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Lecture 18: Non-Markovian Diffusion Equatiorls 

Department of Cllerrlical Engineering, RIIT 

.ipril 15,2003 

This lect,ure concerns the various cortimnnn lirnits of c o r t i m ~ o i ~ s - t i  ran(1on1 walks (CTRW); 
wllicl~ incli~(le; ill a(l(iit,iol~ t,o the ilsilal case of nornlal (iiffusiol~; rather (lifferert rnathelr~atical 
(lescriptions fix cases of allolnaloi~s (liffusiol~. 

1 Normal Diffusion 

We begin wit,k~ cases of CTRW ex11il)iting norlnal (liffi~sion, 

1.1 Exponential Decay of Fourier Modes 

As a point of referel~ce, we first analyze some 1)asic propert,ies of the (liffi~sion e(li~ation, 

wllicl~we km)w (lescril~es the cont,illinnn (long-tirne, long wavelengt,h) lirnit of sinq~le ran(1on1 walks 
wller~ the Cent,ral Limit Tlleorenl 11ol(ls. Taking the Foi~rier t ,rar~sforn~ gives 

frorn which we fill(1 t,he solution 
6 (k:>t ) = fi (k; 0) e-Dk2t. 

7 ( k )= 1 / ~ k 2 .  

we see that  the Foi~rier im)(les (lecay exponentiallyl and t,k~at t,he ~m)(les wit,k~ srnall k or large 
wavelengtl~ last lol~gest. We car1 also take a Laplace transforml which yields 

S P  (k:, s )  - P (k:,0) = D ~ (k;~s )  , P 

frorn whi(:h we ol~ta in  - P (k; 0) 
P (k:, s )  = 

s + Dk2 
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1.2 The Markovian Diffusion Equation 

Now we co11sider t,he corltinililn~ lilrlit of t,he ront , i l~i~oi~s tirne rall(1oln walk wit11 nornlal (iiffusive 
scaling. Tlle walker is assume(1 to  have a finit,e nlearl waiting t,ilne, so t,he wait,il~g-tirne clistrit)i~t,iol~ 
satisfies 

',b ( t)  = o (tr2) ; 

and thils its Laplace tra11sfi)rm will 11ave a small s-exl~ansiol~ gover~led 1)) 

( 7 )  - 1- ( t) s ,  s i 0. 

w11ere we asslime that  c r i ,  < x;(A:L)= 0; all(1 

has fix k i Il1 s i 0 t,he long-tin~e lin~it, 

As a resillt; comparing wit,k~ t,he resillts al~ove; we see that  p (:L,t )  a ~ ~ ~ ~ r o a c h e s  the soliltion of t,he 
norlnal (liffilsion equation, Eq. (I),its Greeu fin~ction, 

as t i ,K and :I; = 0 (&). (This is agair~ the cent,ral l in~i t  t,heoreln for CTRW.) Since the equation 
is linear; the sarne cont,ilnnnn lirnit hol(1s for a r ~ y  ir~itial con(1ition of t,he CTRW. 

Tlle diffi~sior~ e(l11atior1 (1) (all(1 sinlilarly any partial (lifferent,ial eqilat,iol~) car1 t)e viewed as 
'Markovian' t)ecause it car1 t)e solve(1 fi~rwarcl ill tirne fiom only a km)wleclge of the ciurrert stat,e, 
wit,hout any explicit (iepen(lel~ce on t,he previoils history of the solution. We will see that  t,he 
Markoviar~ property no longer holcls fix arn)nlaloi~s (liffilsion. 

2 Anomalous Subdiffusion 

2.1 Mittag-Leffler Power-Law Decay of Fourier Modes 

Col~si(ler synnnet,ric (p(:~;) = si~t)(liffi~sionp(-:L));  am)maloi~s wit11 all infinite the rneall waiting t,ilne 
((7)= ,K)for wllicll t,he wait,il~g-tirne (1istrit)iltion satisfies 

$ (t)- (?) ; 
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where O < y < 1 or eqilivalent,ly has t,he fi)llowing small-s expal~sion of it,s Laplace t,ransforln 

J' ( s )  - 1 - ( 7 g s ) 7 >S + 0. 

Tl~ils ,when s i O al1(1k: i O, we 11ave 

T l ~ efact,or ill f ior~t  of ( 2 ) is r~o t  a col~stant,, and in fact is a singillarity; as y - 1 < 0. This crucial 
t,erlnl which is negligil~le in the case of m~rmal  (iiffusiol~; represents walks t,k~at have m)t moved yet. 

