18 306 + Advanced ?ar%aﬁ :Dfiaferemjm‘aﬂ Equod:f(ms with Apyejcaiims

Handoud 3 (Beief) Review of OV‘OUV\GTL& ”D.Hcferemb‘cxg Equcdiims ( DDE)
[OPTIONAL REAPING ] by . Margehis

Ta his wote, 1 review briefly basic soloable ODE by Following  the  presetation
m Chap. & of Hildebrand's  “Advanced caliwbus  For applicatims.” The spedhie
detals of cach method do nt matler 50 muchs you way already wow how to
Bind  solubions lmj allernative rodes. What matters s to “have « ﬁee@in?"ac whed

we thod gt be,

qrtgk} , e, to tewgnize an exacky solvable ODE and thew g

or methods

*:“0 O\){)POAA awﬁ Feas‘cmawe M(?H’zbol. The 0291L Dvc cases‘/gi—;é;r hem is }Dg o means (’Xl?cws}ive.

Case 41 (tevial)

’LL’E 4-’&' = h[x) . )cmomy) ) (i )
dx
g
legrate qu):jMx)o\x e ¢, Crarbieay nshant, (2)

CaSe 21 Fif$+~orcler ObE n Separabee porm, Uz,

2

OO Gl + Fe) gl W =0 FLG, g knaon, (2)
Solo :
==--% \SFFI__.)dX + gMdM :C‘,—_(,oy,sﬁ (4 )
T{x ) g G

Equa}rim 4) 5‘wes a reQaJci(m behween v and bé WlAiCI/? U s
determived epr)u')fQ)} or "wnp@u}r@j. (We ey not aﬁwaxjs be able to carry ot the

'\m"@ﬂra}iw&.\) The gm)er*nhn% ‘é’qu.a}‘icm (3) Wl“g 07C course  be H(rngiweqr (ih w),



Case 3 . Now- Lomoaeneo‘us (ht:x);to)) 6‘»@» {s}-order ODE, E,

Wex) + a,(x) - Wx) = hix) a,(»), hix): g iven, (&)

)

A S\;svlewoc&ic (\“Obﬂﬂer w[urmaﬁ) Waﬁ Jru So@»e thic  oDE {@@Qows. -Def:hn@

an i\n%eﬂra}'-mé focksr F‘;P(X) such  that (%) becomes

Equa*i(ms (8) and (6) are equivalent if pix) sotishes the obDE

= if‘ = a(x) (¥)
b dx
ch;\lq 15 o-F ”H"@ “:Dfm (3 ). HQV\((JI
pl= exp[jdx a0t | (8)
b Lllows from &)  that
_ [ |
U= o [ Jde poohto + ql , Cozeensh ()
where pis 33\;6\0 Lj Eq, (8).
Case _4]:  Linear , Mth-order ODE with tonstant weffdents, viz,
Weo + a,, w00+ a, U 4w o, U0 ¥ g ulx) = g0 Go)
Where 0 qreﬁm&wshn'\s (Izo,i,...,m) and Zcu) is a given hnc}i(m of X,

C%m Jevotes  4he KM dedvabve of  uzux) ).

Generc& SDQAA‘;M of  (I0): U = %+ ‘lLP (i)

.0

where W, is the 3cy,emQ slubo  ho the komoﬂeweaui e quabim (330) and  Up

s a ?or}ﬁwﬂm‘ dubm o (i0)
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Steps @D Fnd Uy, b\a SeH-‘mz 9':0 ard  uzu, = e, Henee , sulve

q'ﬂ+ (o T ')M—t t Qy.y 3""2 +...+qdta,=0. (4.2)
. }F 02) l’las M ciksHm’[ Yoots {qk} 'H»e\q [ 3[ ¢;))' For [#) }
'ULh(x) = Z:_ C,cequ , Cee =temst. (13)

w

={

¥ ',\,:'AZ T - :Am (foo'} of mﬂﬁp&d% n ) )flae'n rey?ac?

