
11. BCH Codes: Constructing them and finding the Syndrome of a 

Message


 We have noted that a two error correcting encoding polynomial can be created by multiplying 
a primitive polynomial, p(x), by another polynomial p3(x) defined by the condition 

rem p3(x3) = 0, on dividing by p(x), 

and codes allowing correction of 3 errors can be obtained by having a similar factor with 3 replaced 
by 5 as well as this one, and so on.

 We will show that this is true by showing how we can find and correct errors. First we 
consider the question: 

How do we find polynomials p3, p5 and so on, to create such codes? We illustrate this 
procedure for 3?

 We want to find an equation of lowest degree obeyed by the remainders of the powers of x 
that are divisible by three. This equation will be a linear dependence among the remainders of these 
powers.

 There is a standard way to find a linear dependence among a set of vectors. It is called row 
reduction.

 To do it, you write down the vectors and add an appropriate multiple (0 or 1) of the first vector 
to each of the others so as to eliminate some one component from them all. You then add an 
appropriate multiple of the second vector to eliminate another component from the rest. And so on.

 If your vectors are linearly dependent, eventually one of your vectors will become the (0) 
vector. Your equation will then be that this vector originally was the sum of the others that you added 
to it to get the (0) vector.

 We illustrate this procedure for the primitive polynomial 1 + x2 + z5. 

The first step is to write down the remainders of the first few powers that are divisible by 3.

 These can be read off from the remainder table for that polynomial, or we can construct a 
similar table whose successive rows represent powers that increase by 3.

 Let us notice how to construct such a table. Similar tables for this and for other powers will be 
very useful to us soon, 



 We will start from the 0th power whose remainder is 1. But suppose in general that the present 
power has remainder a + bx + cx2 + dx3 + ex4 .

 What happens when this remainder is multiplied by x3? 

We get as new remainder ax3 + bx4 +c(x2 + 1) + d(x3 + x) + e(x4 + x2), or 

c + dx + (c +e)x2 + (a + d)x3 + (b + e)x4.

 We can use this fact to write a table whose successive entries are x0, x3, x6, …

 However we get them we find that the remainders of the powers divisible by 3 won dividing 
by our primitive polynomial are 

power remainder  2  3  4 

0  1  0  0  0  0  

3  0  0  0  1  0  

6  0  1  0  1  0  

9  0  1  0  1  1  

12  0  1  1  1  0  

15  1  1  1  1  1  

Remainders of powers dividing by (1+x2+x5)

 Since these rows form 6 vectors in a five dimensional space, there must be a linear dependence 
among them. It is easy to see here that the sum of all but the power 3 is the 0 vector.

 (Doing it by row reduction, we can use the 0 power remainder to remove the 0th power from the 
rest, the 3 power one to eliminate power 3, the power (6+3) row to eliminate the first power column, 
the 9+6+3+3th to eliminate the 4th power column the 12th +6th to eliminate the 2nd, and we find that 
the 15th is the 0th plus 3rd + 3rd +6th +9th + 6th + 12th +6th, which boils down to everything except the 
3rd power.)

 We deduce then that, on dividing by 1 + x2 + x5, the remainder of 

1 + x6 + x9 +x12 + x15 

is 0, from which we conclude that 

p3(x) = 1 + x2 + x3 + x4 + x5 



is the second factor we want to create our encoding polynomial for a two error correcting code:


(1 + x2 + x5)( 1 + x2 + x3 + x4 + x5).

 Exactly the same approach can be used to obtain similar factors starting from any primitive 
polynomial, and powers that are multiples of any odd numbers.

 You might wonder at this point, what happened to even powers? We have found an equation 
that has x3 as a root here. How about x2? Or x4?

 We are not concerned with even powers here because they will obey the same equations in the 
sense used here as their square roots. Thus x2 obeys the same equation as x, and so does x4 and x8 and 
x16. 

How come? 

