
Lecture 9: Correlatiorls between Steps 


Physics Dcpartmcnt,, LIIT 

111 this lectilre we cor~si(ler a walker rnaking ran(1on1 iclent,ically ~1istril)ute~l - 1)ut not in(lepenclent, 
(correlated) stel)sl. After N steps of lengt,h A&, i = l1..>N 1position XN of t,he walker is give11 by: 

Tlle pro1)lem is: where does the walker end 111) after N stel~s'! We first digress illto exanlples of 
prot)len~s approxinlate(1 1)y rall(1oln walkers ruaking correlated steps. 

1 Examples 

1.1 Turbulent flow of liquid 

One of t,he first persons to  consider correlatiol~ t)etween steps of a ran(1on1 walker was G. I. Taylor; 
whe l~  in 1921 11e solve(1 the prol~lern of ti~rl)liler~t of li(li1i~1 (liffiisiol~of liqilid. Tile r r ~ o t , i o ~ ~  call t)e 
approxin~ate(l t)y a series of i(lel~tically ~listrit)i~t,e(l random steps A:?,, exl)onent,ially correlated ill 
t,ilne: 

(A:Zn,.A:al;,,+l)= for all rr. ('4 
Here 6) (1escril)es t,en(lellcy of the walker to  rnove in the same direct,iol~ as in the previolis st,ep: 0' 
is t,he variance of (1istril)ution of a sillgle step. Later in the lectilre we will see that  sollition of t,he 
prot)le~n gives a(1vection (i.e. (lirectecl flow) 011 srnall tirne scales all(1 cliffi~sion a t  larger t,ilne scales. 
We will see that  in this prot)len~ CLT st,ill hol(ls, 11i1t the (liffilsion coefficient D is nlo(iifie(1: 

where Do = coefficiel~t in at)sellce of correlation l)et,weel~ $ is the diffi~sior~ steps. 

1.2 Transmission of electrical signals along telegraph cables 

This prol~lern was consiclere(1 t)y Lord Rayleigl~ in a l~ou t  1880. A short elect,rical (volt,age) pillse 
fed into all end of a long cal~le propagates a t  a cert,aiu velocity all(1 spreads out in (li~rat,iol~ ( l i~e  
t,o cal~le (lefects. All app1icat)le mo(le1 illvolving a rall(1oln walker is: a walker t,k~at alnlost always 
nloves forward in one direct,iol~; t ) i~ t  son~etilr~es 111akes steps back a t  defect points. Lord Rayleigh 
col~si(lere(lt,he prol~leln ill the cont,ilnnnn limit and solve(1 a gelleralization of the (liffilsiol~ eqilation. 

rmphasiizr: that <xirrr:l;ttion is hr:twrr:n str:ps <if a singlr: wa1kr:r. as <ipp<isr:dto ;t mmr: <ximpli<:;ttrd pri,hlr!m of 
~:orrr!latii,n (intr!ra<:tion) hr!t,~vcrn dificrrnt w;.;tlkr:rs. 
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1.3 Financial time series 

Behavior of stock prices in t i n ~ e  can l)e approxirnat,e(l t)y ol~e-~lilnensional It was random walks. 
ot)serve(l that  increlnent,~ of t,he prices exhibit correlations 011 t i n ~ escales as large as - 10 n~im~t,es.  
Existel~cr al1(1 kl~owle(ige of SIIC~Icorrelat,io~~scoi11d 1)e ~ised t,o pre(1ict a r ~ d  take a(1varltage of sl~ort-  
t ,ern~ n~arket  1)ehavior. Hence; t,ilne scale of such correlations call 1)e c011sidered as a Irleasilre of 
market li(li1i~lity; with sl~orter  correlations lr~eal~ing a rnore liqili(1 market, where it is nlore (liffici~lt, 
t,o take a(lva11tage of these correlations t,o make 1rn)ney. 

