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LECTURE 20:

JCransﬁ)a)cimaUAé_ihum’ron% ("un;ﬁorm“) PPE mm& Iﬂowe_ a

A Bineor

J

A\isPers\m fe@abon W= W(&), wl«)c% Y"ESu,Qi‘S -me, Jffjin? a Wwowe So(u.{:icm

U = e‘.g‘x"(‘”t , or Yna)dmé the reancemewJCS
9%5 —iw and, ?)% =ik i the PDE.

B(a linear Su))erFos{%im , Hve wmy?d’e solutio; %o the PDE is then ?Bven

W terms of the Fourier )n*eﬁraﬁ

T ikeewlot
Ix ) = S\& € x- F(&)
o \
S FT amplifude from data
- F(k) ikx-iw( b e~i253“(’°'w ) (1)

. € V
fen-jewid

where Xo®, t-ow with ‘Z(t‘ =O(.i)) ana\ E )s der’ineol So ‘Hva,(‘

W‘(Z) = }{; ) I-" ):(*.JC) '-(,).ocaﬁ Wowe vmm&er.

_L\ orAer +o Aeviue H\Q Qagl' Lbrmuﬂa) we assumed H\a).' "JL‘“’°°“ W'.Hq -)_i* "yixed:

net growing in fime, and app@ed the %’L&&iﬁhqr«i -phase wethed . The @ndition

(e,

!
“tan" reo\%é means t 5 T, ¢ charaderistic time of the Sgs*em, lwhife
—-i—n



the tondition “xoo ' means x> e charadberishic «engﬂn of the
c;»as*re_m. Both lc ond t, can be foumd wia dimensiomad argumen)fs from
(o\iv»ens‘mza.ﬁ) Pargmd—am in  the aUsPers;m relakion  w=W().
Example = Find e and = For o system desoribed by dhe
Klein- Gordon equation | Uy = o Uyy + B U =0 ;. o B0
Answer:  The dispercion relakion  Teads  WEIW(K) = a®k =+ B2

v {
w\qere ol has djmev\sian, Li‘aibl and B l’:as Olimensi(m

Time Time

i
and the wawe vumber k

becance the ‘Freqqehcj w l’\as c‘)mehsion :EY:.E
has Aijm,;lm Li . The quaw)'ih‘e: Qc and T, ore thus formed
ewgtk )
&)mmmgﬂb from o and B or their combinations: |
o
T, = _4&"" (units of TBme) N 'ec = 'ﬁ- (““;45 of Lenng)

*‘vao\ O‘F E)mmpge -
The Vheom;v\% mc W’U’:) )Crom Eq. (1) s the xcof?buu}hg,

—

B obceveer who wanls to see the same ol  wove number K
ond  local 1Grec1 uenob W(k) must  move with sped W (k).
The quanﬁm W) s called  the group oeloci *’\j ‘

Tlno. Vne_anima bvt Hfze 8mup \)2@09{\*.6 ))&(omes mofe +Tanspcxren+ Lg_
A
Coﬂs)deﬁm; the “energ y " of & wawe packet n the  region from x=x, to x=a:
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L3

| K2 - 4
Eq. () \F( k) |
) dx T (x, ¢ ~ J\d — . '
Q) J ) X orft W'(kot))) (kex).

proporHonal X, X,
Yo

——

With  the  change of Goralle  x= W(E)-E so Mot X = k:owew

mlreﬂra}um vanawe, Q) s ;
D))" dk
Qi) « j&& W" "') t _,l_.F_EE-)—)-"—-—-— = j 0 }F(Y()l assumiwg WL )s0.
o |t-W (k)| ; 4 o
¥, _ - f ' for B kel

mote that B b : xEWUE)E and s WIE) L.
Hence, the evzerm O wnloned v the wowe Padce"f be tueen, the space

Pci\n\'s X, a\n& Ay Yeyhouns as*ns&'av;* O‘Yl% —‘;, a'wo\ -\;,_ ore C(MS}’avf}S Cﬁsxec[)_

Bt Lioomsh and Fiwest,  means thab Xz xlb) g xa=ralt)
move  with the  group Ueru"r}.
— End of Discussion ™ group ue@oq'ha_

There s an ex(_eP-Hman case W which formada (1) breaks down :

i theeis a K osud ek WU(E) =0, the
os W@E-=20 when k=&Y, RNS of Q) — .

