27. Linear Programming Part Il (More Theory & Appli cation)
27.1 The Simplex Algorithm

The simplex algorithm can be described geometyicadl the process to get an
origin in the x variables that obeys all of our straints.

You start at the origin O, and consider the eddékeofeasible region that meet it.
You will choose some edge E having vertices at @ atnsome vertex V. You will also
need to make sure that you chose an edge wheoal ifnpve along it from O to V, that
the objective function is increasing. The procedcineoses edges where the objective
function increases along it if you move away frdra origin.

You then repeat this procedure, starting from thetex V, until you cannot

proceed any further.
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Algebraically, you do all this by changing the lsagbu use in the equation space,
from the original form associated with the origint®the form associated with V. This
algebraic step is calledmvot and is repeated until the objective function iscimézed
(you cannot pivot to increase the objective funtamd maintain your constraints).

In order to describe the algorithm we answer thiewieng questions to enhance
your understanding of what is happening in lineagpmming.

1. What does an edge of the feasible region contaithiegrigin correspond to?

2. How do you find the other end of the edge?

3. What does it mean for the objective function togbeater at the other end of the

edge than at the origin?

What is the effect of a pivot operation on the eigms and objective function?

What happens if the objective function decreasestays the same along every

edge from the current origin?

6. What happens if the edge we choose to move aloogases the objective
function but the edge itself increases infinitelyone direction?
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7. How can you get started if the origin is not a eerf the feasible region and how
do you recognize this condition?

We will give qualitative answers to all these giges, consider an example, and
then discuss implementation of the algorithm irtisac27.5.

27.2 Addressing the Questions

Point 1-

Point 2-

Point 3-

Point 4-

The origin is the point where all of thechosen variables are 0. It is a
vertex of our feasible region when all the constisaare obeyed there. The
obeyed constraints correspond to the condition é&tlathe b are non-
negative. If some of thg &re 0, that means that the origin is a degenerate
point for our equations. Since some of the s vémtwill be O there along
with all the x variables that will mean that motean n variable = 0
constraints pass through the origin.

We call the unchosen variables x variables to avoid introducing
additional notation. That is what they are at thigin. An edge is what
you get if you relax the conditiornkx= O for some x variable allowing the
Xk to increase, when there is no degeneracy at thmor

Since we require that all the othgmremain at 0 on this edge, then the
equations that hold on that edge are all of thenfAjxx + § = b.

As you increasegon this edge, you will meet the j constraint wisen 0,
or X = b/Ajk. Thus the vertex at the other end of the edge sdren the
smallest value of;pAjx among all possible j for which this ratio is post
and if we call the index corresponding to that $esalvalue J, it is the
point with coordinates

Xk = 0 for k not K, and xx = by/Ajx. and = 0.

Notice that when 4 is negative, increasingcauses;go increase, which
means you are moving away from the constraint wy@n increase
Thus we can only hit constraints here for whigk i& positive.

The value of the objective function asthkiertex will be ¥byA;x more
than it was at the origin in the unchosen variabllds can recognize when
this is an increase easily because we know thaht Ak are positive, so
the condition for being allowed to pivot on variabk is that w must be
positive.

The pivot operation adds to the list of chosen variables and removing s
from that list.



This consists of two steps: one is using equatitmeliminate x from all
the other equations and the objective function.dfiqa J is the equation
you pivoted on.

The other is dividing equation J by;Aso that the coefficient ofx
becomes 1 in it. We can describe the first stept sucinctly if we define
Ajo to be —b and Ay to be w. Then we remove weverywhere but in
equation J by, for all other j including @placing A« for all k other than
K by A« - AkAi/Aik, and adding new termss;Ax/Aj into the j-th
equation for j not J. (thexterms will be gone from them.)

Some people like to renamgas an additionalgs and vice versa since at
the next step;svill be an un-chosen variable andachosen one. We will
not do this.

