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Transpose and Adjoint
e For real A, the transpose of A is obtained by interchanging rows/columns
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Introduction to Numerical Methods e The adjoint or hermitian conjugate also takes complex conjugate
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o Ifreal A = AT, then A is symmetric. If A = A*, then A is hermitian.
\_ \_ J
1 2
4 4 )
Inner Product In MATLAB
e Inner product of two column vectors z,y € C™
m Quantity MATLAB Syntax Comment
ry= 21: Tidi Transpose AT A’ Transpose only
i=
) Adjoint A* A’ Transpose + complex conjugate
e Euclidean length of &
12 Inner product ¥y | X' *y or | ' * assumes column vectors
" . 2 dot(x,
||| = Varo = (Z | ;] > (x.y)
i=1 Length ||z ]| sgrt(x’  *Xx) or |’ * assumes column vector
e Angle o between x, y norm(x)
T*y
cosa =
llz[l{yl
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Orthogonal Vectors Orthogonal and Unitary Matrices
e The vectors x,y € R™ are orthogonal if e A square matrix () € C™*™ s unitary (orthogonal in real case), if
x*y =0 Q* _ Q—l
e The sets of vectors X, Y are orthogonal if e For unitary ()
every x € X is orthogonal to every y € Y Q"Q =1 o0rqq =6
e A set of (nonzero) vectors S is orthogonal if e Interpretation of unitary-times-vector product:
vectors pairwise orthogonal, i.e., forx,y € S,z # y = "y =0 x = Q*b = solutionto Qx = b
and orthonormal if, in addition, = the vector of coefficients of the expansion of b
in the basis of columns of ()
every z € S has ||z| =1
\_ \_ J




Preservation of Geometry Structure
e Inner product is preserved under multiplication by unitary ()
(Qr)"(Qy) = 2"Q"Qy = "y

e Therefore, lengths of vectors and angles between vectors are preserved

e A real orthogonal () is either a rigid rotation or reflection

Rotation Reflection

Vector Norms

e Anormis afunction || - || : C™ — IR satisfying

(1) |l=|| >0, and ||z|| = O onlyifz =0
2) Az +yll < ll=ll + Iyl
(3) Jlawll = lo] lal

e Example: The Euclidean length function

]2 = Ve

e || - ||z is a special case of the p-norms
m 1/p
21l = (Z J‘I”) (1<p<o0)
i=1
J
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Examples of Vector Norms Verification of Norm Conditions
e Show that [[z||; = >/, |2;] is anorm
m (l)
x| = x;
Il ;‘ d lz||1 = |x1] + |z2] + -+ + |xm| = 0, equality only if x = 0
m 1/2
@
2 *
HCE”2 = <Z|Tl > =vVrr m m
=1
I e +yli =D lzs+ul <Y (lail + |wil)
[|2]|cc = max |a;] P p—
1<i<m 4 i
m ]/2 m m
, =D lml+ ) vl = llzlli + llylh
lellw = Wl = (Z |w> 2 2l
i=1
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lazlly =" laxi| =) laflai = [l Y |zl = la] el
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Induced Matrix Norms Examples of Matrix Norms
e Foramatrix A € C™*", the induced matrix norm is
HAI”(,) m
[ Allgm,ny = sup 7” = sup |[|Az]|m) |AllL = max Z |a;;] “maximum column sum”
reCn ||-1’||(n,) reCn 1<j<n 4
x7#0 [|lz]] (ny=1 i=1
n
where || - ||(n) and || - ||(m) are given vector norms Al = 121%}7(" Zl la;;] “maximum row sum”
e The “maximum stretching” by A . .
m n 1/2
IAllF = (Z Z |al-j|2> The Frobenius norm
; i=1 j=1
//l lAl2 = v/ Amax(A*A) More later
)
J

11

12



Properties of Matrix Norms

e Bound on Matrix Product - Induced norms and Frobenius norm satisfy
IAB]| < [|A[l|| B
but some matrix norms do not!

e Invariance under Unitary Multiplication - For A € C™*™ and unitary
@ € C™*™, we have

[QAll2 = [|All,  QAllF = [|Allr

Proof. Since ||Qz||2 = ||]|2 (inner product is preserved), the first result
follows from the definition of induced norm. For the Frobenius norm,

1QAllr = v/ir(QAF (@A) = v/ir(A'QQA)
= V(& A) = Al

In MATLAB
Quantity | MATLAB Syntax
|1 sum(abs(x))  or norm(x,1)
|z |l2 sqrt(x’  *x) or norm(x)
[l sum(abs(x).” p).” (1/p) ornorm(x,p)
1] o max(abs(x))  or norm(x,inf)
I All2 max(sum(abs(A),1)) ornorm(A,1)
[All2 | norm(A)
1 A]l o max(sum(abs(A),2)) or norm(A,inf)
| Al # sqrt(AC) *A(:))  ornorm(A,’fro")
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