The RHS of ) then describes a wawe  with increasing ammplifude ;

i seallity | the anplitude  does not bewme infinite but reaches a peak and

) , 10%)1\ \\Jrrans:%cﬂ')
jr\ne\n Aecwés prmevr)-iaﬂg W X 4 2 éemst reg;m g
AWA /\ i " {/ wowe behavior
Vv

- %= w'(k,)



TWis wmeans ermd',) for wsx* (aw& Yo Bxed ) ) t here is Mo .':f’f‘_g k

Yhat  satishes ,
Wk)s

E,r emmy@e, Oo‘nsider W(fﬁ)ta&-b-&g , a,b>0, Heme, W%“’Oaf k=0,

I bollws that WK = a3bk> <a | e, the slope W'(K) of w=W(R)
canmed  exeed  the value a. So, there is ne reajz £ thal  sabishes

Wle) = % if _i:—, >a. — Evd  of examPFe-

In (aenevc,tQ7 e line -ié—*:W'(%") is alled  CAusTIC.

To  describe Vwodlaew\a}v‘caﬂ% the wowe inside the ‘transiboy

region  we erudba the on‘gimﬁ Fourier \'hkgmﬁ from p-i, Tlxt)
For the sake of simbihy, we assume thab  Cusually true for water wawes)

FU'\) L ew j;uw{:fow op E)

WY : odd  fuwchim of k. Thew,
Tor) = | 35 F) s Chx-Wee)t ] (2)
I

o

For () vear (%) we approximate FE) and W(k) bear PR 7
2 Y

FEY > FLEM), WE) ~ W)+ (B-5%) W) ey 047 Wite™)
~ 37 (-8 W),

Becavse  W'(k) is an odd funchm of £, W'0)=0. So lake L¥= o,
Hewce, W) =W©) =0 because  WIE) is odd.

e b




Eq{;od'i(m (2)  then  bewmes

Tht) = FOE*) C—g‘i sl ke lx-ct) +yt & ]

V"l"ﬂ'e Co »"i W‘L°3 : térou): uegocﬂ"a Cu't ?jt.: O and X Bl 31—, WIH/D).
Tlf\e Qas\' iw)(ezm& can  be ?xwessed 1%, herm.c c-ﬁ a '}abufa}‘ed 5
Speu‘aQ guwcb‘m , the Aina ﬁuwd’i«m Ai(’é) o‘evr-mec‘ as

A: (=) = j é_&%- cO&Cf<2+—:'§ L3

ve o b y
H 'FDQQDLQ; H,wd 53.33 e behavier
« Imside
—Cot . .
Tt) ~  FKY) L " A.[ X C°,,3 } ,“L"“"S'h“”‘ region
CBX‘H @Ut) from oSaWa{-oﬁa

to expom enh‘aﬂv deany g
PD'x%ressisv\ : : behasior
TL!Q Aihé ‘F\m&itm Ai(’t) 1S re‘Za.i‘ec{ bo ‘Hle mOo\J)Cied Ressel

3
) I T Y 2 3% ‘ _ x-Gt
| Attﬁ)” T 3 KV_g(j% ) b} 2= (gb,t)‘/g
Reca) thod y:K, (2)  sakishes +he modified -Bessel @pE

Rundion Ky, (3) with  J= 527

'Frnm a LO‘U(’_

2 n

Y@« 3y -(Fa?) yd =0  with  y@@)->0 as Fo+wo,

| —End  of Dijmssim -
Al(’z‘) \r\as +he ascdmp**o}\’c be hawior
3¢

i ..i/q _2/32 ¢
b ﬂ'—;ﬁ 21 e 2o ((avge pusitive 2 )
(L2 ~

Tv

4 lzl”yq- S'M{% IZ)3/Z+ z;) , 2o=w Cqége heqabive 2 ),
& e

~5 -

-ge



The last  formula  describes  expliatly  the wave behavier i
ﬂﬂe‘reg'nme of  osallatiers (X<C°’c",x*%~*-oo) and in the regime of
exj:memhaﬂ olecaa US%’L"’} 2 4e0 ) assume Y Y 0.
Moce predsely , the wawe solubion osullafes for  Gt-x s> Gyt
and Aecouz,s ex})menhaﬂ% for X~ Cot >> Lgyy‘c)v3, Thas, the “width'
of the thansition tegion s undershood ko be  O[ ()" 1.