1.4 Polymer structure 


Polymers are long n~olecular chail~s. Polyrners are wi(lesprea~1 in living orgal~isn~s;  
wit,k~ examples 
s i~chas proteil~s and DNA. Polyethylene is a syr~tl~etic 111polyn~er wit11 (CH2) as a 1)asic unit. 
ge l~era l~  is 11ot straight,> 1)ut is fol(le(1 pro(1ilcil1g a col~fi)rn~ation. the long linear n~olecular c l ~ a i l ~  A 
basic qi~estion one call ask is: if t,he polymer col~sist,s of N l~locks of a certain 1engtl1, what is t,he 
(list,anceRATt)etween the two ell(1s of t,he polylner? Is RN - h m !  RAT- hN"? What is r, and t,he 
coefficient of proportionality h? 

Answer t,o these (li~estior~s re(ll1ires consi(1eration of pl~ysical constraint,^ ill a mo(le1 of polylner. 
1. Short-ral~ge correlation (the silnplest im)clel). 111 ~ n a r ~ y  polymers t,he coln~ect,ion t)etween 

t,he basic l~locks is made t)etween cart)on atoms. Carl1011 atolr~s have 4 valel~ce electrons al1(1 t,en(l 
t,o rnake 4 covaler~t l)ol1(1s. Cartmu-carl~ol~ a certain ar~gle H = 109.4711)oncls prefer t,o l)e a t  
(cosH = 113). In (liarnon(1 c a r l ~ o l ~  atom covalel~tly a t o n ~ s  fi~rrn a st,ruct,ure wit,k~ every c a r l ~ o l ~  
t)ol~(ied t,o 4 s i~ r ro i~nd i r~g  o t l~e r  cart)on atolrlsl wit11 angle of Hit ill t,he 3 dimer~siol~s = 109.471 
(cosH = 113) l~etween the l~oncls. As a result; cart)on at,oms in ~1ialrn)n~l are firrnly hel(1 in place. 111 
polyn~ers silch as prot,eins and 1)olyetl1ylel1e~ l~owever, a cart)on at,om makes connections wit,k~ only 
2 of it,s ne igl~l~or i l~g a ton~s ;c a r l ~ o l ~  wit,k~ the other two t)on(ls connecting to  unconst,raine(l ill space 
resi(l11es (H in polyet,k?ylene). In t,he resillt,il~g linear s t r i~c t i~ re  angle t)etween a(l,jacel~t car1)on-carl~ol~ 
t)ol~(is (tetral~eclral ar~gle 0) tends to  1)e a t  H = 109.471°, with an  i~ncol~straine(l rotational degree 
of fi-eeclon~ aroin1(1 a carl~on-cart)on l)on<l1 given 1)y (iihe(ira1 angle 4. 

This lea(1s to  a sin~plest im)clel of such polyn~er as a rall(1oln walk wit11 correlation ill t,he 
t,et,rahe(iral ar~gle H t)etween the steps (cos H = angle rl, ~listril)ute(l113) al1(1 the ~ l i l ~ e ~ l r a l  ranclomly. 
Soli~t,iol~of the prol~lem gives: 

-( A +  A , )  o2 
= , o 
 1:.= (4) 


T11ese correlat,io~~s are exact,ly of the type consiclere(1 earlier in the prot)len~ of t,url)ulent flow of 
Dli(li~i(l.In t,k~iscase (1 = 113 and Dn = 2= 2, i.e. effect,ively correlations (4) lead t,o bigger sprea(1 

-,
in clilnensions of the polylner, wit11 CLT scalil~g ( X C )- N preserve(1. 

2. Self avoi(1al1ce (a  nlore colnplicate(1 col~strairt).  This constraint reqi~ires 11ol1-int,rrsect,iol~ of 
t,he polymer wit,k~ itself. Il~ti~itively t,k~at t,k~is const,rail~t is less irnport,art it can l)e easily in~(lerstoo(i 
in higher ~lilnensions~ t,he d in~er~s io l~ ;  sir~ce t,he l ~ i g l ~ e r  the less is the c11a11ce that  a polymer will try 
t,o cross itself. 