Point 5- If all the v’'s are non-positive, then the current origin is aximum
feasible point for the objective functidBvery other feasible point can be
described by positive values for the unchosen ks and the objective
function is obviously no greater at any such poilit.any of the
coefficients in the objective function are 0 théere will be at least an
edge of maximum points.

Point 6- If there is a K such that ¥s positive and every;Ais O or negative, then
the objective function can increase without lifhigau let % increaseThe
problem then has no maximum, since the objectivetin has no upper
bound.

Point 7- Suppose the origin is not a feasible wergnce some of the;lare
negative. We create a new problem, by adding a new dimenshan,is a
new variable x.;.

We do this in such a way that the origin in all Hagiables, x, . . . %+ is
feasible, and when,x is 1 we are back to our original problem.

We alsoadd a constraint stating,x < 1 and a second objective function
consisting of x1 which is to be maximized.

If we maximize x.1 under these circumstances, one of two things will
happen; either we will find a vertex for which.xis 1, in which case we
can ignore x.1, and are back to our original problem with a fokesi
current origin, or we find that,x gets stuck at some value less than 1 and
cannot be increased beyond it. This means thaotigenal problem had

no feasible region whatsoever, since any feasibi@tpn the original
problem provides a solution to the new problem with = 1.



How do we do this? We add an equation and a secbjedtive function
as indicated, and also add terms(x.1-1) to equation j for each j for
which b is negative, with,cchosen arbitrarily so thaf b G is positive.

Obviously these terms all disappear whem xs 1, and the significant
effect of adding them is to replacelly h+ G in the constant term of our
equations, which makes the new origin feasible.

Thus we can force the (new) origin to be feasibfeadding one new
variable, one new constraint, and one new objeétimetion.

People often find the optimum of the new objecfivection first, which produces
a feasible start to the original problem, and theron to pivot in it.

You can, however, work on both objective functiosisnultaneously. One
interesting way is to start with objective functiof., for which the origin is the optimal
solution, and then rotate the objective functiomasicos(t) +X vxk Sin t, moving your
origin every time the current one ceases to ber@gbtiuntil you have rotated 180 degrees,
at which point you should be at the solution toryroblem.

Thus the origin will not be optimal as soon as tdmees positive, when any
positive \ will allow pivoting on any edge on which the capending x becomes
positive.

In general, a pivot will become possible along ages when the objective
function becomes normal to that edge. This willgeponly once during the rotation on
any edge.

27.3 Technical Points and Handling Special Cases

There are also some technical questions that arispecial cases we will need to
address the following technical points and spexasks.

1. What do you do differently if some of your equasoare equalities instead of
inequalities?

2. What do you do differently if some of your variableeed not be positive?

3. What do you do if your current origin is a degetengertex, which means that
more than n constraints are obeyed at it?

4. How can we set this algorithm up on a spreadsheet?

Point 1- We here consider the effects of havingaéity constraints, variables that
do not need be positive, degeneracy on the simgligarithm, and also
alternative schemes for pivoting when sevegahne positive and you can
pivot on multiple variables.



Point 2-

Point 3-

Point 4-

If at the beginning a constraint is an equalityeréhis little point in
introducing a slack variable for it. In fact, yoancchoose any variable that
appears in it, and make it into a slack variabtetie equation by dividing
by the coefficient of that variable in the equatiand using that equation
to eliminate the variable from all the other eqoiagi.

The only problem in doing this is that it may cas®ene pto become
negative, but that can be handled as describeceabov

When an x variable, say, xeed not be positive, then the value 0 has no
particular significance for it, so that it is uneesary to look at the origin

in it. Thus you can solve any equatignappears in for it, and eliminate x
from the other equations, and then put the inditatguation aside and not
pivot on it, because the sign of the b term in #wuation has no
significance when the slack variable in it can bsifive or negative.

