4 4 i ) )
The Arnoldi Iteration
e The Arnoldi process reduces a general, nonsymmetric A to Hessenberg
form by similarity transforms: A = Q HQ*
Lecture 23
Arnoldi/Lanczos Iterations e Allows for reduced factorizations by a Gram-Schmidt-style iteration
instead of Householder reflections
MIT 18.335] / 6.337J e Let (), be the . X n matrix with the first n columns of ), and consider
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The Arnoldi Algorithm

e The nth column of AQ),, = C)n+1Hn gives
AQn - hlnq1 + -+ hnn(In + hn+1,nQn+l

which can be used to compute g, similarly to modified Gram-Schmidt:

Algorithm: Arnoldi Iteration

b =arbitrary, g1 = b/||b|
forn=1,2,3,...
v = Ag,
forj=1ton
hjn = qjv
V=0 — hanj
hn+1,n = HUH
Gn1 = V/Pni1n

QR Factorization of Krylov Matrix

e The vectors ¢; from Arnoldi are orthonormal bases of the successive

Krylov subspaces:

IC'H, = <b7 Ab, ... ) An_lb> = <QI7 q2y - QH> g cm
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e (), is the reduced QR factorization K,, = (), R,, of the Krylov matrix:

Kn: b|Ab | --- A"ilb

e The projection of A onto this space gives 1 X n Hessenberg matrix

H, = Q; AQ,, whose eigenvalues may be good approximations of A’s
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Symmetric Matrices and the Lanczos Iteration

e For symmetric A, H,, reduces to tridiagonal 7},, and ¢,, .1 can be

computed by a three-term recurrence:

Aq" == ﬁnflq”fl + QnQn + ﬁn,q”Jrl

Algorithm: Lanczos Iteration
Bo =0, qo = 0, b =arbitrary, g1 = b/||b|
forn=1,23,...
v = Ag,
a, =qlv
V== Bn1qn-1 — Qnyn
B = |10
Gni1 = v/ 0
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