It  t i l r l~s out that  Rv scales with large N as RN - 011numt)er of (lirnel~sions N V 1where v ~lepr l~ ( i s  
rl as: 

( = I .  d = l  
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In  1 (lirnel~sionthe const,rail~t gives straight,-line polylner, in 4 or k~igl~er t,he ronst,rail~t (lin~en~siol~s 
does n~ot ronst,rail~ polymer col~figi~rations. 

2 General theory 

We m)w proceecl t,o t,he general t l~eory of ran(lon1 walks with iclent,ically (list,ril)i~te(i corrrlate(1 steps. 
For sinq~licity~ we will assume t,k~at mean of the single step P D F  is O; and that  variance of t,he sil~gle 
st,ep P D F  0"s fil~it,e. Position TAT A:Zi is of the walker after N steps of in(livi(111al (lisplacen~ent,s -
give11 1)y (1).The prol~leln is t,o find XAT. 

Covarial~ce l~etween two random varial~les :XI al1(1:I;Z is (iefine(1 as: 

Correlation coefficient t)etween t,wo ran(1on1 varial~les and :La is (lefined as: 

w11ere oll 02 are varian~ces of (1.1 al1(1 fr.2 respect,ively. It can l)e shown that  1 5 o 5 1 al1(1 that, 
p = 1 for :1;2 = :I;I al1(1/) = 1 fix :r.a = -:I;I. -

Wit,k~rneau of P D F  of rack1 step equal to  (I1 mean of XN is also 0: 

-, -,
T l ~ e(li~m"to,nwe are going to  11e concerl~ecl wit,k~is how (XiT)scales with N .  (XiT)call t)e (let,em~ine(i 
frorn (1): 

N N 

(22,) = C C (A:Zn,. A%,) (9)
n=l m=I 

Correlation matrix is (iefine(1 as: 
Cn,n,, = (A:Zn . A:Zrn) (10) 

Assiln~ing t,ranslational invariance in t i n ~ e  (st,ationary process): C,,,,, = C(,rr-rr- ,r1,1), a 1 ~ 1(9) call t)e 
rewrit,ten as: 

N 


(g$)  = C C C(rrr - nl) (11) 
n=l m,=l 

This sinn has Nqtprms: we group terms wit11 r r r r r  = rr' f O al1(1 l~otice that  numt)er of such terrns 
is 2 ( N  - n'): 11inn11)er of t,ern~s wit11 ,rr-rr- n = 'ra' is easy t,o o l~ta in  1)y visualizing numt)rr of integer 
posit,iol~sof rod of lel~gth ,rr-rr - rr = n' on a closecl il~terval [I;N ] ;  the factor of 2 comes fiom t,he 
n ~ o ~ l u l i ~ s .  that  the m l n ~ l ~ e r  = (A:Z:) 02>The11; not,icil~g of terrns with rr 'rrt, is N, and t,k~at C(0) = = 

we ot)t,ail~: 
N-I N 

(2;) = Ncr2 + 2 C C(n')(N -72) = No2+ 2 C C('ra')(N -TI!). (12) 
n'=l n! =1 

In  the last eqilality we il~cli~(led N in1 the slinn since t,klis t ,ern~ is e(liia1 to  O.a terln~ with 711 = 
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111t,he cont,illinnn limit N = t / ~ ,T i 0; N +~ j .Correlation matrix of ~lisplacemel~tsC('ra')ill 
t,k~islimit correspol~(lst,o velocity correlation fi~l~ctiontG(0).?( t l ) )>throi~gh 

Not,icil~gthat t = N T ~t' = and irtro(111cingDo = <, we car1 rewrite (12) as 

-, - -
In the lirnit t i x we expect (X;G)t,o scale as ( X C )- 2Dtl all(1t,herefore D = +$(x~&)>all(1 

1 d 
D = l i n ~( X $ )  = lim [Do+ ( ? ( I ) )  . ,G(t'))rlt']

t i m  2 fit t i m  6' (16) 

