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In this lecture, we discuss the scaling laws for anomalous diffusion. In particular, we focus on
random walks that lead to sub-diffusive behavior for which the root-mean-square distance from the
origin scales as #% with o < 1/2.

1  Montroll-Weiss Theory of Continuous-Time Random Walks

We begin by formulating a theory of CTRW from the perspective that the waiting time is the
basic random variable!. As we saw last lecture, it is also possible to formulate a theory for CTRW
that uses the munber of steps taken, N(f), as the basic random variable. The latter formulation
tends to be bit more physically insightful. However, it is arguable that the waiting time is a
more fundamnental physical quantity. In any case, it is valuable to have an understanding of both
formulations.

Let 1)(#) be the PDF for the waiting time between steps. We are interested in deriving the
scaling laws for the moments of the total displacernent

N
X(t) = Z Ay, (1)

n=1

where the Az, are the individual steps. Defining P(x, ) to be the PDF for the X (¢) and p{z,%) to
be the PDF for the Ax, (iid), we have that

Plx,t) = Z PN, )p™N (), (2)
N=0

where P(N, ) is the probability that N steps were taken up to time £. Taking the Laplace transform
with respect to time and the Fourier transform with respect to space, this equation becoines

P(N,s) (BN, (3)

K

.%’(k:,s) =

N=0

Recall that we can write P as a convolution of the waiting time density functions:

Plt) = (¢ =) (1), (4)

YIn this leeture, we consider only CTRWs for which the waiting time for a step is independent of the step size.

These CTRWSs arce called separable.
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where W(#) = [ 4(#)d#' is the probability that no steps are taken in the time interval [0,¢). Thus,

we can write
Bit) = (#()" (1““ )) 8

Substituting this into our expression for ﬁ, eq. (3), we find that

ﬁ(k,s) = i (l/)( )) ( l/)( )) (ﬁ(k))j\f
N
1 —4p(s)

s (1 ()

which is known as the Montroll-Weiss equation. With this equation, studying the distribution of
X (t) for various choices of 4(¢) and p(Az) reduces to inverting equation (6).

In general, it is difficult to find exact results for P(x,1), so we seek to gain some nsight by
examining the scaling of the moments and the qualitative shape of the distribution?. In this lecture,
we will only focus on the scaling laws. We will address the question of shape in the next lecture.

(6)

1.1 Scaling Laws for the First and Second Moments of X ()

Recall that the moments of a random variable, X, are easily related to the derivatives of the
characteristic function evaluated at & = 0 by the formula

“U)?.

T

oK™

(X)) = ()"

(0, ). (7)

Using this formula to compute the first moment of X (s), we find that

- P

(X)s) = —im(0,9)
- [1 _ z,:(.;,-)] B(s) (~iZ2(0))
s (- dtpo)”
(Mg i)
s (1-4(9)
= (N)(s){am), (8)

where we have made use of formula for (}V)(s) from last lecture. Inverting the Laplace transforim,
we obtain

(X) (&) = (V) (1) (&), {9)
which is the same expression we derived last lecture starting with the N as the basic random
variable.

2Roecall the analysis of the Poisson-Bernoulli random walk discussed in the last leeture
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Similarly, we can compute the second moment for X (5) as?
—— aip P
X% (s) = 0, s
Xy = Sr.)

P (B | (M) (Aa)?
(-90) | (g

= {N)s) ((an)?) + [<N2>—< NY| (A (10)

/'_"\

To arrive at the last equality, we calculate (N2} in the same manner as we (N} in the last lecture:

(N?) = Y N?P(N,s)
N=0O
- S e )

) N=0 _

1 —4(s) (7i)z = T N
4 NZo(zm )

1 — ¢(s) ([J;(_z)z 1
8 d’lﬁ 11—

2 (%) i

. (11)
0)

Upon inverting the Laplace transform, we find that the second moment of X {f) is given by

(X2) (1) = (N () {(An)) + [(N?) (1) — (V) ()] {Ay®. (12)

Finally, combining the results from equations (9) and (12), we find that the variance for X(¢)
is given by

ey = (N) (Nohs + (D)2 %, (13)

Physically, this equation tells us that the variance of the walker’s position at time ¢ ariges from two
gources: variations in the step size and variations in the number of steps taken. It is important to
note that latter variation only matters when the individual steps have a mean drift.