This - discussion is quite generall | assuming  F(K): even gy d Wlk):odd.
Similar wndusions hold  For other “classes ” of F(E) and Wik),

aswmimﬂ Htgd- o k* exists such  that W"(i(*):‘o.

Meav\}uq of k* éwo‘. waowe. +ramsih'm W wilk) s Iu)crw‘u‘enm}
v ’ QOGVQ'
Smooth n &, Hhe droup Ueeou“l'l}) Wk)  athains  a

Ceﬁremuw\ af L-L%

This  weans Hiod IW’(U) obbains  a vedue which s a maximum over

Seme Ta\nge op ’Frequ.emjes, \He'vzce) an o}m‘eruer who moves ‘Faﬁer 'H'la/v;

—

‘H’US WMoY muyn vaﬂu,e cqvmot obsecue an Q()caf wane viam ber & aho()
'wvslreao\, Sees' ‘Hae won e Aﬁa:ug e;clooy\en!‘ia\%.

~“Eud of Diswssion of Wave Transiben —



Back Eq. ) of p. I Wl’leh there are  wore Hzaw)

Due pm‘vﬁ: Y: such  that W(§)=% 5 Sa((j )Do'in‘)s EJ JJ'::I,...}I\J

then  the oorrespo‘nc\)n:B wcbrmwaq oblajned 192 the S"m!‘ianarﬂ—plaage

7

wethod  reads:

Ity = Z

% Jom |t W)

= Evd of  (ommen} on Vm)\ﬂ-i'o(e E -

J

(L) | é;gsgh[t- W'lk;)]. e;@.x_iw/@)-f

i8(xt)

S

The GlJSpersiue wave of Eq. ) s of the ﬁnrm Lix,t) 2 Alxt)-e

where  B(xt)= kx- WENE ; AGt) s @ von-uniform amplitude

Swee it Uarjes in X,{t Via k

WQ \/io"'e ‘H«odf : o
~ - i, = v _
e "0 =k x4 WE) £ by +WE) ==E-Dx-WE] + wig) - bocd
N~ Frequenc; ‘
Yo
HQV&CQI Hne ‘Qpcaﬂ ‘Frequencq oﬁ ‘H'!e (wa'uw{ﬁc'rm) wawe. s
J
[ o)

o Aesb'- ex = EX.X + E" WI(.E)t Ex = _{x' [X"W’[f:)t ] +X: = E&CJ
T~ wave #.

©

HCWLQ) the gocmq wawe Wamber 1S l&“-' ex- :



(BD"'L’ ¥< avd W are S&aw@j \)qr:jing " sy.ace anc[ JCilme) v ‘H«:e

{:oquz‘m%. Sevise . From w (L) = 1& we 8EJC
a.f'\t&;l:;nha‘fe X " ‘ Ex ) W(H:) I | “SWldyaﬁ 5
Lo W) ko= g = }-—E«/ : BE-W"@) - [ L quanbly

&V{ennha\’e n L E W’(f(‘) ‘
- S 1 Re | . — = C Vsmedd”
D : W““)‘Y‘t' =D )E! );Q:W{“ + ) .

o
[ [

.; 7 ' | i L
?m(e )%_.) anol )-{- ltawe chnens.ms op Lenﬂw and Time )

-\

J _.%-{. << (C\nar. Qeug-Ha o{: H‘e SjS ‘l'em ) - ec.
L _
P - A
\—.{ 4 (Cl'xow '}‘M\Q of te Sgs+em > = T, -
£ bl ot ) < SR
A > A

\I\Je ch cu(}? a &(w{‘.‘m A[X.-t) “SQL"”Q‘&‘ UGﬁimg" " Space amol Hme.
The last set of relakions mean that  the Bwerage Qeng% over which

