18306 :  Advanced  PDE with Appeiccu{'\'cms

Hawo\ow’t 5. Reviews of  Ast-order PDE
1. Geweraq Theof\é‘ 'FD‘F So@u"")‘mqs

—n‘te Tan  idea i SD?A)'mcj a sh-order  PPE is to re&uc.e it to
syssrem of ODE apomé certain  aurves Caﬂec( chqraoLerithics. F‘;F the

sake  of CQar}% (and (mweniemce)) T review  two ma:jor cases of PDE .

A

@ Quas'\-eiwear {st-order PDE : OLCx,S,u)-ux -+ b(x,a,u) Uy = Ox,q,u) @
LOF course , This case may indude  Unear Ast-order PDE. ]

The characteristics are viewed as wroes in the (3—&:‘mensimag) (x,fj,u) space.
The &fs'treol S\/s’remo%ODE s written iy the wcorm

de o oAy du )
a b ¢

In Soeo'm::é this Sysh?m, you Vmué want Fo make ome of the %@owinﬁ C‘?oices:

(_é_) Start  with a pair im (2)  thak gnaee\;) ie., after mudual

Ca\nLeQQajrims) im.)oEOES (m@.é t“ig ﬁuriab?es and  their dj-ﬂ[ereni—iafs.anal
thecefore ee_qo\; to o self-umtained  ODE.

EXamng : X Ux Hg ug = 9)(2"‘“)‘1 @
. e dy o dw '
T ®

Note that i} is wot q ?ooci idea To start with a pair  that involves  du.
4 | du

X T gyt
variables  (and You need to solve an  ODE, with 2 veriables!)

For instance , Jrabwg
A
have to deal with 3

witl st  fead anywhere Since You



‘} ?Oodl CIIOICQ 15
X 3 X ) - &e&'g ) <'; ; ! X [} CO“S"

Thew |, [a(m cav repeace 1& lay Cx and determine u as a function of x:

y?.
dx du Cix)?
~ NP & du:(Gue(N)dx & u-= 2— x*+ (-'—:— + G
Genera  selubion: u- %xééjz = F(y/x) ,or U- ‘3‘ %% %32=G(§)) ®

CE ar]:”‘rar\g .
_ — ENDEXAMPLE -
(i) (ombine Yerms (2 so that You can defive  new wariables, as
Combimakims o‘vE kg, % , that enable ou o ‘ndenlﬁf-;) and solve o self~contaived
ODE (Mo(&)ing 9  varables )

—-9-

EXO“"EG? [Proh. 1(a) OF ?rac. Set 2 :( (31'11.) Uy, + [X'I"L(>'U-J = X+‘J, . @
CHAR : %x: = xé)i = :b; @ Note: No sin?Qe pait jives a Seef—mecu'heA ODE.
+U + .
. . Cl, _ (@] - 9‘_3_ - Q,Tfo‘Q_g = a,—Az - 02—43
Ove com make use of the m\en%hog T f; by bbb, bbbk
\g BL = 9_3'- = EI_B-
b B, by
bence @ aives d (xeys) d(a—u) S d(m—g*w) _ dlu-y)
’ 3 (5+u)+(x+u)+(x-r3) CXHO"C“'g) 2("*3*“) =
55; teeak Xty+tu and  u-y as new vanalles :
L d@nl l=—d&4’u ] & |xt _M"/z * C: = G
B AL “41 e |*y TR = xrgam = (uq)*



dly-w) u
Fur‘)'\'uer, @ 3"\ves: - —(é::‘ < —OI(X ) & y-—u: Cz-(x—u) @

X~

From and @), one wey bo write the 5eneroﬂ colubipn is : arbitrary
- 3}__?_ Y-x- G Gegew) @y)?] or, aftem. (x+g*u)(u-g)z=F(%) .
’ 1—%52\;3:)'@-3)1] — END ExAmPLE-
An  exdensim  of case @  Gmsiders the PDE

a(x,j,z,)u) Uy +l>(x,3,2—,u)uy + (Xﬂj,?:,u) U = dé(y,y,z,u))

\ukere ‘U}e CLzaracjrerichs are viewed Cumeé in the 4~J;‘mensicma,0 (x,y,z.,u) space,

dx o dy dz _ du
CHAR = ST < 1 O
_\.:Xamfpe B X Uy +\é u‘{ + UM% =0

CHAR - <> vV w5

=D AM:O = U= G =uwmst.

x - gy = y= Gx,. Generad  solubion:
* ’ -t/u
U= F(-z— L xe ) ®)

(_:lZ‘. . dz c Clwxs (o T/ |

x - o ¥ 2= Likxylz & X:=(C e fan of 2 wvanadles

T
[ . . . b - "%/L(_C -

Tl/‘/n\i- wm s Cl:m3+- w\\en X % < umst M Xe = 3—“’»5'}.

