17. Symmetries
17.1 Permutations

A permutation of a set is a reordering of its elements. Anotiey to look at it
is as a functio that takes as its argument a set of natural nusndfehe form {1, 2, ...
, N} and produces another set consisting of the sdemeants, but in a different order.
The permutation function is such that every elenoéiihe set is mapped to itself or
another element of the set, and no two of thenmeneped to the same element.

Permutations can be notated in two ways:

One is by listing the new ordering that replacks.{. ,n}. We do this by writing
then elements of our set in their new order like this; ... , i, }, where for each integer j
in our setj; is the element of the set to which it is mapp&dus, forn = 5, we can write
{1 3 5 4 2} to represent the permutation that takes itself, 2 to 3, 3 to 5, 4 to itself, and
5to 2.

Another way to represent a permutation is to fuha cycles of the permutation
inside parentheses. It could happen, as in otiekasnple, that 2 mapsto 3,3to 5, and 5
back to 2. This is an example ofycle’ We would represent this cycle by writing it out
as: (2,3,5). A cycle can have any length betweandh. A cycle with lengthk of the
form (i, ... ,ix) means that, maps ta,, i, tois, and so on, with, mapping back to. A
permutation can have multiple cycles, which cameainom size 1 to. The permutation
in the previous example can be written as (1)(2(8)5n cycle notation.

Using basic combinatorics, we can see that theere! permutations oh
symbols. Still another way to describe them isibyng am-by-n matrix whose entries
are either 0 or 1 (this is callecbarmutation matrix). There is exactly one 1 in each
column and row; the 1 entry of the j-th columnnighe row that corresponds to the
number to which element j is mapped.

Thus, the example above corresponds to the matrix:

O O O O -
O O O O
O O O O
o O O O
o O O +» O

We shall now look at how permutations relate ¢@$

1 If we represented a permutation as a directed graph bipgnesich element of the set a vertex and the
mappings as edges, then the cycles of a permutation wraddly be the cycles of the graph.



17.2 Symmetry Groups

We saw in notes 16 that the set of trees on 5Scesrthas 125 elements, which fit
into 1 of 3 patterns. There is a collection of gpiens that can take one tree and
transform it into another tree that looks just likeSuch operations are called
symmetries

In the case of trees, the symmetries are all énemptations of the five labels. For
example, consider the tree { (4,1), (1,5), (2,3)5)}. We can permute its vertices using
the permutation {4 3 1 5 2}, and it becomes the {r€5,4), (4,2), (3,2), (1,2) }. We see
that these two trees can be drawn exactly the seagejust with different labels on the
vertices:

1 1—4 4
3 2—3 1
{1 =
4— 5
4 5 i 5 2

If we have two trees on the same number of veroekthere exists no
permutation that takes one to the other, then theyot have the same pattern. If we
look at the trees { (1,2), (2,3), (3,4), (4,5) }J&&(1,2), (1,3), (1,4), (1,5) }, we can see
below that they have different patterns (one iath @nd the other is a claw):

1

1
2

5

2 3 q

If we tried to come up with a permutation that thm#tps one tree into the other, we would
not be able to. Look at the edges of the secaad tThere are four 1's in them. In order
for a permutation to exist, there must be fourarhe label number in the edges of the
first tree that we can map to 1. However, nonthefvertex labels appears four times in
the edges. Thus, no permutation can exist.

In general, symmetries of any system form a mathieaiastructure called a
group. First, we will list the properties of a g then explain in detail what each of
these properties means.

A group, G, is a set of elements {A, B, ... } that hatasv of compositionwhich
allows you to assign a single element of the grtougach pair of elements. The set must
include an identity element, and each elemei@ ofust have an inverse which when
composed with it produces the identity elemennaly, the composition law must be
associative.

Our law of composition tells us that for any twereents of the group A and B, A
composed with B (written as AB) always producestlagoelement of the group. We can



compose two elements in two different orders, withtecessarily getting the same
result. If AB = BA, then we say that our grougisommutative group, or arabelian

group.