Again, eliminating x from other equations can cause somtbecome
negative. You should therefore first take carearables that need not be
positive and equality constraints. After dealinghmhose, you can then
handle any jahat are negative, and then begin to pivot.

The current origin will be degenerate wiseme pare 0. If this happens,
and Ax is positive in any equation for which this is sbert your pivot
will cause you to stay put, since the distance ybatmove along the pivot
edge is JAk when you pivot.

This opens up the possibility that if you are natedul you can pivot
around a circle and never get out of it. This ipassible otherwise, since
the objective function otherwise will increase byirate amount at each
pivot.

To avoid this possibility you can change apyhat are 0 into some very
small positive numbers, which will break the degang. This will have
the effect of splitting the degenerate vertex itvto or more vertices by
moving slightly aside the extra constraints thatsea through it.

If the optimal solution is elsewhere, you will ewealy leave the
degenerate vertex, and then you can ignore thegehywou made to break
it up, since you will never return to it.

If you do this, the objective function will alwayscrease by something at
each pivot, and you will never pivot around a cycle

Section 27.5 has the implementation @& thmplex algorithm on a
spreadsheet.



27.4 Suitable pivot variables

There are a number of possible ways that you cansghto pivot when you have
a choice of different values of k for which ig positive.

One possible choice is the k value which has tkatgst objective function slope.
This is the variable with largest value qf v

Another sensible choice is the k values for whiel bbjective function at the
other end of the edge pivoted on is greatest. Tiemns that it is the k such that
vibiyAswkis greatest,, where J(K) is the index of the cairstiequation on the other end
of the x edge.

There are other reasonable choices as well. Youusanthe rotating objective
function idea described above for use when you hatreduced a second objective
function to gain feasibility. Or you could pick anable x with positive y at random.

The simplex algorithm allows any choice of pivotiaale % as long as v is
positive.

27.5 Implementing the Simplex Algorithm

Suppose we are given a linear program (LP) and waskolve it using the
simplex algorithm. There is unfortunately very ldittin life more unrewarding than
performing the additions and multiplications neegegd4o do a few pivots by hand.

In addition to the tedium of it, our human propé&nsor occasional careless error
means that we will end up doing something wrongu® af 10 times, and this wasted
effort is simply not worthwhile.

Fortunately, we can perform a pivot on a spreaddineentering and judiciously
copying only two simple instructions, no matter hioig the problem is. We simply need
to get the first command to be copied correct!

Moreover, if we are willing to use additional spage can have the spreadsheet
indicate which equation is to be pivoted on forhkeag and how much the objective
function will increase if we choose that varialweemove from the basis.

We first note how the problem is traditionally set

To set it up we create what is calledadleau. This is a matrix in which each
variable, x or § and —b defines a column and each equation andbjeetive function
defines a row. The equations that we will be usimg the constraints in our linear
program (our inequalities).



The entries in this tableau-matrix are the coedfits of the corresponding
variable (or the number b the —b column) in the equation correspondinth&row (or
the objective function.

Consider for example the LP defined by the follogviwo inequalities...
2X1- X2+ X3< 2

X1+ 2% -%3<1

We define and add slack variables whose positivétyequivalent to these
constraints by...

S1+ 2X- X2+ X3 = 2
St X+ 2%-x=1
with the objective function to be maximized...
X1+ X + 2%

We represent this problem by the following tableau:

Constraint 1 1 0 2 -1 1 -2
Constraint 2 0 1 1 2 -1 -1
Objective

Function 0 0 1 1 2 0

Here the last row represents the objective function
Since all the tableau’s components are positiveavepivot on any of x X, or xs.

If we pivot on % then we perform the pivot on the second row amdaibjective
function will increase by 1 after the pivot at thew origin (we will explain how to
choose pivot points near the end of this sectibnye do so on xthe result will be the
same. However, if we desire to pivot ontlke pivot point will be in the first row and the
objective function will go up by 4 after the pivétlease look at the following tableaus as
examples of pivoting.