~n -
Ayl A -
2_C e}“x —_ ™ (q+c2x bt G x™ ). (14 )
kot
{s) 4 —] f
Examz()el: Solue U3 P, 3 -u =0,

The  pobynomial 2730 3330 202 e 30 1) = 3 (-3

har  roots Dzo(double) and A=) Chople).  Hence,
g ¥ 0

; - %
uk)z e CowtoxaCxt) + & (guresn) = e (crgnecyx®)+ ¢y +Cgx.  (5)

L 0o
Find the Parhmﬂar m&;{‘n}m up"{p/l::y gne of Hve ﬁowawhng meirkools:

(1)  Method of undelermined wefhuents.

This  method  tovly (m@ iJ the BHS  of @O) s

e?*

3()«): X" (miinteger ) | sin(qn), tws(qx),

, ahd/or Sums av\d/o\- Produd: of ‘wo or wore sud/) Cuncboms. Nobce  that
each b¥ “HAHQ F\mc)i(ms , Or ‘H«reir Pmo&u(}f) 1'10/) ow@g a gm)’(’ hum):er O'ﬁ ?}ndepemalen} den'\/q}ive&
We defne s favily o a huchan A6 the st of lnearly independent

fncbons  of which &) and ks devivabves i x  are U eor combinabons (e TFable T ]
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Fumcion g6 W Fm&A "

xm} mn‘w\e?taer K7, X ‘) s X%,
smlax ) smlax), tos{ax)
cosleux ) sinCax), coslax)

ebx g bx

Table 1
Acordinby,  the famly of a funchio,  hat s the product of
m sudh deems  (left wlhimg  consish of all possible  producks of v Fackers,
i which e fackor i each product is fom the family (rght wlumn) of the
ortesponding  feom.

Example L Find the family of )= %> s x
e E——— e (madbiply)
I 1
Fam‘\elj m( )‘3 . {XB’xa) X, \ }j F’m,aj O,C sinx * { Si\'\x, oS }
Fami% of Xsinx { XBS'W\K, X?'s'mv\} X Sinx, sinx, chosx,ix"c,ossc/xcosx} Cosx }

— iy

To proced, idenkhy  gb) W the KNS oF (0 ase lnear wmbimaber of
Yerns Sudh as those et wlumm of Talle T, or Yheir producks  Then,
tonshruch  the @am‘.&j of each term If any ncamiﬁj has a wember that is
a sdution of  the homgenesus  equabion wsth 920, then mulkiply each

Mem\oer oj.: M %zmi@ug 593 'H’e &)W\Qﬁ ‘mjreﬂmp Pdwer o£ X ﬁor ou}/uc_lq ho mem)oer

D}C 7W*€ New wtami&j 5 oa So@u)ﬁm 0)[ H«e Lomoﬁeweuus equa}‘icf\a.

k yox}"xakgm w@u)ﬁm of Uo) 5 o elv(ear wsmbinahion o@g@ Men bers of mmﬂhné #am‘;@es.
— Y



The  wethients are determined La subsBlubon  w (10)

-~ "
EX@MEQ@ 3. So&)g u - l,(,, z Ixa) - 4CDSX + 2e* ()6)
Howog enesus eqn {1): w'vto = w ey v etr e Cxz=0,1,-1)  (13)

?QT%MA-QM Yh@m (I}:) S\ft %CX)’ 9 %) - élleSX % 28
....................... - \ T

Famibies - {X Y} 1 , {“5’95“’“‘& , {e*} _

The  seumd ’Fami?;:) is discarded  because ib Sr cmbeimed wm the At e,

So Families are ‘h, '] s { wsw, swx , fext

The 1 w the Bt anm‘@b s a solubon,  to  the Lmojewems eqn (fr G=cz=0).

Replaced
{ x, -3 ?{ y\a) * 'g’ .

