
Lecture 17: Anoinalous (Sub) Diffusion: Scaling Laws 

111 this l ec t i~ re~  (iiffiisiol~. In part,iclilar; we foci~s we disci~ss the sralil~g laws for a l~olr~aloi~s  on 
ral~(iolnwalks that  lead to  silt)-(IifIi~sive l~ehavior for which the root,-meall-sqi~are (listallce fiom t,he 
origir~ scales as t" with r u  < 112. 

1 Montroll-Weiss Theory of Continuous-Time Random Walks 

We begin 1)y forlnulating a t l~eory of CTRW fiom the perspective that  the wait,il~g tirnr is t,he 
basic ran(1on1 variat)lel. As we saw last lecti~re, it is also possi1)le t,o fornn~lat,e a t l~eory for CTRW 
t,klat uses the 11inr11)er of steps taken; N(t), as the 1)asic ran(1on1 varial~le. T l ~ e  latter forn~i~lat , iol~ 
t,el~(isto  l)e bit rnore However, it is argi~al~le  physically insigkltful. that  t,he waiting tirnr is a 
more fin~(ialnnent,al physical qilant,ity. In ally case; it is valual~le to  11ave an i~n(lerstan(iing of 110tl1 
formillations. 

Let Ij~(t) 1)e the PDF fix the waiting t,ilne l~etween steps. We are irlterest,ed irl derivil~g t,he 
scaling laws fix t,he n~olnent,s of the total (iisplacelnent, 

where the A:L,,, are the in(livi(li1a1 steps. Defining P(:I;>t)  to  l)e t,he PDF for the X ( t )  and p(:~;; t) t,o 
1)e the PDF fix the A:I;, (;id), we have that  

w11ere P ( N l  t )  is the prot)at)ilit,y that  N st,eps were take11 up t,o t,ilne t .  Taking the Laplace t,rarlsforn~ 
wit,k~ respect t,o tirnr a l ~ ( i  t,he Foi~rier tra11sfi)rrn wit11 respect to  space, t,klis equatiol~ l~econ~es  

Recall that  we call writ,e %' as a col~voli~tion of the waitir~g t i n ~ e  density fin~ctions: 

P ( t )  = (rb';" * Q) (t); (4) 

'In this lr:<:turr!. XTT considrr only CTRSl-s for whi<:h thr! w;.;titing tirnr: for a strp is indr!pr:ndr:nt of thr: str:p sizr:. 
Thcsr: CTRTVs arc! ~:allr!dscpnrohie. 
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w11ere Q(t )= JtmIjl(t')dt' is the prot)at)ilit,y that  m) steps are t,akeu ill the t,ilne interval [Illt ) .  Thl~s ,  
we call write 

1 - ?(.s)
d ( t )= (d(i))N( ,< . ( 5 )  

--
Si11)stitilting t,k~is into o i ~ r  expression fix P1"(1. (3),  we find t,k~at 

wllicl~ is kllowl~ as the Montroll-Weiss e(l~lat,iol~. stildying t,he clistrit)i~t,iol~ With this e(li~at,iol~; of 
X ( t )  fix various choices of ib(t)and p(A:r.)re~lucrsto  inverting eqilat,iol~ (6). 

111 gel~eral; it, is difficult to  find exact results for P(:I;;t ) ;so we seek to  gain sonle i~lsight t)y 
exarnir~il~gt,he scaling of the mon~ents and t,he qilitlitative shape of t,he (list,ril)l~tioi" In  this l ec t i~ re~  
we will ollly focils 011 the scalil~g laws. We will a(i(1ress the (luest,iol~ of sha l~e  in the next lectilre. 

