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Conditioning
e Absolute Condition Number of a differentiable problem f at x:
) 01l
N L_ecture 9 B i = sup \‘\5'1'\\ = ||J(2)|
Conditioning and Stability | go {10
where the Jacobian .J;; = 0f;/0x;, and the matrix norm is induced by
MIT 18.335J / 6.337J the norms on § f and dx
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Conditioning Condition of Matrix-Vector Product
e Example: The function f(z) = ax e Consider f(z) = Az, with A € C"™*"
— Absolute condition number & = ||.J|| = « ]| llz|l
— Relative condition number k= — Al — o " £ @)1/ =4l | Az ||
1 @)1/ [l aw/w ’
e Example: The function f(z) = v/z e For A square and nonsingular, use ||z||/|| Az | < ||A7:
. A 1
~ Absolute condition number & = [|.J| = 5.~ K < JAlIAY|
— Relative condition number Kk = U‘]H = U@,ﬁ) = % ) ) . .
(BN Vel (equality achieved for the last right singular vector © = v,,,)
E le: The functi i = - ith co-
* Example: The function f(x) = 21 — 3 (with 00-norms) e Also the condition number for f(b) = A~'b (solution of linear system)
— Absolute condition number & = ||J|| = [|(1, —1)|| =2
i ) e Condition number of matrix A:
— Relative condition number Kk = = — -
£ @)/l w1 —2|/ max{|z1],|z2]} . o
— lll-conditioned when x; & x5 (cancellation) r(A) = [|[A[[|A™"|| = [for 2-norm | = o
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Condition of System of Equations Accuracy
e For fixed b, consider f(A) = A~ e Consider an algorithm f for a problem f
e Perturb A by § A and find perturbation dx: e A computation f(z) has absolute error || f(z) — f(x)|| and relative error
(A+6A)(w +02) = b 1f@) - f@)]
£ (@)l
e Use Az = band assume (0A)(dx) ~ 0:
e The algorithm is accurate if (for all x)
(§A)x + A(dz) =0 = dz=-A"(0A)z N
If(x) = f(@)I _ }
’ - O(gmachme)
e Condition number of problem f: I1f ()|
Izl /I6A] _ A~ IsAl|=] /5A] A=Al ” where O(€machine) i “0n the order of €machine” (More next slide)
K = < = - =K
HZ’H ||A|| HxH ||A|| e Constantin O(€machine) is likely to be large in many problems, since
because of rounding we are not even using the correct
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More on O(€machine) Stability
e The notation ¢(t) = O(t)(t)) means there is a constant C' such that, for ® An algorithm f for a problem f is stable if (for all )
t close to a limit (often 0 or 00), |¢(1)] < Cp(t) If(z) — f3)]
7~ = O(sz 'hin‘)
e Example: sin’t = O(t?) ast — 0 means | sin? t| < C*t? for some C' 1 (@)l o
e If v depends on additional variables, the notation for some Z with
[ — =]
o(s,t) = O((t))  uniformlyin s T = O(Emachine)
means there is a constant C' such that | (s, t)| < C(t) forany s e “Nearly the right answer to nearly the right question”
e Example: (sin”¢)(sin® s) = O(t*) uniformly as ¢ — 0, but not if sin” s e An algorithm f for a problem f is backward stable if (for all )
is replaced by 52 ) 17—
x) = f(Z) forsome T with ———— = O(€machine
e Inbounds such as ||Z — x|| < C'k(A)émachine]| ||, C does not depend J(@) = 1(@) [l || (€machine)
on Aor b, butit might depend on the dimension 17 e “Exactly the right answer to nearly the right question”
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Stability of Floating Point Arithmetic Stability of Floating Point Arithmetic
e The two floating point axioms imply backward stability for the operations & (example continued)
(1) Forallz € R, there exists € with |€] < €pachine SUCh that e (2) implies
fi(z) =xz(1+¢)
fi(z1) © fi(z2) = (fi(z1) — fl(22))(1 + €3)
(2) For all floating point z, v, there exists € with |€| < €machine Such that
T ® Y = (q; * 1/)(1 —+ 6) for some |€d‘ S €machine
e Example: Subtraction f(xl, Ig) = I — X9 with floating point algorithm e Combine:
Flar,22) = @) © fi(az) Al @ fite) ={nll o) =l el o)
= $1(1 + 61)(1 + 63) - IQ(]. + 62)(1 + 63)
* (1) implies =x1(1+€1) — 22(1 +€5)
ﬂ(xl) - xl(l + 61)7 ﬁ(l’g) - IQ(l + 62) for some |€4‘7 €5 S 2Emachine + O(E?nachine)
for some €1, |€2] < €machine e Therefore, fl(x1) © fl(z2) = &1 —
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Stability of Floating Point Arithmetic Accuracy of a Backward Stable Algorithm
e Example: Inner product f(x,y) = x*y computed with @ and @ is e If a backward stable algorithm is used to solve a problem f with condition
backward stable (more later) number r, the relative errors satisfy
e Example: Outer product f(z,y) = zy* computed with ® is not If(z) = f(a)| — O(()emactine)
backward stable (unlikely that f is rank-1) IIf ()]l */Fmachine
o Example: f(x) = 2 + 1 computed by f(z) = fi(z) @ 1 s not e Proof. Backward stability means f(z) = f(&) for Z such that
backward stable (consider x == () -
B l1Z — =] _ O(Emachine)
e Example: f(z,y) = = + y computed by f(z,y) = fl(x) ® fl(y) is l|z|| fachme
backward stable The definition of condition number gives
I1f () = f(2)]| 1 — =
o < (k(x) +o(1))
I1f ()]l [l
where 0(1) — 0 as €machine — 0. Combining these gives desired result.
AN J

11

12