Theidentity element of a group, usually written as |, is theque element of the
group such that for any A i@, Al = IA = A.

For every element A db, theinverseof A is an element 0B, written as A,
such that AA' = A*A =|. Theinverse of I is I.

Associativity tells us that for any A,B, and C @& AB composed with C is equal
to A composed with BC. More compactly, (AB)C = AGAB

The symmetry operations that we described bef@gm@ups with the law of
composition that reads composed with B means that we perform operation B and then
operation A. The identity of this group is the operation taes nothing. So for trees,
the law of composition would be the permutationghefvertex labels, and the identity
operation would be the permutation {1 2 3 4 5} whinaps every label to itself.

There are two properties of symmetry operatioas dne essential in making them
a group.

The first is that a symmetry operation followeddnother symmetry operation is
itself a symmetry operationThistells usthat if A and B are symmetry operations, then
ABisaswell. This implies that performing two permutations sloefine a law of
composition and produces an element of the setrofreetries for every pair of elements
composed.

The second property is reflexivityA symmetry operation must be reversible. If
doing something maintains symmetry, then undointpés as well. This means that each
symmetry operation has an inverse that is alsorarstry operation.

Taking all this together, we see that the symmeggrations form a group under
the rules that we have just defined.

You are used to dealing with groups because éngggational numbers, real
numbers, complex numbers, and numbers mfmt anyn, all form groups under the law
of composition called addition. Additionally, tha&ional numbers, real numbers,
complex numbers, and numbers nmiftr any primep, form groups under multiplication
when 0 is omitted.

Because of this fact, we often describe the lasoofposition of a group as
multiplication, which is shorter to write or sayath“law of composition”. Thus, we

20 must be omitted because, if we look at the real numiversave 1 as the identity element but then 1 *
0 is 0, when it should be 1. If 0 is omitted therréhere no problems of this kind.



often call AB the product of A and B, even if we an fact talking about some obscure
composition law or symmetry operation.

Any group can be described by what is callednitdtiplication table. Thisis a
table much like the multiplication of integers tinaany of us encountered as children.
The table has all of the group elements listedas 1of the table and as columns. In this
way, every possible product of two group elemenlisappear in the table, including that
of | with each element d&. This means that every element of the groupapfear at
least once in the table. Note that not all multggtion tables define groups. To do so,
the table must obey the associative law.

For example, let us consider the group of natowahbers mod 5, with
multiplication as the law of composition. The etats of this group are {1,2,3,4,}. 1is
the identity element, since A*1 = A for any A. Thmultiplication table is:

1 2 3 4
1 1*1 =1 1*2=2 1*3 =3 14 =4
2 2*1 =2 2*2 =4 2*3=6mod 5= | 2*4=8mod 5 3
3 3*1 =3 3*2=6mod5=1 |3*3=9mod5= | 3*4 =12 mod 52
4 4*1 =4 4*2=8mod 53 | 4*3=12 mod 52 | 4*4 = 16 mod 5

17.3 Group Representations

When we considered graphs in notes 14 and 15potweed that we could look at
graphs in two ways. There are graphs as an abstracept and then there are the
drawings of graphs, which have additional propetilee faces or edge crossings.

With groups, there ar@bstract groupsthat are defined by their multiplication
table,permutation groups whose elements are permutations of setsnaatdx groups
whose elements are matrices with matrix multiplarags their law of composition.

We note that the permutation group is sometimiesnedl to as theymmetric
group because of its relation to symmetric operationdessribed in section 17.2. For
this reason, we often denote the permutation gooupelements as,S

Every finite group can be considered a permutagi@up on itself as objects.
This means that every element of the group corredpaniquely to a permutation of the
group elements. It can be shown that each roweofriultiplication table is a
permutation of the group elements, and that norieeofows are the same (see the
exercises for more info). This means that the nmessbf the group can be seen as
permuting the group elements according to its rbthe multiplication table.