1.1 Scaling Laws for the First and Second Moments of X ( t )  

Recall that  the n~olnent,s of a r;tll(loln varial~le. X 1  are easily relat,e(l to  the (lerivatives of t,he 
charact,eristic filnction evaluated a t  k: = O 1)y the forlnula 

-
Usir~g this fornlilla to  colnpute the first lnon~er~ t  of X ( s ) ;we find that, 

(A:,;)?(s)
-

- s (1 - ?(s)) 

= ( N ) ( s )  (A:x)> 

w11ere we 11ave made use of fi)rmi~la for ( N ) ( s )fiom last lecti~re. 111vert,illg the Litplace transforln~~ 
we ot)t,ail~ 

( X )( t )= ( N )( t )(A:,;) ; ('3) 

wllicl~ is t,he same expression we (lerived last lectilre st,arting wit,k~ the N as t,he 1)asic ran(1on1 
varial~le. 

%,<x:allthr! ;tn;tlpsis of thr: Pi,iss~in-D~:mi,~~lli random walk dis<:nssr:d in thc last lr!ctiirr! 
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-
Sinlilarly, we can compi~t,e the secon(1 irn)nlent for X ( s )  as3 

= ( N ) ( S )  + [(F2)- ( N ) ](A:,;)~((A:L)" 

~-
To arrive a t  t,he last eqilality; we calculate ( N 2 )in t,he same nlallller as we ( N ) ill t,he last lecti~re: 

Upon illverting t,he Laplace tral~sfi)rm, we fill(1 t,klat the secoll(1 rnonler~t of X ( t )  is given t)y 

( x2 )( t )= ( N )(t)((A.L)" + [(N" ( t )- ( N )  ( t ) ]  (A:,;)
2 

. (12) 

Finally, conll~ining the resillts fro111 eqilations (9) and (12),we find that  the variance for X ( t )  
is giver1 t)y 

Physicallyl t,klis equation t,ells 11s that  t,he variance of t,he walker's position a t  t i n ~ e  t arises fro111 t,wo 
soilrces: variations ill the step size and variations ill the numt)er of st,eps taken. It is i ln l~or ta l~t  t,o 
note that  lat,ter variat,iou only rnat,ters wller~ the il~(lividlial st,eps have a nlearl drift,. 

While equation (13) is a nice tlleoret,ical result, inlversion of the Laplace tral~sfi)rn~s to  compi~t,e 
the first all(1 secoll(1 nlolnent,s oft,en poses sonle ~liffici~lties. Fortinlately; wller~ deriving scaling laws1 
we primarily care al~oil t  t,he long t,ilne t)ehavior; t + wllicl~ corresl~oncls to  the liirlit s i~ j ,  0. 

1.2 Useful Tauberian Theorems 

Before t i~rning to  an  allalysis of some important classes of al~olnaloi~s we record a few cliffi~sion~ 
Taul~erian t,heorelns wklick~ will prove i~sef i~l .  T11ese t,heorelns relate the leaclil~g or(1er l~ehavior 

"n this analysis. w<.r:implicitly ;tssurnr: that thr v;tri;tm:r! of an individ~lal strp is finitr!. hut not m.~:r:ssarily nonzrri,. 
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of varioi~s Laplace transforlns aroin1(1 s = O to  the leading or(ler l~ehavior of the illverse Laplace 
t,ransforlns for large t: 

lj(.s) - 1- As" a $(t)--1 
(0 < r u  < 1) (15)j'+" 


T l ~ efirst case arises wl~er~ever the real (lirection a t  s = O ( r j~(s)need not t)e $ ( s )  is differe11tia1)le i r ~  -
analyt,ic). The secon(1 case is comnloll whe l~  r /~ ( s )(iepen(ls exponel~tially on s to  some power. As 
all example, recall the Lkvy flights wl~ose PDFs have Laplace t,rar~sforn~s of the form 

Finally, the last case arises ill t,he scaling of n~olnent,s (which grow wit11 tirne). Not,e t,k~at this case 
car1 also 1)e gel~eralizecl as t l ~ e  'Strong Talll~erian T l ~ e o r e n ~ '  (Hi~ghes; p.249), 

fix a r ~ yslowly varying fill~ction L(t)  (satifying L(Xt)/L(t) i 1fix all X > 0) silc11 as L( t )  = log t .  