Hﬁnce ;
The e* W the tird J;amieﬁ s a sobubion Yo the hmogenews €qy (e G =C3=0)

Hevwce, fexf - {xe*}
New %mi&es: &xix?) {wx,sinx}) [ xe*}

We ek a parﬂmﬂar slukign as a linear combinadion of the members  x,x? cosx simx, xe™:
Uy = A Bx+ C sk + Dsines E- xe” (g)
AB,G,DE be defermined.

B‘j Subshiuben  w  (16))
A=-1, B=-1, G=0, D=2, E=l (19)

General soluhon  of  (16):
’M:uw‘u},: G+ ets e e - xiex +2sihx + xe’

(20)

)i’ef\'\at;’\veQM ‘30\4 Maf:j bmeec{ aﬁdﬁg 'hle @mes o1C uSmg -_D'é; 1CT0m ?ru‘ﬁ Uaen s “°)T€S

For 18. 305
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(i1) MeH/mA b'ﬁ var atos o‘i Parame+ers

W (%)
T‘M& s awn ae"'erna%ve W\c’thod For j;iwziihg a qu')’icu,Oar So&(}*{mﬁ

a

Eq. (o) provio\ed that we know m @‘near% ina\eyevzolemt solutions Uy (%2 (ke1,2,..,m)
"
o{: the Ltomojevzeous equa}cim ) i.e.) U.\,L(M:Z_,Ckukcx), Tlnds me?‘hocﬁ a,Qso
Ky

Case &
works  For  lnear ODE with coefficients thot are funchims of x (see\/mow)_

We assume thal " ,
W60 = ) Clx) ug &) L Ut kwewn, (@)
K=? by 930
where CKCO are  to be determived.
Differentiat o b
= ’LLP'(K) = 2 Uy Z_Ck' Ug (22)
=t ¥zt

To 3e‘r an equahem For G, we require that

KZ?_CJ U T O (23)
=)
It follows thak " "
u;(x3=§ Glul + ;[___‘Ck Uy . (24)
We  further requre  thad  the  Yerms inquuing devivabives  of Cc vanish:
?;.‘C,: ug = 0. (25)
Bug repea‘dvug His  procedure  m-1 times , we impose
\:EC,: u(:’ =0 ) m=0,1,..  M-2 (26)
-

F‘moﬂcjl \Demuse of (26)) we Fnd

sl

(! ¢

w6 = L CGuw™ weig.wet, @)
Kzl

m &
u;.m(ﬂ - Z:Cxui")+ Z C/ (n-«? (28)
2l

awnd

x Uk
K=y



ey

~ -
7, (u-1)
ZO | e il vau ]+ L GO0 960 (2

Kl

The First  term in the LHS Vbawishes be cause U(®)  are solutims of
e Lzomoaenecms equo&'«m (]ma Jeﬁimﬁi(m of ux). Heme,

Ckl ’I&KM) = g(x 3. (@o)
K=}

Equa&i«ms (26)  ond (30) form a sys*em of m equa)‘ims For

e m  umbwown  baadioms Ce(x)

G M)+ Colr) Up(x) + oo + G VUL (k) = O
C‘{Cx} u, &) + C'L/CX) Uy (k) + oo + Cyl,Cx) u.\f‘(x) 1! (31)

! (vet) " o) (e
GO Wy + G Uy (0 +eee v GG U G *qG0).

\Ue Sog,ue Haus qu%em 53 aﬁ)%ih% Cmmers ruQE,' Lechse oi‘ TLhe Mc}efewdeme

o Uk(x) , Fhe system aﬂwmy how o sobubion,

Exa\mgge 4 1 T solye the obE oF Ex. 3 b‘j Hee method of varichon of pacametecs
wod = Gl G et « G e (w6t utx) e udze ) (32)

Equa%o’ns For C'-, Cz,cg :

e

7 ! ! -A
C‘*Cz_exd'cs e :O

clorGler- G e o (32)
; rox -
CI-O + C-L~€ +C3{€x = 2X+\—l|(,o5x+267‘
-
. 1 et e
Determiviant / o o -t ) - 9 .
o e e~
: S o
CI . Zarlbwsx +28%  ox -ee—x - o % X
- ; g (2xei-4wsx v2¢%) (-2) = - 2x-1tdoosx - 2e*, (334)

_.:z,._..



