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Backward Stability of Householder QR

e For a QR factorization A = () R computed by Householder

triangularization, the factors Q and R satisfy

[5A]

QR = A+ A,
(| Al

=0 (emachine)

e Exactly the right () R factorization of a slightly perturbed A

e Asusual, R isthe R computed by the algorithm using floating points

e However, Q is a product of exactly unitary reflectors:
Q=0QiQsr--Qn

where Qk is implicitly given by the computed ¥, (since () is generally not

formed explicitly)
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Backward Stability of Solving Ax = b with QR

Algorithm: Solving Az = b by QR Factorization

1. QR = A using Householder, represent () by reflectors

2. y = Q*bimplicitly using reflectors

3. v = R~'% by back substitution

e Step 1 is backward stable (from previous slide)

e Step 2 can be shown to be backward stable:

Backward Stability of Solving Ax = b with QR

e Put the three steps together to show backward stability of the algorithm:

|AA]

A+ AA)F = b,
( ) 1]

=0 (Emar:hine)

e Proof. Steps 2 and 3 give

b=(Q+5Q)(R+0R)E = [QR + (3Q)R + QOR) + (6Q)(0R)| &

Step 1 (backward stability of Householder) gives

(Q+5Q)g =15, 15Ql = Olemactine) b=[A+6A+ QR+ QUR) + (6Q)6R)| 7
e Step 3 is backward stable (will be shown later): = (A + AA){{;
5 - |9R]
(R + 6R)T =Y, =, = (Emachin(‘,)
IRl
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Backward Stability of Solving Ax = b with QR Backward Stability of Solving Ax = b with QR
0 A is small compared to A, therefore Add the terms to show that A A is small:
Izl < (oAt 0Al _ 1AA] IR IQGR)|  [I(6Q)(GR)|
Al — Al Al = [1All (Al [lAll (Al
Now show that each term in A A is small: = OEmachine)
SQ)R R e Since the algorithm is backward stable, it is also accurate:
w S ||6QH H H (Fmachine)
4] Al li=al _
IQGR) _ s WBRIIRL _ e Ol macine)
Al IR (Al
1GQIER] 16RI - 2
Al = Q €machine
far = 1990y = Olemcine)
\_ J




Backward Stability of Back Substitution

e Solve Rz = b using back substitution:

U DI Tim T bl

r mm X m b'l?’l

ITYL = b,’L/T7’l7’L
Tm—1 = (bm—l - Imrm—Lm)/Tm—Lm—l

Typ—2 = (bme - xmflrmflmfl - Imrm72,m)/rm72,m72

m
xj = | b — E TRT ji / Tjj
k=j+1

Backward Stability of Back Substitution

e Back substitution is backward stable:
loR]

(R + (SR)j’ = b, TTen O(5mac inc)
IR] !

Furthermore, each component of J RR satisfies

5 Tii
| U‘ S T E€machine + O(Eilachine)

e Show in full detail for m = 1, 2,3 as well as general m
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Proof for Back Substitution (m = 1)

e For m = 1, the algorithm is simply one floating point division. Use the

floating points axiom to get

~ bl bl
51;121)1®T'11:71+51 = T N
Tu( ) ru(l+€)
where ‘61' S €machine and |5,1| S €machine + O(Gimchine)

Therefore, we solved a perturbed problem exactly:

Proof for Back Substitution (m = 2)

e For m = 2, we first solve for Ty as before. Next we compute Z1:

(b1 — Tor12(1 4 €2)) (1 + €3)
11

by — Zoria(14€) by — Zor1a(1 + €3)

ra(l+e)(1+¢€,)  ru(l+2es)

1= 0 ([@2@r12) @111 =

(1 + 64)

where

‘€2|~, |€3‘7 |€4| S €machine and |€%‘" |621|~, ‘65| S €machine T O(Efnachine)

. . \57‘11|
(7'11 + 67'11)-/1;1 - bl with S €machine + O(G?nachine) ~
|r1a Again this is an exact solution to (R + 6 R)Z = b with
i 20es| e 2 1
; ; 2

traa] “5:11‘ = ' S €machine + O(F?nachine)

fraa le1] I
\_ J
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Proof for Back Substitution (m = 3)

e For m = 3, compute T3 and Iy as before. Then compute

Proof for Back Substitution (general m)

e Similar analysis for general m gives the pattern (shown for m = 5):

.i’l = [(bl S (‘i2 & 7’12)) S/ (Zi’S ® 7’113)] D ri ‘fg‘ S I/Vema‘whine + O(G?xlachine)
_ (b = Far1o(1 4 €4)) (1 + &) — Zsris(1 + €5)] (1 + €7) I
(1 + €) where W =
_ b= el te) — Sru(l+e)(1+6) 01111 1 10123 51234
ri(l 4 €5) (1 +€e7)(1 + ) 0111 1 3012 4123
. - . 011 |+ 1 + 201 | = 312
Thatis, (R + 0R)Z = b with 01 1 10 91
Sl |orial  |6ris] 31 92 0 1 0 1
[riz] [r12] [r13]
[6r22|  |dras] < 2 1| €machine + 0(62 . ) ® © ©
‘7,22‘ ‘,’>23‘ — machine ma\ch]ne
|0733] 1
33|
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