Since any permutation group can be described lisicea (see section 1), every
finite group can be written as a group of matricel®wever, a given group can be



written as a permutation group acting on many otyyees of objects, and its elements
can thus be described by matrices in many ways.

In fact, a groufss is said to beepresentedby a matrix group M if there is a
functionf that maps the elements®finto those of M that preserves the law
composition; which means thigA)f(B) = f(AB).

A representation is said to fagthful if the functionf is invertible. Not all
representations are faithful. In fact, the mappi) = I, which maps A to | for all A in
G, makes the trivial one-dimensional matrix groupsisting of the single element 1 a
representation of every group.

A matrix representation of a group consists ofasgunatrices of some given size,
sayn-by-n. Given two representations, of dimensiamandn, we can compose them by
making a set oim + n by m + n matrices, where each one hasrthiey m matrix
representation of some element AGin the upper left corner and theby-n matrix
representation of A in the lower right corner, &gleverywhere else in the matrix.

We can then find a different basis for these roa$rithat obscures this structure.

A matrix representation is said to tezlucible if it can be broken up into two
representations, an-by-m one in the upper left corner andrahy-n one in the lower
right for each of its elements simultaneously,ragtane change of basis. If this cannot
be done, the representation is said tarteelucible .

17.4 Subgroups

We say thaH is asubgroup of G if H is a subset o& andH is itself a group
under the same law of composition@s Equivalently, we say that a subkkis a
subgroup if any composition of two element#iigives us an element bf, a statement
which we sometimes write &H = H.

Given a subgroupl of G, and an element g @ that is not irH, we can define
thecosetgH to be the set consisting of g composed with eéahent ofH. We can
similarly defineHg.

When @1 andHg are the same for every g@we callH anormal subgroup of
G.

If H is a normal subgroup @, then we can define another group, called the
factor group G/H, whose elements are the cosetslaf G. Thus, for every a i6 and
not inH, aH is inG/H. The law of composition fd&/H is that & composed withH is
equal to abl, for a and b irlG and notH. This works becausddacomposed with H is
aHbH, and sinceH is a normal subgroup this is equal téd&h) and we know that any two
elements oH composed together will give us an elemenitpthus this equals &b



All subgroups of a numerical group are normalgsiall elements commute.
These provide many examples of normal subgroupsis,Tif we consider the additive
group of integers, there is a subgroup consistfrigeeven numbers (or more generally,
of the numbers divisible byfor anyk). The factor group corresponding to this group is
the group whose elements are the cosets of odeardnumbers, mod 2. So, the factor
group has the elements {0,1}, with its law of corapion being addition mod 2.
(Similarly, the numbers mod k under addition areférctor group for the subgroup of
numbers divisible b).

There is a wonderful and simple theorem about s that will be of much
use to us. Itis calledagrange’s Theorem

If G isany finite group, and H is any subgroup of G, then the number of
elements of G is an integer multiple of the number of elements of H.

We can prove it by showing that any two cosétsaad H have the same number
of elements ahl itself has, and are either identical or have eoneints in common.

Let G be a finite group. Ldt be a subgroup & of sizen. (We assume that
contains distinct elements, because otherwise wigl tbrough out the duplicates). Let a
be an element d&, that is not irH. Then &l is a coset oH with n elements in it, one
for each element dfi. The elements ofthare all distinct, because if gh ah, then h =
h,, and we already said that the elementd afe distinct. Thus,His of sizen. The
same argument applies for any cosdtlofThis tells us that any two cosets+bill
have the same number of elementsias

If we have that ah = bh’, for some h and hHnthen we can multiply both side
by h' to get that ahh= bh’h', and since Hh= I, we get that al = a = bh*h This means
that for any h” inH, we have that ah” = bh’t”, and since h’, /, and h” are all irH,
we get that their product is alsokh) and thus ah” = bh™’, for some h™ irH. This
means that any member of a’s coset is a membeés ofvhich means that the two cosets
are identical. Thus, if two cosetsldfare not entirely distinct, then they are compietel
identical.

