:Zdn@n

dx?
neZ nez
d,, the fourier coefficients of g. So we expect that
dn
A —n?
so if A =n?, then ¢, = d, /(A —n?). We have >_ |c,|*> < 00, Y [nc,?| < oo, 3 [n%c,|? < oo,
because g € L? = Y |d,|* < co.

(N — n2)cn =d,, le. ¢, =
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