So 5 +o 906‘1 CC?_,Cg ) -H«ere COW‘ESPmO[S u=G etc ]

—END EXAMPLES



General Ish-order  pDE: H(X'Z" u,p,c])= O ; P 9% W, @

. , dx  _ _D{_‘é__ _ du 3 "dE } ~dq
Onarm*s eqns Hp Hq ) PHptqHg Hx*”uP H‘J*”“"l - @

In Wis wse, the characlenshics are  viewed ar curves in the S-dim. space (xy,u,pq).

Examg?e [Fob.4 of Frac. Set 2] Hs p-q-apq 5 p=ux, g=uy.
| du -d ~dgq
Onarph\’s eqns d & - - '"6& - o - ®
l-—qc, -CH'GP) P("’“‘i)""fc’*q?)
b follows ok b Gt ad  qGrast. alwg (R @®
dx _dy & ~(kaC)x +Cs = (-aGy) y
l"a.Cz "(l-chl)
&> O‘a‘})g = = Utap)x + G5 . @
dx = du & ([-aGlu= (G-G-2GG) x+ Cy
g, -G -2aGG,
& Q—aq Ju = (p—q—?arq)xar Cq @

The 69(16(0& m@»}im ‘)’o @ [ o\escxibeo\ (ih Yerms of-\ arb)irfana constants C;,Cg,fg,@,)
\93 s ([®- ©; tis  form s called a4 complede imLeﬁrJ oF. (@,

1f 'lnH‘ia.Q claota IS S‘xvew for u, Wwe dan de+8rmine C,Co,Gand G M

jfems of data Parcxme'}ers and Then EV\A the Soeu}'}m’) fo either ex}a@‘a'f’%

or in an mplict form flxy,u)= 0.
_[‘_

—END EXAMPLE-



Example :  Soloe H= p-q-apqg =0 with  uly0)=x,

Parametize data (x=s): uls,0)=5 =o p = 1.

{

H=0 =D q= P —
,+aP i+a

From_ p 4, Wwe express G, G, Cg and G( in terms mc S:

G=1 , C= —— .

J+q
®: (1-Z)o= ~(ka)s+ (3 = G= (s (22
‘ (*’t)'s = (";"g‘hﬁz)s*fﬁ =P Gy =s.
So, : —‘—‘:—_-(—1- y = - (ta)x+ (ta)s & s= x+ é—_?-:)a_ 23
D wcepe xe L &

“END  EXAMPLE -

T Dhocks awd shock cmc\)"cl’o’hs

e 1 the par’ﬁwﬂar ase where The PDE  tokes the form oF a temservation &w)
Pty =0, f:‘o\ens;#/’) g: " Flux”, 25

we showed in  class  thot g'-y(x,t) L bewwme muﬂ}ppe—()aﬂueo(. This  situcdion
is femedied , within €9 \DD a()-éouui\n% for o discontinuous  selution @pd "shock”
The “Shock tondibion”” on the shock speed U = Xsh({')J i a shock o\g»eéppsj S

We =90

f-(r__f- >
T Wipsriant i remembee %Msz

-5 -




where qi, fi are wa.Ques of q and p left () and riﬁh} (+)  of +he shock.

IRechQ | Iw oro‘er +o der';ve We usea\ 'H’IQ M*‘?gia&'wk (}orm oF @) vie_)
%
I{: BC{X ‘P(X:t) = q(xaﬁ)“C{(X,_.f) R where Ko < Rgp < %y
XZ

SO "o exp()jc'\jf assump‘-‘:m )704 lto \be made QLmi- 'H')e SPGChCic )Co\rm oﬁ Cy(x,i:).]