. l [} e“?\ _
Co=13(° ° —e™ | = 4 e (axvl-dwsx v 2e™) (33b)
o xri-Glosxy 2™ e
‘ . e’ °
C3:l2' x o e © { = L o* (one)-4uosxs 2e* ), (33¢)
o e  2xri-Gugx+lde®

\Ne '\vﬁeﬁm}e ot each equo}iov, to oEHV)

C\(‘/\) = "Kl"" *45‘!“7\ - ?_e* + \K‘ : k‘:ams‘}',
= - - -%
G0 = "Xex"%ey e sk —€ Shx+x + k, R kzt-omn;‘l'.
% . \
Calx) = xe' - Le* - elwsk —e sk + 3 ez"+k3; k3 = wmst. (34)

It’ wcc‘?eb\»s 'H"Gd

3 -x - ~X X
Uplx ) = (—xz-x+4sinx—?e"+\<,>-'l+(~K€X"3.:ex+e)‘6osx—€: cnx +xtk ) e

. { 2 -n
+ (Xex— };_ e* - exoasx—e"smx +3 € " kz) e

= —xtox+4 2smx+xer 4+ (k-1)-4 + (“2" _:_).ex + \:3.e'x) Gs)

which  rewuers  the Par}iu&ar solutiom of Ex. 2 )’3 se’rb‘ng

k\:\ \’-2:3/2 ) }:3=O.

>

Note  that +his method | in fadt,  rewvers the 3enera«€ solubion  to Eq, (o)

(\:,,h, by v the abgve exampae afe arbh‘rana).



‘Case 54 Linear  ODE  with  won- amshont wefliients , i

‘U.LM)(‘A) + C\%_\(x) 'ULCM)(x) -+ qh(_;;)-'u(“?)g) toent A () 'uI(X) fqofx)U(X)ijfx). C3€>

I Pr‘mdy?e, this equaf;mo e ot be Lmy?elre% sofvable. Eq. (H)%oms i s case

as well,

® I we  wow m QJ'V\ear?,\( Shdepgv)Aew% Scpul'icms uka) oaf ‘H«e L:mcsene.ms equa;l—)‘m

(MW ?(‘AY‘FO), we (aw *and a Paﬂﬁwgar 50@0{3@0 JCf> (36) ‘95 Hﬂ? me’)fl/lod o‘p
Vorakion of parameters ( see pp. 6-8 above ).

'y If we ¥viow e So@u{fio’h o1c ’H’)e Aomcﬁe\/\eb‘us qua}rim , we caw redu(e

onicmmr——

36 from order m  fo order (m-1) . This wethod is clled reduckion of order.

Suppow Ahat  we  Enow U, )= U lx}  as QLe_“Lmsenesus” Soeu)v‘ma o (36) (u[,,j'f, gso)

We reduce the ocder LD SeJer)
UKD = Ar(x ) Uy (x) ()

awvd Ol:)JraJHiw(r) an (M=) -ecder ODE for 'U"Cx) i
EXGMP?Q 5: So&)f’ X.I'u.” + x{x- ) ’u_' - (x..\) T xl e—%) K)OJ» (38>

b3 \:vm.v%\ncz H\of a fogu)n'cm h Xz'u"*—xfx—l ) u'— {x-1 ) uz=0 '8 Uy T K,

for
Let UKY= XV(x)  (reduchow of order ) &LD)
4 t \ ' I
wx) s v’ W=2v+ xv A (40)
(38) , / - _
= 23w %30 4 X (x1) (Fexn’) - (=11% v = x%e™” ('V(A C“mee)
- -~
3 n 2 ! -% y\io L1 ] _,x
~p X 4k v v s X2 =D xv o+ (xHt)v z e ) (4!)
o
_ Ny -
| et vis w : Aw '+ ) w 2% o w'+Q+';)w= g;_ ‘ (42)