If the remainder of (x5 + x2 +1) is 0, then on squaring both sides of this equation we deduce 
that the remainder of (x10 + x4 + 1) is also 0, which says that x2 obeys the same equation as x. 

Similarly, x6 obeys the same equation as x3. 

11.2 Finding Two or More Errors: Step 1: Finding the Error Syndrome

 Suppose we encode using an encoding polynomial p(x) p3(x). And suppose further that the 

received word R(x) was garbled and has at most 2 errors. Then we will have 

R(x) = m(x)p(x)p3(x) + axe1 + bxe2 

where a and b are each either 0 or 1 and e1 and e2 are the two error powers if there are two errors.

 If we take the remainder of R(x) on dividing by p(x) the first or message term here will give 
remainder 0, so we will find the remainder of the error terms.

 Similarly, if we take each power that appears in R(x) and replace it by its cube, we will create 
the polynomial R(x3), and as a result of the factor p3(x) in the encoding polynomial, the first term 

above, m(x3)p(x3)p3(x3) will also have 0 remainder on dividing by p. 

This means that the remainder of R(x3) will be that of ax3e1+ bx3e2 on dividing by p. 
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 To summarize, with a two error correcting code, we can find not only the sum of the 
remainders of the error monomials, but also the sum of the third powers of the error monomials.

 In the identical way, we can find the sum of the fifth powers of the error monomials in a 
three error correcting code and so on.

 We have to address two questions at this point. 

First, how can we actually find the remainder of R(x3) conveniently? 

Second, how do we use the remainders of sums of odd powers of the errors to find the errors 
themselves?

 The answer to the first question is exactly like the way we find the remainder of the sum of the 
errors in a single error correcting code or here as well. 

To find the sum of the errors we took the dot product of R with the remainder table 
starting from 1 in which the powers increase by 1 from row to row, 

To find the sum of the third powers of the errors we take the dot product of R with the 
similar table in which the powers increase by 3 from row to row. 

We illustrate that here for the code that we have been discussing

 If the third power remainder table is displayed on a spreadsheet with each remainder in a row, 
taking the dot product with it can be accomplished with one instruction plus copying and adding mod 

Suppose you have constructed an error locator for the single error correcting code defined by 
your primitive polynomial, which means you have done something like the following. 

You have listed received message in a column and put the product of the top entry in that 
message with the top left entry of the remainder table somewhere in its row, (having put a dollar sign 
on the column index of the message,) and copy down the message and across the table. Then summed 
mod 2 beneath the resulting columns.

 This is illustrated here for the polynomial (1 + x2  + x5) 