We can rewrit,e (2) as 

Let us define this new fill~ction as F ( s ;T ) , a l ~ ( lattelnpt t,o invert t,he Foilrier al1(1 Laplace tral~sfi)rms. 
Before we do t,hat, l~owever, we call still ol~taill a consi(1erat)le arnoilnt of il~fi)rmat,iol~ at)oi~tF ( s , t )  
i~singa Tai~l)erial~ for Laplace t ra l~sforn~s  thatt l ~ e o r e n ~  near the origin. Not,il~g 

in t,he lirnit t / ~i O. Tlllisl for the case of a11oma101is si~t)diffi~sion, (iecay of t,he we 11ave ~ ( I , I I J ~ T - ~ ( ~ X I I  

Foilrier ~m)cles wit11 expol~ert  y al1(1 alnpliti~(le 

or 
7 (k: )  - k-217. 

W l ~ e r ~= lr 7 ( k ; )- k;-2 as t)efore; alt,hough the qilalitat,ive t)el~avior of the t,wo systerns y we o l ~ t a i r ~  
is very (iifferel~t, as power-law decay is inuch slower t l ~ a l ~  expol~ertial (lecay: t,he il~it,ial col~(lit,iol~s 
are ot)servecl at lol~ger tinlesl al1(1 are m)t L'sn~ootl~e(i" out as rnilcl~ in the process. 


T l ~ efilnctior~F ( t ,7 ) call l)e (lefined in trrrns of the Mitt,ag-Leffler fill~ctions Em( z ) :  


Em( z )= ,2- r ( 1+ yra) .n=O 

= 
El ( z )  = = r Z ,  

7i=o II,! 
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Tl~erefore~the Mittag-Leffler decay for O < y < 1 is a ilatilral generalization of exl~onelltial (lecay 
for y = 1. The only other Mit,tag-Leffler function that  car1 t)e writt,en in ar~alytical fo r rn~  is y = 112, 
for w l ~ i c l ~  

E l  ( (t/7)'/" = etIrerfc ((tl7)'I2) 

w11ere erfc: ( : I ; )  is the conq)lelnent,ary error function. 
For the non-expol~ertial cases O < y < l1the asylnptotic expansions of t,he Mitt,ag-Leffler 

so we have st,ret,cl~e~l-ex~~or~er~t~ialdecay a t  s l~or t  tirnes all(1 power-law decay at long tirnes 

2.2 Anomalous Relaxation Equation 

We now want to  find a cont,ilnnnn equatiol~ t,o (1escrit)e the ar1omalo1is power-law relaxation of 
Foilrier nlo(1es wllose soli~t,iol~ 7 ( k : ) )  -- E7 ( . The Laplace tra11sfi)rrn F is (lefined is F7 ( t ;  ( t l ~ ) ~ )  
as 

For conlparison, the (lifferertial relaxat,iol~ eqilat,iol~ for relaxat,iol~; 

wllose soliltior~ for F ( O )  = 1 is F (t)  exp ( - t / ~ ) >= has t,he Laplace tral~sfi)rm, 

This relaxation equation call l)e llicely ir~terprete(l i r ~  t,ernls of fiactaional (lerivatives, w l ~ i c l ~  geller-
alize the rnore fanliliar integer (lerivatives of calculi~s. We shall see that  fiact,iol~al (1el.ivatives are 
generally %rrtr!yrr~,lope rut or..^. 

2.2.1 Fractional Calculus 

One way to  define a fiact,iollal (lerivative operat,or aa"t,il~gon a fill~ction F ( t ) ;(iile to  Rienlaln~ 
and Lioilville; is via its Laplace tral~sfi)rm, 
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For Req > Or it can1 t,hen l)e shown t)y inverse t,rar~sforn~ that this operat,or is giver1 t)y the followil~g 
fract,iol~al ir~tegration operator (or fiact,iol~al (lerivative of negat,ive or(ler), 

1 ' F (t')
F (t)  - (it' 

( t  - t/)l-q> (7)r , " 
For conlparison, recall that the ordinary integer derivative of a11 allalyt,ic f i~nct ion~ F (z ) ,  ill t,he 
cornplex plane car1 1)e writt,en as a very similar contoi~r illtegral according t,o the Cailclly (lerivative 

(P'F (z) -& / ( F ( w )  
-

(iz" 
-

2 ~ i ,  w - Z )  l+n (Iw. 