Wller~t,he correlation time is rnilcl~1)igger t,han the t i n ~ est,ep 7 ,  t,he first term call t)e i~eglecte(lt,o 
yield Green-Kul~ofi)rmilla: 

m 

D = 6 ( 4 0 ). 6(t1))dt< (17) 

i.e. illtegral of the velocity correlat,iol~funct,ion gives (iiffusiol~const,art. 
Breakdown of CLT (breakdown of diffusive scaling). Esselltially, correlation controls 

whether (liffi~sionis m~rmalor m)t t)ot,h in t,he (liscrete and the colltinuum cases, t h ro i~g l~value of 
D: 

C o r t i m u ~ n ~case: D = (G(0). 'G( t l ) )fit1 (18) 

x 

Discrete case: D = C(111) 
n ' k l  

(19) 

Tlle following cases can l)e (list,il~gi~ishe(i: 

If D is finite all(1iloll-zero, cliffi~sionis m~rmal:(X:) - 2Dt or ( X $ )  - N :  

If D + c n l  (iiffusiol~is 'Lsi~per(liff~isiolill( X $ )  - N V 11 < 5 2: 

If D + 0;  (liffi~sionis L'sul)cliffi~sion:'lwith ( X $ )  - N",  1 5 v < 1. 

3 Example: exponentially decaying correlation 

Let's col~si(lera generic exalnple of exponentially decaying in "tirne" correlat,iol~: 
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Ir~tro(li~cingclecorrelation t i n ~ e  n, = -21 log 0: 

It is now clear that  correlation l~etween steps expol~er~tially (lecays wit,k~ "tirne" (or numtxr of steps) 
t)etween the steps. A characterist,ic "t,ilne" (rnnr11)er of steps) after wllicl~ correlation vanisl~es is n,. 
In polymers it (letermines effect,ive niln11)er of conseclitive 1110110mers wit11 the same o r ie l~ ta t , io~~  (or 
murll~er of "straight 1)oncls" l~etween l~encls). Lat,er it will t)ecome clear t,klat such polyn~ers car1 t)e 
well approxilnatecl 1)y ran(1on1 walk with Nhr,  in(1epenclent (uncorrelat,e(l) steps wit11 step size n,. 

Diviclil~g 110tl1 sides of (12) 1)y m2: 

T-I

@3 = N + 2 / ( n/-

O2 n=l 

N-1 N-I 

= N + 2 N  C 0" - 2 C 'rapn 
l i = O  n=O 

T l ~ efirst silnl in (25) is t,he geometric series: 

N-I 1 - /)" 
s,= CP"=-

7,=O 

T l ~ eseco11(1SIII~Iill (25) call l)e evali~at,e(l (26) wit11 respect to  p:1)y clifferer~tiat,il~g 
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T l ~ efirst terrn in t,klis fi)rmitla is k l ~ o w l ~ ,  on a prol)lelnl as (liffilsion or noise terml ~lepel~(iing 
t,he second term is kmwn as a(lvection, or t~allistic, or sigrlal term. This secon(1 t ,ern~ goes to  0 as 
N i x;and t,he (liffilsion asylnptotically follows 

wit,k~ the cliffitsion coefficient D give11 1)y (Do= c) 

At srnall N the a(lvection/t)allist,ic/sigl~alterm dominatesl but everti~ally (liffusiol~/m)ise terrn 
wins. 

It call l)e see11 that  the cliffitsion coefficier~t D is a monot,onically increasing fill~ction of 0, D = 0 
whe l~/) = 1 and D i x when p i 1. Now we will take a look a t  the t)allist,ic-cliffitsior~tral~sit,iol~ 
t)y consi(1eril1g limit /) i 1. Let /) = 1- t, t + +O. The11 

Irltro(1itcing scalil~g variat)les N 
-

= 
)&r -
;; XN 
= s,we get the scalil~g funct,iol~: 

At N ii1we are i r ~  t,he 1)allistic regilr~e wit11 slope of (1og( (~$) ' l2 )  vs log N) of 1;a t  N > 1we 
have cliffitsive regirne wit11 the s1ol)e of 2 (Fig. l1coilrtesy of Jaehyitk Cl~oi,  lect,. 13> course 18.325> 
2001). 
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Figi~rr1: Ballist,ic-cliffi~sivetransition. 