remainder finder remainder taking dot product
rT 

error mC 

r power 0 1 2 3 4    identifier power 

1 0 1 0 1 1 0 0 0 0 0 1 

1 1 0 1 0 0 0 2 0 1 0 0 0 0 1 



2  0  0  1  0  0  4  0  0  0  0  0  0  0  

0  3  0  0  0  1  0  8  0  0  0  0  0  0  0  

1  4  0  0  0  0  1  16  0  0  0  0  1  0  1  

0  5  1  0  1  0  0  5  0  0  0  0  0  0  0  

1  6  0  1  0  1  0  10  0  1  0  1  0  0  1  

7  0  0  1  0  1  20  0  0  0  0  0  0  0  

8  1  0  1  1  0  13  0  0  0  0  0  0  0  

1  9  0  1  0  1  1  26  0  1  0  1  1  0  1  

10  1  0  0  0  1  17  0  0  0  0  0  0  0  

11  1  1  1  0  0  7  0  0  0  0  0  0  0  

12  0  1  1  1  0  14  0  0  0  0  0  0  0  

13  0  0  1  1  1  28  0  0  0  0  0  0  0  

1  14  1  0  1  1  1  29  1  0  1  1  1  0  1  

15  1  1  1  1  1  31  0  0  0  0  0  0  0  

16  1  1  0  1  1  27  0  0  0  0  0  0  0  

17  1  1  0  0  1  19  0  0  0  0  0  0  0  

18  1  1  0  0  0  3  0  0  0  0  0  0  0  

19  0  1  1  0  0  6  0  0  0  0  0  0  0  

20  0  0  1  1  0  12  0  0  0  0  0  0  0  

21  0  0  0  1  1  24  0  0  0  0  0  0  0  

22  1  0  1  0  1  21  0  0  0  0  0  0  0  

23  1  1  1  1  0  15  0  0  0  0  0  0  0  

24  0  1  1  1  1  30  0  0  0  0  0  24  1  

25  1  0  0  1  1  25  0  0  0  0  0  0  0  

26  1  1  1  0  1  23  0  0  0  0  0  0  0  

27  1  1  0  1  0  11  0  0  0  0  0  0  0  

28  0  1  1  0  1  22  0  0  0  0  0  0  0  

29  1  0  0  1  0  9  0  0  0  0  0  0  0  

30  0  1  0  0  1  18  0  0  0  0  0  0  0  

31  1  0  0  0  0  1  

error pwr 2 3 1 3 3 24 

Error rem and id 0 1 1 1 1 30

 To do all this requires entering the information on the power 1 row needed to construct the 
remainder table, 

making one entry to get the rows to be summed in making the dot product
 Summing and computing mod 2; 

then one entry each for the next two columns 
The rest is all copying.

 Here are the entries used to get the tables above, with the received message r starting in R18 



r power 0 1 2 3 4 

1 0 1 0 

1 =B18+1 =G18 =C18 =MOD(D18+G18,2) =E18 =F18 

This allows construction of the remainder table for this code. 

identifier 

=C18*1+D18*2+E18*4+F18*8+G18*16 

=C19*1+D19*2+E19*4+F19*8+G19*16 

taking dot product rT 

=$A18*C18 =$A18*D18 

=$A19*C19 =$A19*D19 

This gives the identifier and the start of taking the dot product. 

error mC 

power 

=IF($O$51=H18,B18,0) =MOD(A18+IF($O$51=H18,1,0),2) 

=IF($O$51=H19,B19,0) =MOD(A19+IF($O$51=H19,1,0),2) 

This allows identifying the error power and goes the error correction. Here O51 is the identifier of the 
remainder of r. The dot product is computed using (copied into all 5 

=$A47*C47 =$A47*D47 

=$A48*C48 =$A48*D48 

=SUM(J18:J49) =SUM(K18:K49) 

=MOD(J50,2) =MOD(K50,2) 

columns of the table. O51 is the identifier of the last row here, which can be gotten by copying any 
row identifier from the remainder table.

 Notice that you can change codes (of the same length) by changing the entries of line 19 of 
the remainder table and copying them down. 

Now, if you have all this, you can find the identifier and power of the sum of the third 
powers of the message monomials by 

creating a table like the remainder table whose powers go up by 3 each time to the right of what 
you have already done, 

and then copying everything that you have done except for the last error correcting column (that 
is, copying the dot product computation and the power locator) to the right of the original 
remainder table in the same places to the right of this new table.

 You can then read off the sums of the third powers of the monomials of r as remainders, 



by their identifiers or by their powers.


 If you wanted to correct three errors, you could add a table in which the powers go up by 5 
each time and copy once more to its right, and you can find the remainders of the fifth powers of the 
error monomials, if your code is such that your encoded messages have the 0 for such remainders. 
And so on.

 Essentially all the work required lies in constructing the appropriate power remainder table. 

Next we have to describe how you can use this information. 

Exercise: Construct a spreadsheet that for a two error correcting code of the kind we are 
considering, given some primitive polynomial of degree 5 other than 1+x2 + x5

, and a received 
word r, produces the sum of the error monomials and the sum of their third powers, both as 
remainders, but also by their identifiers and by their powers. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