Positive Rielnann-Lioi~ville fiact,iollal (lerivat,ives call l)e expresse(1 ill terms of the fiact,iollal 
integral (7) 1)y applying ordinary integer derivatives, 

for Reo > O where 71, is a positive integer chosen~ so that q = rr - (Y satisfies 0 < Re q < 1 in t,he 
(lefinition of the fiact,iol~al illtegral, Eq. (7. For exanq~le; it is left as all exercise to show that t,he 
well kmwn rule fix integer derivatives of a power; 

has the analogoils, nlore general fi~rm, 

for the Rielnann-Lioi~ville fiact,iollal (lerivative. (Recall that r(l+ n )  = 'ra! for 'rr = 1 ,2 ;3. . . . )  
Anot,her exalnple of t,he operator in Eqs. (7) (8) is the Weyl fractional (lerivative, -mDg> wllic11 

car1 t)e defilled rnore con~venient,ly tllroilgl~ its Fourier tra11sfi)rm -
, V F F  (k;) (k:)= ( i k ; ) ~ ~  

More gellerally, t,he Riesz fractional (lerivative (or gradient operat,or); V", preserves a very silr~ilar 
t,ransforlnation property ill higher (lirnel~sions; 

A 

VOF(;) = -;"F(;) 

Recall that this operat,or arises in the colltimuln~ lirnit of Lkvy flights (for 0 < (Y < 2) t,o account 
for m)n-local l~ehavior in1 space: here we have 11o11-1ocal 1)ehavior ill t,iln~e, as we now explail~. 

2.3 Non-Markovian Diffusion Equations 

We have 

(,D;~F) 
-

($1 = -
1 /, (it?-.* 1" (it1 

(t') 

r(7).o (t - t1)I-q 
r-st 

= I(It1F (tr) l,,iil
r(7).o ( t  - t1)I-q ' 
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We woul(1 like to  writ,e t,k~is in the form - e-"(t-t')OL-

(I)/ tit , t,,(oz )~_ 'F)(s)  = i t  F 

OL-

= / i t  F t 

.
/
t' 

(1.,.,e-,9rxq-1. 
r ( 7 ) .o . (I 

where :I; = t - t'. Tllen. letting 71, = s : ~ ; ,we have 

and thils, taking the inverse Laplace t,rar~sforlr~~ we ol~ta in  

dF 
--- -7+ ( 0 ~ : - 7  F (t)) ;
tit 

w11ere F (0) = l1as the colltinuum relaxation eqilation wllose soli~t,iol~ is t,he Mit,tag-Leffler fin~ction, 
wllicl~ gelleralizes Eq. (5) for sirnple ex~)onel~tial  relaxation. 


Tlle s~)ace-time c o n t , i l ~ i ~ i ~ l ~ ~  we want to  solve t11e11 is 
e(li~at,iol~ 

wllicl~we can writ,e as a fiact,iol~al partial clifferent,ial equation: 

Tlle net implication of all of this is t,k~at t,he systelr~ is 11ol1-Markovian and has uon-negligible 
'lnrlm)ry' of its past st,ates. 

Wit,hout going throi~gh the details; we note the ot)vious generalizat,iol~ to  11igher (lin~ensiol~s; 

2.4 Time-delayed Flux 

The  ~ l o l ~ - M a r k o v i a ~ ~  can also l)e ilnderstood l)y writing the fract,iol~al 11at11re of sliI)diffi~sio~~ diffilsion 
e(11iation (10) as a conservation lawl in terms of a f l i~x J :  



- - 

M. Z. B a z a ~ ~ t  18.366 Rall(1oln Walks a11(1 Diffusiol~ Spring 2003 LECTUXE#18 7 

Tl~erefore~ illvolves an  irltegral of t,he i ~ s i ~ a l  t,he prot)at)ilit,y flux for si~t)(liffi~siol~ gradient,-driven flux 
for all previous t,ilnes, weighted 1)y a kernel with long-range power-law decay. (Not,e that  Fick's 
Law; 

.I(:I:> t )  = D I V ~  (11)((I;, t )  

is recovere(1 ill t,he lirnit of ilorlnal (liffilsion, y = 1.) 
Physicallyl this is a result of t,he illfillit,e rnearl wait,il~g tirne: 111 order to  km)w how rnally walkers 

are ent,ering a given region m)wl we need to  know how nlally walkers were 11earl)y wit,k~ir~ steppil~g 
range for esserltially all past t,ilnes, since solrle of t ,hen~ are likely t,o have waited all extrenlely long 
t,ilne l~efore t,akil~g a step int,o the region. In t,klis way; the 'il~stant,aneoi~s' flux of ilorlnal Markoviar~ 
(liffusiol~milst 1)e replaced 1)y a t,ilne-col~volvecl L(lel;tyecl' flux for ar1omalo1is slil)diEi~sion. 


