
Parallelizing Gaussian Elimination


°	Recall parallelization steps from earlier lecture 
•	 Decomposition: identify enough parallel work, but not too much 
•	 Assignment: load balance work among threads 
•	 Orchestrate: communication and synchronization 
•	 Mapping: which processors execute which threads 

°	Decomposition 
•	 In BLAS 2 algorithm nearly each flop in inner loop can be done in

parallel, so with n2 processors, need 3n parallel steps 
for i = 1 to n-1 

A(i+1:n,i) = A(i+1:n,i) / A(i,i)         … BLAS 1 (scale a vector) 
A(i+1:n,i+1:n) = A(i+1:n , i+1:n ) … BLAS 2 (rank-1 update) 

- A(i+1:n , i) * A(i , i+1:n) 

• This is too fine-grained, prefer calls to local matmuls instead 
• Need to discuss parallel matrix multiplication


° Assignment

• Which processors are responsible for which submatrices?
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Different Data Layouts for Parallel GE (on 4 procs)

The winner!

Bad load balance:
P0 idle after first
n/4 steps

Load balanced, but can’t easily
use BLAS2 or BLAS3

Can trade load balance
and BLAS2/3 
performance by 
choosing b, but
factorization of block
column is a bottleneck

Complicated addressing



PDGEMM = PBLAS routine

for matrix multiply


Observations: 
For fixed N, as P increases


Mflops increases, but

less than 100% efficiency


For fixed P, as N increases,

Mflops (efficiency) rises


DGEMM = BLAS routine

for matrix multiply


Maximum speed for PDGEMM

= # Procs * speed of DGEMM


Observations (same as above):

Efficiency always at least 48%

For fixed N, as P increases,


efficiency drops

For fixed P, as N increases,


efficiency increases
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Review: BLAS 3 (Blocked) GEPP


for ib = 1 to n-1 step b     … Process matrix b columns at a time

end = ib + b-1 … Point to end of block of b columns 

apply BLAS2 version of GEPP to  get A(ib:n , ib:end) = P’ * L’ * U’

… let LL denote the strict lower triangular part of A(ib:end , ib:end) + I 
A(ib:end , end+1:n) = LL-1 * A(ib:end , end+1:n) … update next b rows of U 
A(end+1:n , end+1:n ) = A(end+1:n , end+1:n )


- A(end+1:n , ib:end) * A(ib:end , end+1:n)

BLAS 3 

… apply delayed updates with single matrix-multiply 
… with inner dimension b 
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Review: Row and Column Block Cyclic Layout


processors and matrix blocks 
are distributed in a 2d array 

pcol-fold parallelism 
in any column, and calls to the 
BLAS2 and BLAS3 on matrices of 
size brow-by-bcol 

serial bottleneck is eased


need not be symmetric in rows and 
columns 
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Distributed GE with a 2D Block Cyclic Layout


block size b in the algorithm and the block sizes brow 
and bcol in the layout satisfy b=brow=bcol. 

shaded regions indicate busy processors or 
communication performed. 

unnecessary to have a barrier between each 
step of the algorithm, e.g.. step 9, 10, and 11 can be 
pipelined 
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Distributed GE with a 2D Block Cyclic Layout
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PDGESV = ScaLAPACK 
parallel LU routine 

Since it can run no faster than its 
inner loop (PDGEMM), we measure: 

Efficiency = 
Speed(PDGESV)/Speed(PDGEMM) 

Observations: 
Efficiency well above 50% for large 

enough problems 
For fixed N, as P increases, 

efficiency decreases 
(just as for PDGEMM) 

For fixed P, as N increases 
efficiency increases 
(just as for PDGEMM) 

From bottom table, cost of solving 
Ax=b about half of matrix multiply 
for large enough matrices. 
From the flop counts we would 
expect it to be (2*n3)/(2/3*n3) = 3 
times faster, but communication 
makes it a little slower. 
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