While equation (13) is a nice theoretical result, inversion of the Laplace transforms to compute
the first and second moments often poses some difficulties. Fortunately, when deriving scaling laws,
we primarily care about the long time hehavior, ¢ — oo, which corresponds to the limit s — (.

1.2 Useful Tauberian Theorems

Before turning to an analysis of some important classes of anomalous diffusion, we record a few
Tauberian theorems which will prove useful. These theorems relate the leading order behavior

3 . . . .. - . .. . . .
“In this analysis, we implicitly assume that the variance of an individual step is finite, but not necessarily nonzero.
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of various Laplace transforms around s = 0 to the leading order behavior of the inverse Laplace
transforms for large #:

s —=0 t — oo

~ 1

Pls) ~1—={mys <= () =0 (1_2) (14)
~ 1

Ps) ~ 1 — As™ <= ¢(t) ~ pyEw 0<a<l) (15)

. ) 13—1
Pis) ~s77 = P(t) ~ (8 >0). (16)

)
The first case arises whenever 4 (s) is differentiable in the real direction at s =0 (JE(S) need not be

analytic). The second case is common when ¢(s) depends exponentially on s to some power. As
an example, recall the Lévy flights whose PDFs have Laplace transforins of the form

ey

loa(s) =% ~1— 5% (17)
Finally, the last case arises in the scaling of moments (which grow with time)}. Note that this case
can also be generalized as the ‘Strong Tauberian Theorem’ (Hughes, p.249),
~ 1. _g L{t) 81
P(s) ~ L(s™)s™" <= 4(t) ~ TE) (8> 0) (18)

for any slowly varying function L(#) (satifying L(At)/L(¢) — 1 for all A > 0) such as L(t) = log*.

2 Normal Diffusion ({r?) < co, 0 < 0%, < o)

Before turning our attention towards anomalous diffusion, we apply the formal theory derived above
to the case of normal diffusion. Since the second moment of 7 is finite, we can approximate {s)
by the following asymptotic expansion

D) ~1—{T)s+ <T2 >52 (19)

Using this approximation in equation (8), we obtain

2

2y
— 1 _ (T) s+ ( )SZ
S ~

Therefore,

t N () .
(XY (1) ~ (W) (A.f,)+(2 B 1) (Au)

~ (N} {Ax) (21)

which is the saine leading order advective hehavior as we would see in a diffusion process arising
from a discrete-time mechanism with a fixed time {7} between steps.
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Substituting (19) into equation (10) and carrying out some algebra, we see that the variance for

X{(t) is
OX "~ iy (R N (22)

Notice that when there is a mean drift, i.e {Az) # 0, then diffusion is enhanced from the randomness
in the number of steps. Intuitively, in the absence of drift, o% is independent of the variation in
the number of steps because the contribution from walks with a few exira steps balances against
the contribution from walks that are short a few steps. An interesting consequence of equation
(22) is that knowledge of the diffusion coeflicient alone {(e.g. from experiment) is not sufficient
to distinguish between continuous- and discrete-time random walk mechanising for diffusion. A
discrete-time random walk with fixed step time, 7, and step variance, 54, given by the right hand
side of equation (22) would leads to the same diffusion coefficient. However, differences between
continmons- and discrete-time mechanisms would show up in the higher order moments.

A comparison of equation (22) with equation (13) shows how variation in munber of steps is
related to variations in step size:

() ~
T (N, (23)

which implies that
on(t) x ViEox J(N) . (24)

S0, for normal diffusion, the fluctuations in the number of steps taken in an interval [0, ) is not too
big and shows the typical square root dependence that we expect.

3 Anomalous Diffusion

In thig section, we focus on anomalous diffusion processes that break the usual /2 dependence for
the root-mean-square displacement of the walker.

3.1 Dispersion ({7) < oo, {7%) =oc, (Az)}#0, 04, =0)

In this case, all step sizes are the same, so the randomness in the process is due solely to the
randomness in the waiting time between steps. These dispersive processes are active areas of
mterest and have many applications in chemistry and soft condensed-matter physics. Typically, the
walting time density scales like

1
90 ~ s (25)

with 1 <« < 2.