Constraint 1 1 -2 0 -5 3 0
Constraint 2 0 1 1 1 -1 -1
Obijective

Function 0 -1 0 0 3 1




Constraint 1 1 -2 0 -5 3 0
Constraint 2 0 1 1 1 -1 -1
Objective

Function 0 -1 0 0 3 1

Constraint 1 1 0 2 -3 1 -2
Constraint 2 1 1 3 -2 0 -3
Objective

Function -2 0 -3 7 0 4

We therefore choose;xand sas the variables whose roles are exchanged in the
pivot operation.

It can be described by two steps. The first stdp siminate % from everywhere
except the first row. This involves adding the tfirew to the second, and subtracting
twice it from the third, or objective function row.

In general if the pivot takes place in row Y anduoan Z you replace the entry
Ay; in every other row by & - AyzAv,/Avz.

The second step involves dividing the pivot rowAs)y. Here that entry is 1 and
the step is trivial.

On a spreadsheet you can implement these two Isyapsting the instruction
=A11 — A1s7Asv1/Asysz
directly below the first column of the tableau (wind 1 refers to the name of the square
containing the leftmost top element of the tablaad YZ is the name of the pivot square)
and copying it to a new tableau with the same ramd columns as the original one.
This will perform the first step of the pivot. Tlsecond step involves entering
=Av1/Avsz in the first entry of the new pivot row and copyiar filling to the right into

the entire row.

In our case the new tableau will look like

Constraint 1 1 0 2 -1 1 -2
Constraint 2 1 1 3 1 0 -3
Obijective

Function -2 0 -3 3 0 4




At this point the only remaining pivot possibleas the column xand second
row. The objective function increases by 9 to 18 ae add the second row to the first,
getting

Constraint 1 2 1 5 0 1 -5
Constraint 2 1 1 3 1 0 -3
Objective

Function -5 -3 -3 -12 0 13

Now the fact that all the variable entries in tigeative function row are negative
means that we have our solution.

Any variables with negative values in the objecfuection row are set to zero in
order to solve the linear program, S, and % are zero because they have negative
values in their objective function entry. Solvinggwet ¥ = 5 and x = 3. Thus the
solutionis s=$ =% =0, % = 5, % =3 and the objective function maximum is 13.

You will notice that on a spreadsheet the compjeait applying the algorithm
depends only on the number of pivots necessargtttoga solution. Every pivot requires
entering two instructions and copying or fillingtonwhatever rows or columns are
necessary.

Notice also that there is symmetry between rows @idmns in the instruction
for changing the tableau in all rows except theopikow. Also the condition for a
solution is symmetric between the variable entiregshe objective function and the
entries in the —b column: both must be non-positiverder for us to be at a solution to
the problem.

If you want the spreadsheet to tell you which rayu yhave to pivot on you can
enter =if(A;1>0,b/A11,0) to the right of the top row of the tableau aogy it into a shape
similar (in other words a same sized matrix) to thieleau to its right. (Here you can
address pas -Agn+m+1)-

The smallest positive entry in each column tell&cvihow must contain the pivot
square if you pivot on the corresponding column.

Here is what the tableau for this problem mighklbke on the spreadsheet.

Which  pivot should |

linear iroiram choose?

1 0 2 -1 1 -2 2 0 1 0 2
0 1 1 2 -1 -1 0 1 1 05 |0
0 0 1 1 2 0 0 0 0 0 0
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The formulae in the last two columns of the tablaad the first column of the
pivot choosing helper look like

which pivot should |

X3 -b choose?