® More PC(\"HCWQQFQRj ) \A)\he\ﬂ q: Qq) ) [as N +l"d'FF’l‘C {‘éDH))) (26) TEC!AS

u~ Q(9+) - Q(f . @
f f S porametnzes the initial dea !
B\i O\Emeg F@) E C(S?(f,o)) where C(f) g Q,CP ) and f(x,o)
o the m»%ag o\ehs';h, (ot t=0) , f(x,‘c) starts Yo Aeueaop a shock whey
'E={7 = — CeO-rQied‘ breakin ')'ime).
@) 3

The Lond)lcim ?or a shock b occur s

/

FCE) < O So\mew)tere_

Then, P, and Pt bewme mfinite  when

Purp, = +F(Ht =0 | (30>

\u‘nere E Paramejmzes ’Hae UoQ_Ue j)(E,O) 07( Hve M)Jriap clo*a cwrespmo(iwg
Yo Hus tme T
Remark Eq. () ané even acoumt for the case of discombrusus f(x 0); Just

ms,o\erdv%(;lo) as the lmit of a smooth j’(" 0) with 4he slope (F(B')l Lewmmg mfm,},&j (Jarae
-€- = tg = o



v PDE systems

With W= U (xt) and  j=1,2,..,m , an mn system of PDE for uj s

b)

Ai") uJJ,c -+ CL;J uj,x + b; =0, i,j:],zr,_),y, , @3y
Where ASJ) qu ond l:i ma:g depevsd on uj,th buk Z’_?i oM Uj,x and W
Mt (Ve v
Matvices vector

To find the charadenshcs of @1 Sq}isﬁding
Sx = ot-g , St=pe @2)
e, in order Yo determine the charadenshc direchams (4,B), it suffices
fo Fnd («B) so that the syslem of Qﬂg_a__r equatioms
U;(M;J —Ba;\j) =0 \ ‘ (33)

hos ’Y)G‘fl-‘}ﬁvia? (\mm—%ero) Sbeuho’ns. Hence,

J

det[&A;j"ﬁaﬂ] = Q. (34)

The system (1) s callled )')gper)oo&C if (33)  is selved )"3

. . (3 SN @
n Qmeoc();s lnaepevﬁen{' ’Vec}'ors. _e_):—(é’,‘,%,...,ew) P) (,ulnere k=1,2,...,m

(% B*) ore reaf  with A% B £

)

and the correspdmb nﬁ

[ IF khere exist non-real (GDWPPEX) Soeu)ﬂms (e, ) of (B49), Hhey
the system  (31) i« called EW{EHC. ;More aboud tais v Cpass,., ]

I we assome thal F#O , (34)  gives
det [ @y - kAjJ=0 (3"

where K= Eé_ In the case where t  is hme ,  the raho
k= %: 85—% - %’J‘C_ 15 demﬁed bta c= g—xg '-C}flo,roc"'ews‘f‘:‘c S’Peeo[ of SYS7L€"7 37),




'Prow@ms - EY\athQeS

m (PG of PSet 1) \jux'wg:o) Xz pEOSE , \Q:Fsin?.

Hin¥ : Express > 7y in terms of p, @) P=\5'XE*Y1, petan' (% ). :

() / Lo ou
0w pg oy (o mang By T ofene Lo By vnn 57

Uy 'LLy
= = Gindprwse) Mo & £ Q
o o9
@ (Pgolt P.Sé‘} i) é'ux-q-x'u\j:: 2)&«&
— 1
(a) CHAR éi S du
a : - = = e
‘3 X Zmé
©,
@ - xdx = ‘éo{% & x* - ﬂz" G, =const. \-—arb;')rmné
_ a2 T2
. u(x,j)- 4o+ F(K—kj )
@ : dg = E’% & T 32-{— CZ (55“U=ﬁ S‘O&Akm )
®) 'U’—‘é o X?*\f:\ =0 ‘Al:'\—xz) or Xz \—:ﬁ .

From generaf sOQuHcry, : ‘47— \3?‘+ F(l—2~3’-) &) F(l—&g"): y-g’n
<&

Set w:l—?jz = Y \Ilz(kw) © Flw)= % \}i(\‘w) - -‘2' (1-w),

R

T please check u:gge\)m[.

-g-



Pk bak o Sewemﬁ solution Cand repgace w )3‘3 xz-gz DE

%\(x,'é) = léa+ 1 + V é‘ O"'Xz-f\jz) - "i ("'Xzﬂjz) ] ete.

oaation
TLﬁs w@;kﬁ%A be l—xzuj‘>o (o] x1—432< ). Q;ec. mc S‘q. l‘oo%')

A better woy bo wote fhus solubion steme Feom e&winq)ﬁng the Square root

2 2 Xy ) { 1,2
LS ki A STRNC T 2 - . - = % - {}~
us yi-L o5 oL 2 (3l o o '\)20"*\’)

» LR R e _ ~
\ (u‘ —é_'—“) = > 5 (»]mc)n repﬁ:&ew‘)’s (=%

surface in (X'fj"“)-

1

(no  reshichon s posed on Xy )