An example application is gel electrophoresis of polymers (e.g. DNA). In this system, the gel
forms a “frozen” interconnected network of chain molecules soaked in electrolyte (see figure 1). The
DNA is placed in wells at one end of the gel and an electric field, E, is applied to drive the DNA
through the gel. Because the gel network is so tangled, the DNA strands get trapped in the gel
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DNA Strand

/

traps

Figure 1: Cartoon of DNA strand in a gel network.

from time to time. As a simple model, we can assuime that the distance between trapping points is
a constant, Az. Then the mean distance travelled by a DNA strand of length, L, is given by

t ,
A (<T>L) (26)

where the average waiting time between steps depends on the length of the DNA strand.

It turns out that for “short™ DNA strands, the waiting time seems to have a finite mean and
variance so that the initial DNA well propagates in the direction of applied field and spreads out
as it would in normal diffusion and relative fluctuations decay like 1/v/% (see figure 2). However,
for “long” DNA strands, the waiting time distribution has a much fatter tail and the initial DNA
well propagates in such a way that the inean and standard deviation both scale linearly with tiine,
and tlus relative fluctuations do not decay (see figure 3) The theoretical and experimental details

can be found in the reference

e E. Yarmola, ef. ol.. J. Chem. Phys. B, 101, 2381 (1997).

3.2 Infinite Mean Waiting Time ({7) = oc. 0 < 0%, < o0)
In this case, the randomness in the step size and the randomness in the number of steps both play
a significant role in the scaling laws for (X) and {X?). The typical large ¢ asymptotic behavior for
(1) for this kind of diffusion is
1
Dt) < g (27)
with 0 <« < 1. The corresponding Laplace transform has the following form as s — 0

P(s) ~1— As™. (28)

First, we examine the average displacement of the walker. Using formulas derived earlier, we find
that

.
(Ni(s) = 3(1*'1])1(8))
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Figure 2: DNA concentration profile as a function of time for short DNA strands.

Figure 3: DNA concentration profile as a function of time for long DNA strands.
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1

AS’H'O‘ ) (29)

Using the Tauberian theorems, this implies that as £ — oc,

t(.l’.

(N} (%) N AT T o)

Thus, the scaling for the average displacemnent is given by

(A ™

YA o) (31)

(X) (#)
Note that since ¢ < 1, the drift is sublinear. Also, the “velocity” of the mean displacement tends
towards zero as for long times because
d{X)
dt

as ¥ — oo.
Next, we look at the mean square displacement of the walker. Using equation (10), we obtain
- ) ~ 2 2
Js) Ay | 2(910) (A)
i ~ N2
=) ()

(Az)?)  2(Az)?
Aelra T Az

(X2%(s) =

(33)

From this expression, we see that if there is a non-zero mean drive, then the randomness in the
munber of steps taken dominates the behavior of {X?)(s) because it makes the more singular
contribution.

We consider the two cases separately.

1. {Ax)=0.
In this case. the Laplace transform of the mean square displacement is
(Ax)?)

(X2)(s) ~ Aalia (34)

S50

(0~ 6

Since (X} {f) = 0 in this case, ,
{(Az)?) ¢
(TX(t) AP(I + 0{) i

x (1) o 1772 o [N} (1) (37)

Notice that while we have retained the square root scaling with the number of steps, we have

which means that

lost the usual square root scaling with time.
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2. {Ax) # 0.

In this case, we obtain

o 2 (A ‘
(X2)(8) ~ VERERTE (38)
which can be inverted to give
2 (A::;)2 12 2
XY () ~ e x (X)), 3¢
(X} AZF(1+2(J»,)D(( ! (39)
Theretore, 9 (Ar')Efz‘“ <A,_>2 /20
P l) ~ g — (40)
X Azr(l + 2(){) A2 (]__‘(]_ -+ (};))2
so that

{Ax) t® 2 1
ox(t) ~ A \/I‘(l +2a) (T(1+a))?* (41)

From this formula, we see that when there is a mean drift for the individual steps, the width
of the distribution scales like #* oc {N) {f). Thus, this case breaks both the square root scaling
with time and with the number of steps taken.