-—-3_



Accofc)a'vng Yo (5), the solution h @2) is

exp [—de(la‘* jdx e’ e‘gdx HTJ-*K.}

wix) =
= %" (x+¥) Ki=umst.
) -% g™
S Vow =P v:ij W(x)‘*‘ Kz = "e_ +K]de ‘)’(“' + Ka
% e—x
XY= xUk) = ~%e " 4 Kix Jo[x = K, % R \{,jkzams{ (43 )

[Note: The indefinide 'M*egro«ﬁ Jo\x 3;? anot b @liuloded 1w terms of s}my()e, EQemenjrwj feus. ]

— e

Parkiadlar case  of (36):1 Ky (x>+5x "B e+ bxwx) +L°u(x)=§(x). (44)

Tis equ. is colled eguid)mewsiwag, H an be solued exadﬂﬂ by +he ctque of variable

Cwewtﬁdew*s%e powers of x equal o
order of muﬂ}‘.p%}v\g derivabves ) x=e® z: vew vanable, (a5

Thew Ga) s 'fravxpcarmed vle o g)wear ODE with constant Coe%‘u‘en‘h ih 2.

Twﬂ‘ hokce Hna.i'

X" uo?i)= = (OEHZ) (wwwi)u. (46)
Example 5 - Solve K= 2+ s X2, (42)
Tais jg an equdimensenol equabion  With x=e¥, the transformed equation is
Ue)-3Uk) + 2Uk) <% +2 @p)
Whe re U&)Eu(xm)( The sclubon o (48) cam be hund by mefheds descibed v (ase 4
UL)= et v ¢t s 25 Zﬁm wlb) s Gx +c1x 2 4 % Onx + 1. (43)

€, G T amst.



‘Cas;z 6 :’ Seme  solvable nonlinear  ODE (657‘ is ggj exhayshve )
Plrw) dx + Qlxow) du =0 PRRTENGY) (50)

Hais equaj‘im is ot seloable. A sufbdent andibion  Hhat
evables” o find  explioh Tolutins s

Iw pﬁwd ?ge

?

P 2Q
g{i‘ SV (a1)

Tn Hus case, G0) i called exact. Then there exisks a  fmchm W osuch that
dw = Plouw) dx +Q(u) du =0 = W= [ =wmst (s52)
So, i’( suLFice; +o )cmc{ W=WU,u) as a Rm()‘)'mn of x and u awo{

Bud  the celakion between x awd u  via (52)

, e ule 3xy
Exawzee i Salue wix) =  2ru x5 A u':j")—?, (53)
This equa*i(m is  wolen as
C3x?'u +ud)) dr+ O x3+2xu-1)du = 0 (54)
[N A )
Plxow) Qx )
Nohce  thal
2P oQ
?_L: = 3x% 2u = 5‘;‘ 5 so 51 it eakshied.

e requi Yot +h sk W wixu) b th
W equre ece €x157s (xu YU:—\_";‘L} Tau lor exparision in (xa)

dw = Plxuw) dx + Qlqu) du = P%y; dx + g—ﬁ ol (55)
I+ %Q@owg ‘\haj‘ Yw ),V)“E rale J—arbhquv\é
> S Plx,u) = 3du+ul m——-gb wixn) = X +xul+x+ £lu) (56>

Feom (586), %“:’: XBedur £y which  baust be set equal to Qlxu) from (55).

G oxur S s Gru-l = M-l = )= -ur K

Fonally Wie,u) T X PUSKU+X -y K
i~



So the so@ﬂ?im o (53) is wrttew as

/

Wtc@ws*. &= X3P+ xUTFXR-u = ¢ = onst
Bernoutli s equo}im: DY + Plx) ux) = QK ulx)” Cn;tl) (©F)

This  equation  is weitten w the form

1'{-*'\ ’U_’ + PO 'u~71+) - QCX) —p '_;‘:’l\_ Nuad ),i‘ Pix) _(u-ﬂﬂ ) = Q&) , (58)
G v) -
whidh  bewmes  lnear via vE
@ Ricealivs equai‘icm : WY+ PRI U + Q) uxdt= R(x), (59)

Tl’b'xs €qua}i¢m i redmed *’o a Q)neqr\ an-arclev\ Sqn, . (ih New 1ch W) Ula

!