Now, sinceG is finite, there are finitely many g i@ such that g is not inl. We
note that every element Gfis either inH or in a coset ofl, because if g is an element of
G that is not irH, then g’s coset contains the element gl = g (sinsén H). Thus, if we
take all the cosets ¢f along withH itself, we have all the elements®f We now line
up all the cosets dfl into a rectangle like so (we assuhhés of sizen and there ark
cosets):



h, h, .. h
g.h gh, ... gh
g,h,  g;h, ... g,h

g gh, ... gih,

This rectangle contains every elemenGofHowever, it is possible that some of the
cosets are not distinct. We showed above thatafdosets share any element, then they
are duplicates. Thus, if we remove all duplicatsets, then our new rectangle will
contain every element @ exactly once. The width of the rectangle is tze sfH, and
the number of elements in the rectangle is itshtdiges its width. Thus, the number of
elements of5 is an integer multiple of the sizeldf This proves our theorem.

O

It follows from Lagrange’s theorem that if the noen of elements db (called its
order) is prime, then its only subgroups are itself #relgroup consisting of | alone.

Every element A of every finite grop generates a subgroup that consists of its
positive powers: A, A A% ... . This sequence must end si&s finite. The list is
obviously closed under multiplication, and thua isubgroup. The order of this subgroup
is also called the order of A. By Lagrange’s tlesoyrthe order o must be an integer
multiple of the order of any element.

A group is said to beyclic if it is generated by one of its elements. Tkathere
exists an element of the group A such that evessneht of the group is a power of A.
We can deduce here that any group of prime ordgyadkc, since the order of any of its
elements other than the identity must be the avfldre subgroup it generates, which can
only be the whole grou@.

Any group of prime order is normal since it hasnoo-trivial subgroups as all (a
non-trivial subgroup is one that is not 1@y.

A group without non-trivial normal subgroups isdstp besimple. Not that long
ago mathematicians were able to complete a liatldfie simple groups. These include
three general classes of matrix groups and a finiteber of other weird groups
including several of enormous size. Every simptaig has a faithful representation as
one of these.

Is the group of permutations efsymbols simple? The answer is no,riat least
3 (we state this without proof).



Any permutation can be constructed by startingftbe identity permutatidn
and switching pairs of elements. These switchegaltedtranspositions(in the
permutation’s matrix form, this corresponds to shirhg two of the rows of the matrix).
For example, to get the permutation {1 5 3 2 4},ameld start with {1 2 3 4 5} and then
transpose 2and 5toget{1534 2} andthenpass 4 and 2toget {153 24}. A
permutation is said to ®venif it can be constructed using an even number of
transpositions; otherwise the permutation is saidetodd (this corresponds to the
determinant of the permutation matrix being +11r -

The even permutations pfelements form a subgroup called #irnating
group onn elements, denoted as.ASince this group has only one coset other ttsaif i
(that of the odd permutations arelements), that coset is unique, whether definaa f
the left or right, and thus the alternating grosiplivays a normal subgroup.

17.5 Conjugacy

Two elements of a group, A and B, are caliedjugatesif there is a group
element C such that AC = CB. Multiplying both sidmn the right by €, this gives us
that A = CBC". Similarly, we can get that B = CAC If A and B are conjugates and B
and C are conjugates, then A and C are as wellefsereises for more info).

We can partition any finite group into blocks edliconjugacy classes, such that
each pair of members in every block are conjugaitesie another.

Among permutation groups, two elements are comguiaheir cycle structure is
the same. Thus, for example, any two permutatidri’selements that consist of one
cycle of length 3 and another of length 4 are cgaije to one another.

Thus, while there ang! elements of the group of permutationshadbjects
(written as §), there are only a number of conjugacy classesgiby the number of
partitions ofn into blocks.

This leads to the questiodpw many partitions of n into blocks are there, i.e.
how many conjugacy classes S, does the permutation group on n elements possess?