1 -2 =IF(A3>0,-$F3/A3,0)

-1 -1 =IF(A4>0,-$F4/A4,0)

2 0 =IF(A5>0,-$F5/A5,0)
=IF(A6>0,-$F6/A6,0)

=E3/$E3 =F3/$E3 =IF(A7>0,-$F7/A7,0)

—E4-E$3*$EA/SES3 |=F4-F$3*SEA/SES3 =IF(A8>0,-$F8/A8,0)

—E5-E$3*$ES/$E$3  |=F5-F$3*$ES/SES3

=E7-E$8*$D7/3D$8  |=F7-F$8*$D7/$D$8
=E8/$D8 =F8/$D8
=E9-E$8*$D9/$D$8  |=F9-F$8*$D9/$D$8

You have probably wondered why we switch over ftoto —b in the tableau and
in incorporating b into the coefficient (A) matrix.

One reason is that by doing so the constant termsnaved to the same side of
the equations as the variables, and can be treatdctly the same way.

When the constant term is left on the other sidthefequations, and there is no
analogue of this in the objective function, a sg@minus sign creeps into the change in
the constant term of the objective function relativ the change of the constant terms of
the equations that is thoroughly confusing.

27.6 How well does the Simplex Algorithm perform?
The simplex algorithm involves moving from a fedsibrigin along edges of the

feasible region on which the objective functionremses, until you reach the maximum
point for that function or find a direction in whidt can increase unboundedly.



It does a remarkably good job in practice in sajviproblems of operations
research. It has been applied to solve problents thdusands of variables and hundreds
of thousand constraints, with results that arexedal to be excellent.

A single pivot requires at most a looking at X, x, variables to find a positive.v
and examining m * j values to find the minimum pivs bh/Ajx. Once these are decided
on, performing the pivot involves updating the Ml €quations each having n + 1 terms
in it.

Thus each pivot takes on the order of m * n openatin all.

The key issue in the speed of the algorithm is thennumber of pivots that will
be needed to solve the given problem.

Here practitioners say that the number of pivoisdee is generally on the order
of the smaller of n or m. On the other hand, nobbdy ever been able to prove that in
worst case, the number of pivots needed is boubgeahy fixed power of n.

In fact, for most of the obvious pivoting rules élieve that you can find
polytopes for that require a number of pivots tkaxponential in n and m.

Any feasible polytope defines graph, whose vertices are the vertices of the
polytope and whose edges are its edges. We camedéidistance between two vertices
as the length (number of edges) of the shortedt patween them in this grapfhe
diameter of the polytope is then the maximum distance anpaics of vertices.

We do not even know whether the maximum diameter pdlytope in n variables
defined by m + n constraints (as we have been derisg here) is bounded by a constant
multiplied by a finite power of these variables.

You could start off with the origin at one end dfigh diameter polytope and the
optimum at the other, and it will take you a numloérpivots at least equal to the
diameter to get to the optimum.

Thus proof that the simplex algorithm requires oalpumber of pivots bounded
by a constant times a finite power of n * m wousdadlish a new bound on the maximum
diameter of polytopes.

Nevertheless practitioners seem to find the simpdpgorithm a thoroughly
reliable and efficient tool for solving linear pragns.

This situation has led in two directions. First dther approaches to the LP
problem and in fact several algorithms have beemldped which can be proven to get
to the solution in a number of steps bounded bgveep of the parameters.



Also attempts have been made recently to devissonadle alternative criteria
for analyzing the efficiency of algorithms. Thereave been some interesting
developments in this direction here at M.1.T. ia thst few years.

27.7 Duality

The LP problem has a remarkable symmetry thatrg weeful in many ways.

If we transpose the coefficient matrix, including«A o and Ao = -Iy, we get the
dual LP

Let us return to our original LP example. It haddnalities
2X1- Xo + X3 < 2
X1+ 2% -%3<1
and objective function to be maximized:
X1+ X + 2%.

As a tableau it became

Constraint 1 1 0 2 -1 1 -2
Constraint 2 0 1 1 2 -1 -1
Objective

Function 0 0 1 1 2 0

Now suppose we introduce a new variabjecgrresponding to each of our
inequalities, and define inequalities correspondmthe variables;x

Here we would get 2y y, +1 on the left from thexvariable. 2y — y; + 1 from
the % variable and y- y, + 2 from the variablex

Notice that we here include a contribution on a wéh that from each of the
other rows coming from the objective function.

