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Backward Stability of Householder QR

For a QR factorization A = () R computed by Householder

triangularization, the factors @ and R satisfy

@R = A+ 6147 % — O(Emachine)

Exactly the right () R factorization of a slightly perturbed A
As usual, R isthe R computed by the algorithm using floating points

However, Q IS a product of exactly unitary reflectors:
¢ =1Q2- - Uy

where @k is implicitly given by the computed v, (since () is generally not

formed explicitly)



Backward Stability of Solving Az = b with QR

Algorithm: Solving Az = b by QR Factorization
1. QR = A using Householder, represent () by reflectors
2. y = (Q*b implicitly using reflectors

3. © = R~y by back substitution

e Step 1 is backward stable (from previous slide)

e Step 2 can be shown to be backward stable:
(Q+0Q)5=0b,  [6QI = Olmachine)

e Step 3 is backward stable (will be shown later):

(R + 5f€)5j — ?;7 = O(emachine)



Backward Stability of Solving Az = b with QR

e Put the three steps together to show backward stability of the algorithm:

AA
(A =+ AA)EE — b7 H”THH — O(emachine)

e Proof. Steps 2 and 3 give
b= (O +0Q)(R+JR)T = [Qé +(5Q)R + Q(R) + (5@)(53)} 7
Step 1 (backward stability of Householder) gives

b= |A+5A+ (BQR+OQGR)+ (5@)(5}2)} 7
= (A + AA)z



Backward Stability of Solving Az = b with QR

0 A is small compared to A, therefore

| A+ dA]|

IR _ _
< 1@ = o)

Al =

Now show that each term in A A is small:

JOQRI _ s MBI _ o
HAH = H Q” HA ( machlne)
QORI _ sy loRIIEN _
HAH = HQH Hﬁi’ |AH ( machme)
10Q)(OR)] 1OR]

S H(SQ” O 6?nac e
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Backward Stability of Solving Az = b with QR

Add the terms to show that A A is small:

|AA] _ [64] | [GQR] , IQER . (6Q)GR)]
AT STA T AT oAl T A]
— O(emachine)

e Since the algorithm is backward stable, it is also accurate:

= O(k(A)e€machine)



Backward Stability of Back Substitution

e Solve Rx = b using back substitution:

Ly = bm/’rmm
Lm—1 = (bm—l — xmrm—l,m)/rm—l,m—l

Lm—2 = (bm—2 — Im—-1Tm—-2m—-1 — xmrm—2,m)/rm—2,m—2



Backward Stability of Back Substitution

® Back substitution is backward stable:

lOR|

R+ 6R)7 = b, _
(R+0R) 7]

O (emachine )

Furthermore, each component of d R satisfies

0T
‘ - S TN E€machine + 0(62

machine)

e Show in full detail for m = 1,2, 3 as well as general m



Proof for Back Substitution (m = 1)

For m = 1, the algorithm is simply one floating point division. Use the

floating points axiom to get

5 b1 b1
= 10T 7“11( i 61) 7"11(1 =+ 6/1)

/ 2
where ’61‘ S €machine and |€1’ S €machine + O(emachine)
Therefore, we solved a perturbed problem exactly:

‘(57’11’
711

(r11 4+ 07r11)x1 = by with < €machine + O(E?nachine)



Proof for Back Substitution (m = 2)

e Form = 2, we first solve for x5 as before. Next we compute I

~

T1 = (b © (T2 ®112)) @ T11

(by — Zar12(1 4+ €2))(1 + €3)

(1 + €4)

11

bl-—éf2T12(1'+'€2) B bl-—if2T12(1'+'€2)

ru(l+e)(1+¢;)

where

T11(1'+-265)

‘62’7’63‘7‘64’ fg €machine and ‘6%‘,‘62’,’65‘ f; ennﬂjﬂne'+'()(€iuﬂjﬁne)

Again this is an exact solution to (R 4+ 0 R)Z = b with
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Proof for Back Substitution (m = 3)

e For m = 3, compute x3 and Iy as before. Then compute

T1 =01 © (T2 ®@7112)) © (T3 ®1T13)] @ T11
[(bl — jfg?“lg(l —+ 64))(1 —+ 66) — 5737’13(1 —+ 65)] (1 —+ 67)
7“11(1 —+ Eé)
_ bl — fg’l“lg(l -+ 64) — 5%37“13(1 + 65)(1 -+ E%)
ria(1 4 €6) (1 + €7) (1 + €5)

Thatis, (R 4+ 0R)Z = b with

i |5’I"11| 0ri2 or13 -3 1 2_
711 |712] 713
5T22 5?“23 < . 2 .
|22 23] — 2 1 €machine + O(Emachlne)
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e Similar analysis for general m gives the pattern (shown for m = 5):

Proof for Back Substitution (general m)

S Wemachine + 0(6
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SO DN W
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W = DO

O — DN W
== DN W