Uz = 9—"—-6\«1 = X )
Q dx Qw - (o
h eoamﬂ'kmic devivahve”
I\nd&eec\ ' ' w (2 Q/Wl
u - —_— = - = T .
w Qw? Qw
(59) - év‘\:: - 6;’/':' - 6%!! + %i‘ + @ ﬁﬂ'%u’/j/{: R (Vlcmngﬂear feoms comed!)
W
/
ODE for w: " Q'
= W+ (P—--—Qﬂ)w'—R&w =0, (61
U Note: b we lnow gﬂgso@ukm uz w6 of  (59), the subshhdion ’utux""\";
bods 4o Hhe _%_Vle_m‘) bt -ordey  OoDE for v U= (P2, ) v= Q. 1
Solwe  the ODE 2w e xu o+ xuts | 9‘wew Yhat u,:lx s a YDQIJ)')'(JY)

Example 3

N\
Mo G oo an ererise.  Nohice ﬂﬂa}\w‘m&,‘%&k% redutes the 006 h a Qf__vle_ar, [s}t-ovder ome

A= ¢

Agﬁswer: ulk) = vj; ')'(';-Z s C= wmst.

¥

- -



{Case 67

In 3enemﬂ, when gw enwunter a wm@‘vzear ()DE) -év:}

Yo use Your iwﬂemwk‘),mumhng Hicks of Gour oW i Pos_v,}Lpe.

EKGME()Q 3 : SDQUQ 'U.”-l- 'U-3= w (QMJ’b'homwS)' pac):d‘ X ) (62)
Mu&ﬁp&a bothh  sides L.J w wWals Wi = uw
=P —é—( Lt —'-Uf‘) = 9—"—(-‘- U.") = %Ll ui-uts Coumst
dx L 2% 73 dx L2~/ 2 T LT
= s 1 \fc:wk!z—u‘* ) (€3)

which s w sePamL()e form ond @n  be inﬁﬁm}ed ouf dired@;_

EXamg@g o Sollve TR a’)? (lacks variable u). (63)
Set plo= pzw =p  p'su” @4)
63)
C--—-:Q Plt XP3 =D PG’\): I‘ , )(,:ng*‘_
ke
fe
41 Seposo b
34“—- = m =p %(X):jarcsiw(}\‘c‘ )-vkz,
X% Bi-x '

4]

Example 11 : Sobve s (s vadale <) @)

This  obE A ks the '\)aﬁabee . Set
p= %I:F(u) e, ulew u ay a fuc of w!
Tew s $Ec 2ol plp
) 2 ) | 2,
=P uPP:P =D P(MP~F):Q =D

P:o = U= C

Bl 'l/"M. clu

w P: p = P = Cz e = a;

The sewnd  gfbemabive (P e &) (mtains  Hhe Best me CP o) w « Spe uald cse CGEo)
Grememf CDQWHJY) : jdu e‘!u, = CzX:fCS (lhhﬂmﬁ \mw_xj ot Le c«Qm@aLpe in

—]3— . terms of eQCWM Feachons



Exaple 12 1 Soe  wiuw e ieu? 65)
This  obe  flacks both X owdu. As »w  Ex. 0, set
p(x) = pEw (g‘? PZ%E = l+pt =P —E—; dpzdx = X= p-archan(pde K,. ()
We e elimnate x by the reluadion
pe 2 = dus pdxc %.@ - ,j: dp
=0 w5 opt -4 b (p2s) + Ky o 67)

For each x y pis determined Uia (66) and then used. H O‘eJremw‘ne

m vie  (63); hente, (63) 15 viewed @» o yarame’rn‘c equakiom for .

~14-