(P o of PrSer1) Uy tihy = U

b & . de
CHAR: - ° 7 -
| A
@ ) i C
@', y-X= C.:wnslf, @5 C'L(_"U'L)'- Ax o4 Y < =% * 2
\
M " = . -€Y)€ra‘d solulim . F:arbitra
ence, F(g-x) o 9 b} !
be -\
ek o oyrox: Tyr e FQays T @ @YY
Fley)+y
Thas,  us 3 (\1 x . -y))?‘“?( y ‘[U, \Qeﬁ does u=oo ?1
/ - x 3 ~
q‘_‘x - S 1'4-(“{ L %3 X‘j ot [x”j)

_‘ﬁ..



m (26 of PoSet 2) Hink - |

By debmibion pf b, iF we mﬂ)}ip% the ODE by |
hadx » pbdy=0
the ODE  should be in the form
P dx +Qchj =0 P=pa, Q=pb |
where  the LHS  shaufd be +he exad differentiod  of some R;
C\R‘—Po\x-r&d/jzoj

e. P- %% and Q= ;—yﬁ Therefore, The wndition om [T
oP g oQ o 2 (pa) _ b))
oy ¥ 2y %

PDE  for } : b —ahy = ayp - by f

dx _ dw _ _dp
CHAR b - - }J(ﬂy-bx> .

For ngxﬂ +?32> b= 3»«34—27(2 =b C(\,——Lx < (37( +l(3 )= (3g+bx )= “X+Y .

- d x - d&:\ = _.,_,___C,]t_____. =
By = (Bryayt) -k (x-y)
d (X-k\) ) dx dy = d
F. s , . el m ee— = =
om  firsh  two equoj’\d\’)s - 2 (x%y?2) Sy xox? "ng}j*?‘il) “} (x-y )
Y d
) B
1Z2] O c
M = —QA—"“ e d@lﬂl)('fkj\ = "Zd&/\hf\ & P = l Yo
o)t O e
(vew variable : x+y ) For  C=| we Seir }4 = m -os CCONTINUE D)




CProbeem From %ao oi_gwqm\'s; 53m{&r o Prob. 10 Prac.Set 2)

The Jews}ﬁ) e W@Odtg U, endropy T and pressure b of a ga ga}jg%
the PDE system
Bo g+ p 7O
Yt UM 5B 2O
%t + U dr‘x =0
where =P p, ®) must be eliminoted ’Hnrougk: { P py <§§-)+ < (%%}

= o2 :LZ

Hene, the systom dake» the mobrix  Form L %:-?O Chy assumplion)
I o © Pt w P00 Fx
o I © '(ue ) -+ qz/f u b/_p Uy = 0 -
o 0 | = © o u =%
N e

| &

~Hf\e CLlaravaevx‘s)‘ic. Spaeés c are 'mecs Via Sopw'w%

u-c 0O , .
det[@-cA]:0 < WYy e b | ZO @ Qerl@o-aTleo

O B u-c

C-uxa

== o= @ ; % shtn0 )
aCIV\ﬁ Q,)O, ‘Ul‘}l'] af -a .

To fnud the chanacterishc equations , Ve, the wmbinakions o vaviahions of
S,u,"?{ thal  cemain 0 aﬁmcb the  charadenshes M s case, one Must
soloe for G

(. -(%-CA;J' )=0 fr  Cu, couza

— -



A‘nsbuers Csee aQ:o Ex. g,P,l?_; of LU)/UH”CIW) 5 M,j answers are 3)\/@1 there ﬁo);

0 O f=
@) é'-i(~=C=’LL¢ (Q. &_ eg) (az/y £ bz/f) =0 = { 0.=0

dt O o v} Qg :arbi+ran3 ZO
Cﬂm\o‘mo\}im o’F eqns . 0. (‘ft.'f-'uj’x T P Ux )+ O- (W + Uy *?PX)J’ {73- C_"P’t *uS‘x) =0

ad

a= dx, _
=l é‘t -e-\'/ldvxd O &9 dt =0 a‘éﬂhg CHF}K th = U.
E : L/sef‘

—~ o}
Gi) Z‘% S Uta ((’{ G > (a[j, _PQ b\/f) =0 = {-—)Gz‘-"qf

o Rllows  That . i‘iao qﬁmé %ﬂn—q

b " g
@i() —dl(t‘ = U-a, Cd.é—) —a) : S‘Tb.af i(ﬁ =0 aamg CHAR.

Is  the Wskrem hy?erl)ogig o nof? EXP&(}V).

-] -