We now introduce the dual constraints, that thesehbinations must be positive,
that is, greater than 0.

We here get
2y;+y,+1> 0
2y2 -yt 1>0

yi+y2+2> 0



and now we want to maximi2e (—b; y;) which means minimizing: (b;y;).
In general, the dual of the LP defined by

Tk Ak Xk < by, maximizeX (¢ X«),

Minimize X (bjy;) subject to constraintsX ; y; Ajx > -by.

Notice that the inequalities are reversed, theceslof variables and equations are
reversed and maximization has switched to mininomain going from the original
problem to its dual.

It is customary to introduce a dual slack variahl@ the dual inequalities so that
they become equalities.

Then for each index there are two variables: thgiral variables pair with the
dual slack variables; and the slack variables arad hriables pair together.

27.8 Relevance of the Dual Linear Program

The original LP, which is usually called the prinpabblem, and the dual have an
intimate relation with one another based on thieWahg facts:

1. The interrelation is intrinsic to the equationsniselves and does not depend on
the form of the basis used to describe the equatidhus, it is preserved by a
change in basis such as a pivot in either problem.

2. You can determine the solution to one problem imatety from the solution to
the other.

In particular, one of each pair of variables mustat the pair of solutions,
which means the basis variables in the dual mududie the partners of the non-basis
variables in the primal, and vice versa.

Furthermore the ywat the solution in the primal are the values @& that the
solution of the dual, (Exercise: Figure out thelduatement to this)

3. The value of the objective function in the primatladual at solutions are always
the same. An unbounded primal means an unfeasilaleathd vice versa

4. The value of the dual objective function at anysfeke point in the dual is greater
than the value of the primal objective functioraay feasible primary point.



Not only are these statements true and usefulihaue are ways to switch from
the primal to the dual problem to make things easie

Exercises

Exercise 1

Exercise 2

Exercise 3

Here is a linear program, with variablega x; and constraints as follows
31— 2% + X3+ X4 <3
X1+ 2% — 2%+ 2% <3
X=X+ 3 —%<1
Each xis non-negative and we want to maximizerx + X3 + Xa.
Set up a tableau for this program (with 8 colunumg for each s one for
each x and one for —b) and use the simplex algorithperform enough
pivots to find the solution. Read off the soluti¢fhe values of the
original x variables and of the objective functairthe point at which all
c’s become negative.)
Write down the dual linear program to the pregione and deduce the
solution to the dual problem from your solution abo(this is the value of

the y’s and of the dual objective function at dusion point.)

Here is another linear program. Our variablesagrbefore except that x
need not be positive. The constraints are now

3X1—2% + X3+ X4<0
X1+ 2% — 2%+ X <0
3= X%+ 3%+ X4<0

X1+ Xo+ X3 =1

Maximize x. Write down the dual to this LP.

Treat x as a slack variable for the last equality (by usirig eliminate x
everywhere else). Also perform a pivot on the ®gtiation and the
variable % (ignoring the signs of the b’s). If some of yous lother than
the one for which bis a slack are now negative, add a new variable so
that the origin in all 5 variables is feasible.



Perform pivots to find the solution to this, andldee the solution of the
dual.

Exercise 4  State and indicate a proof of the duality theoocédmear programming.

Exercise 5 Explain with an example what you do when the ariginot a feasible
point for your constraints to make it one.

Exercise 6  Solve the following linear program on a spreadshe
Maximize: % + Xo + X3 + X4
Subject to the constraints:
X — 2%+ X=X <2
Xy + 2% — X3 + X4 <7
X1—X%—%<1
X3+ X <2

all x’s are positive. Give the optimal objectivenfition and the values of
the x/s that achieve it. State the dual problemgwel its solution as well.

- Jonathan Lii