A(Y\at) Vones Is \muc\q Qarqer 'H/law ’Hﬂ(’. CLa.mcs‘en‘s)v‘c pemijL: SCOLQQ

of the ijS"'eV’) , _Q_VLJ; thad the Abernge tme ver whidy Alxt) varies

1S YYl(A()/! p,arger 'H/-a\n ‘Hne dmmc,)‘em‘;}w‘c 'HVhe Smﬂf’ Dr 'H’!E Sas,)lGrn_

__.8__



‘LECTURE 24 :\

T\ne Lon(_ept 0‘£ a SQowGa —uargiw, YloYl—U\m)[oPm Ware can )Je
genemﬂjzed o PDE thal am Mot be sofued by FT, such o the
POE  with vou-wmstant wefficients or nomlinear PDE.

LG\ewemﬁjzajﬁm to Non-uniform  and NO‘n@‘near PDE. :

Tr«a a S‘oQu{:icm D? 7CDFW) _ )
| Ut) ~ BT A )
n=o

k__._-\,-\_z
Alxt)

or . ulxt) ~ Re{ eie(x,t)_ Z_ An(x,'t) } 5

Im Nzo
where fhe  Followin “ruQesl appuy
L@”LLMPHO\'K)

@ b, B, A A O, “net small”

and  effs. of PDE (unbess otherwise stoded )
@ Iy\(_reas‘mﬂ AQriVCCHVE’ JDD i l\ncreases orcler‘ }ag i

> €.,
t{: we Hink of Ao = Gu) 5 quv,
Aox A A A
! = N ok - mh 0, %X W o,xt w2t
l Ao & 2 l AD € ) A = € P J A ) . e+€.

€) Increas‘mg Subscript v A, b‘a 1 increases order 5; 1 ie,

Aa | L s
|Gl e

}Zﬁvnar\( . T\«us “E” Con LeHnuugh* O'F a the raho of ec or T, over the Eehsﬂ') or
%‘vv\e, regpech'veov;, over \':--*Ww\'\ ALX,H vanes appreu‘ab@(j.
: -9~



'Examqu : Non-uniform  Klein- Gordn eqn, ﬂ.kt—[oth.t)lux I, t B uzo,
where  o(x,t), Blxt) : known.

Trxé Ukt) ~ e P0E A o

= D ALbt)
_ .Nn=o »

Aysmmp)cims @ Ao, Ox, 6, , «, B = OW), ‘“nof smalll *

@ Ao) Bx, O, « ’ ) SQDLU&J U“U‘”?r"f ie.

G le e

x
oL

/

Af.’.’ii]:“&_"
o J

>,
- U _u t _ wh
6" ) | = e ek R4,

w\\)c\\ means ‘de‘ H;e pensﬂg cver u.)’rucl) {’\nese quan{-i%‘es uary are
Qarje ompared with the  Charadrerishc Qenglrln of the system |

ang the ﬁmes over Whi(_tfl ﬁo, 9X:9t and o Uary are par\je

wmpafea wmth  The (}na/rac*eﬁsﬁc Hime Scale of the sys%m,_
anreas}nﬂ derivabve L3 1 hueases order in & b\} 4

@ | e
‘ 4" sSame. ruge \Cﬁr- OLenVo.Hve.s o(: Ah_
S%’ar’t W3'H4

Ult) e{e(x't) (Ao+ A ) 3

we seek equahms for Ghand Ao
wgh \\é?.’l “l” wo g
Uy [Ao,x + A, x + U0y (Ao+A,) ] 618 R

w _3un “"I

(I ’
h El" g W E" W E“ w Ez y nj P “E d

e
UXK ™~ [Ao,xx +Al;x>( + iexx (ﬁb"'pﬂ) + 21’9x (Ao,xflqt,x)“exl('%*'qa)] QIG,

_‘0_..