Let us look at what happens whers small. Suppose, for example, that 9.

We will list out all the possible partitions ole®ements into cycles. In order to
save space, we shall omit all cycles of size 1¢ctvieorrespond to fixed points. We shall
use numbers to indicate the size of a cycle, anthtas to separate different cycles. This
means that the difference betweeand the sum of the block sizes shown is made up of
blocks of size 1. Thus, (2,3) indicates a cyclsiné 2 and a cycle of size 3, omitting the
4 cycles of size 1. Note that the order of thdeydoes not matter, only their size.

% This is the permutation {1 2 3 .n.} which leaves all the symbols exactly as they are withoxingiup
the order.



Then we have the partition that is all 1's, th2y (3), (4), (2,2), (5), (3,2), (6),
(4,2), (3,3), (2,2,2), (7), (5,2), (4.3), (3,2,8), (6,2), (5,3), (4.,4), (4,2,2), (3,3,2),
(2,2,2,2), (9), (7,2), (6,3), (5,4), (5,2,2), (25,(3,3,3), (3,2,2,2). There are a total of 30
of them. On the other hand, there are 9! or 36288Ments of the permutation group on
9 symbols.

We can count these numbers on a spreadsheetrgythsi following properties:
Let the number of partitions ofinto k blocks be denoted asrgk).*
Then we have

p(0,0) =1,

p(n,k) =0 fork >nork <0,
and
p(nk) =ph—1,k-1) +pa—k K

The last of these statements represents thehaicthte partitions that include a
block of 1 are, if we ignore that block, partitiooisn — 1 intok — 1 blocks; while
partitions which have all blocks at least 2 becqasitions ofn —k into k blocks, if we
subtract 1 from each block. This recursive al@ponitan help us count blocks using a
spreadsheet. Try to figure out yourself what spgbaet commands to use. As a guide,
here is the spreadsheet for@ <9, 0<k<9:

k = number of blocks
4 5 6 7 8 9 sum

N
w

n=
number
of
partitions

0 15
1 0 22
1 1 30

N
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glwN|k| ko
WN|k (ko
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We can express the condition that a subgroup imaldoy the statement that its
elements consist of complete conjugacy classes.

We now look some examples. Consider the altergafioups on 3, 4, and 5
objects.

* Not to be mistaken for the probability function fromtem7.



The elements of these groups are the even perongatf the objects, which are
those with an even number of even cycles. Oncmaga will count by looking at the
size of the cycles, but this time without omittithg cycles of size 1.

For n=3: (1,1,1) - there is one such element,dketity.
(3) - there are two such three cycles of thfements (123) and (132).
This group, then, has three elements.
In this case, the alternating group is a cyclelzaslino normal subgroups.
Forn=4:(1,1,1,1) — The identity
(2,2) — there are three of these (12)(348)(&4), and (14)(23)
(3,1) — there are 8 of these, namely (1)(2@Y)243), (2)(134), (2)(143), etc.

The alternating group has 12 elements. The firstdonjugacy classes here
have four elements, and form a subgroup. Thisigrenal subgroup ofS

Forn=5:(1,1,1,1,1) — The identity
5
(3,1,1) — 20 of these; two ways of cyclingl@eents an{ZJ ways of picking
out two not to cycle.

(2,2,1) — 15 of these; 5 objects to leaveamat 3 ways to split 4 in two.
(5) — 24 of these; start with 1 and add tts¢ ireany of 4! Orders

The alternating group has 60 elements.
Exercises

Exercisel  Write down the multiplication table for the groappermutations of 3
symbols.

Exercise2  Show that each row of a group multiplication takla permutation of the
elements of the group, and that no two rows areanee.

Exercise 3 If A and B are conjugates and B and C are congggahow that A and C
are conjugate as well.

Exercise4  Find the conjugacy classes fay; @hich is the group of all permutations

of six symbols. Prove that its alternating grodenoted by 4 has no
normal subgroups.

~Edited by Jacob Green