TR B R {:
ut ~ [AD,-& + Ab-b -+ i.et (AD‘f'A; )] e' >

4
L] L

] w_2h " | it \\’ L

. EZ-" . 83 “ “E“ w i" “‘,, “E’ £ ’ '6
Ugg ™ IAW t Ay tiby (A, k) + 28, (Aot Ay ) =9 (Ao*A')] e,

Uy )y = 2 o, Uyg + ot Ugy

w, “ oy
" | _

ww_n w2 "l""E" W

STt et e l 9
~ 2 [O‘o(x Ao,x + ool Al,x + Lototy By (Aa+A")J e

W

|
o | B Ay +8mn (Aot Ay )t 208y (B + A0 -82 (AeA) €18,

Subsh hﬂe ks Yhe PPE:

Wt g I RS " FA " B “l oy
[A%% hoy F18y (Ath) + 28 (hoy +A, ) @ B (Ath) ]
S (L U U A A
= 2 [ oty o TR Ay tiwe B (ReA) ]
R < GO VA U N A A

- 0(7- [ AD/XX -+ Al;XX *ie)(x (A’ofA'() * 2!8)‘ CA'D,.)( "'A;,x )— sz @af’q, )l o

W, 4t LAY "

‘ }
t ??—('Aro*/‘\‘l) = 0.

0

§e+ Equc& wefhents of same powers of e : sl (aﬂe?d

Y E\KON AL C'&N h

£ -0 HeLOK B0 & |- o8Bt
Hais is tHhe M} Qead}hg-o—rcleh vdISPers}cm reeq}v‘on where .
we-B  and k=0 ; itrs a  Ast-order PDE e 0 Hhat cam be
50&)&& ba method of Cjnarac:)'eaﬁs)v‘cs - 'PbE <> ODE




RN (B A 20,800 O Ay — 2t B A, By Ay = Uiy A
—\'o(z'exlAl '\'Pzﬁ,l =0
> O

< (O(Z/SZ}/F[“/@;) Ay + i(ettAwtho,t‘2ddx9on‘9<19xxAr?"(zex'qo,x):f)

: 1Crbm 'c_l)spersim elakion
~ (eqn. from balagice w1 €°)

& ‘Qet Ao/t * Q“lex Ao,x = ett' /Aro , — 2oty 0, 4, ~-z>(18xx A
or,  2EB) Apy + 2oy Aoy = (9& - oo, By = o*0ix ) Ao |

\}J\ﬂ)d’l s a '(s+—m“c\er PDE [ Ao 31\/67) 6.

CHAR - db_ode 0 ds o A%
AN dt  (~8)
From roa,Q c{ispersim rt@o}u‘@,, (wg_g{:' f=0,): C)"Aﬁijﬁ':&)/{&)
g
Wt B e du 2tk dl e 2o P

”eadiv\g—order charge in w ond k)
re., He .Sgope of the Cl\arhc}ens}v‘o JF(SY‘ Ao is the groug) vegou'*g,

So, we reduced the Nom-umiform PDE ko 2 fst-order PDE |

PDE <> ODEs !
Our  theme IS preserved

—~Ewd of Examp?e—



The remarks Olc p. 120wl For  some ge_nerqﬂ‘zai‘fms_ , ‘
Deeper "easmiha on  The cole of 6u‘oup ue@oci)g with won-unform w, k :

ted

‘9t

W
b= o,

iy

R

% 99
RECALL : A mseruo.fim @ouu s of foem %.* 52-:0,

W here f : ‘Aens‘ﬁ; " and q: b %ka

Here, & s the “dens})j" oF wawe crests qna’v W is the “%L,_(‘_x”

of wawve Cresks. So, the PDE for w and & expresses the

(onservakion of wave crests 1 yon-uniform media !

Recatl: To sdoe o PDE From a conservadion éu», we often
assume = Qlp), wmshhdive reladion  between q and p;

op RN
5?'4‘&(}3)53("0

——

Then , the  vallue Pefo ‘propagates’ &ﬂwg a CHAR with speed &_,/[pg)J,

HQFE, Q s feQOC"QCl "’D w Wa W= W[Q) 0\45Pef‘316‘n reaw";m@
Hence,

W O _ ok CBV< '
at g ,g;'o, = Bt_‘{- W(%) B

vloe - =B, “ym,mga}es“ aﬁ«:ng CHAR with speed W/(ﬁo,)z GRoup YELOC(TY!

lh‘hmd'}e VeQaJﬁ‘cm keﬁwe@n dhpersive S\/skems and lsk-srder

Ua}jperb'ogic> PDE
—13-