Normal Diffusion ((.r2)< m, 0 < ot, < m) 

Before t,urnil~g o i ~ rat,ter~tiontowards anolnaloils (liffilsion, we apply the fi~rmal t,heory (lerived al~ove -
to  the case of m~rmal  cliffi~sion. Sir~ce the second rnon~er~t of 7 is finitel we call approxirnat,e rb(s) 
t)y t,kle following asympt,otic exl~ansiol~ 

(X)( t)  - (h;) - 1) (A:1;)(6)+ (0
2 (7)"- (N)(A:x) 

w l ~ i c l ~is the same leading or(ler aclvective 1)ehavior as we woill(1 see ill a (liffilsion process arising 
fiom a (liscrete-time mechar~is~r~ steps.wit,k~a fixed tirne (7) l)et,weel~ 
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Si11)stitilting (19) int,o eqilat,iol~ (10) and carrying out some a lge l~ra~  we see that  t,he variance for 
X ( t )  is 

2o4 -- (22) 

Not,ice that  when t,here is a rneall drift,> f.r (A:L)# 0, t h e l ~  fro111 t,he ranclomness cliffi~sion is e l~ l~a l~ce( l  
in the mlnll~er of steps. Int,uitively, in t,he at)sellce of drift,> 0: is il~(lepen(lel~t of t,he variat,iou ill 
the mlnll~er of steps t)ecause the colltril)i~t,iol~ fiom walks wit,k~ a few extra st,eps l~alallces against 
the cortrit)i~t,iol~ fi-on1 walks that  are short a few st,eps. An illteresting collsequence of equation 
(22) is t,k~at km)wleclge of t,he (liffilsion coefficient alone (r.g. fro111 experinlent) is m)t sufficiel~t 
to  ~list inguisl~ and discrete-time ran(1on1 walk inecllallisn~s fix (iiffusiol~. A l~etween cont,il~i~oi~s- 
(iiscrete-time ran(1on1 walk with fixed step tirne; 7, and step variance; o:,, given 1)y the right llall(1 
side of eqilat,iol~ (22) woi~l(l leads t,o the sarne (iiffusiol~ coefficient,. However; (lifferences t)etween 
cor t im~oi~s- woul(1 show 111) in the 11igher or(ler ~nonlerts .  and (liscrete-tirne inecl~al~islns 

A comparison of eqilation (22) wit,k~ equation (13) sllows how variation ill mnr11)er of steps is 
related to  variations ill st,ep size: 

So; for ~lorlnal (liffilsion, the fli~cti~at,iol~s in the numt)er of steps taker1 in all int,erval [0;t) is not t,oo 
1)ig and shows the t,ypical sqilare root clepenclence that  we expect. 

3 Anomalous Diffusion 

111 this sect,iol~; we focils 011 a l~olr~aloi~sdiffiisiol~ processes that  break the ilsilal tl~\lel)en(lence for 
t,he root-lnean-stli~are ~lisplacemel~t of the walker. 

3.1 Dispersion ( ( 7 )< a;, (7') = x. (AT)# 0. 0;, = 0) 

111 t,k~is casel all st,ep sizes are the same; so the ranclomness ill t,he process is clue solely t,o t,he 
rall(1olnness ill the waiting time 11etwee11 steps. These dispersive processes are act,ive areas of 
int,erest and have nlally applications ill chelnistry and soft conclense(1-matter pllysics. Typically, t,he 
wait,il~gtirne density scales like 

- 1 

'1b(t) -

t1+0 ' (25) 

wit,k~1< (Y < 2. 
An exanlple application is gel electrophoresis of polyn~ers ( r . g .  DNA). In t,k~is systen~; t,he gel 

forms a "frozen" irterconnecte~l 11etwork of cllail~ moleci~les soaked ill electrolyte (see figlire 1). The 
DNA is place(1 in wells a t  one end of the gel and all electric field; E ;  is applie~l to  drive the DNA 
t,hroilgh t,he gel. Because the gel network is so tangled, the DNA strall(1s get trappe(1 ill the gel 
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traps 

Figure 1: Cart,oon of DNA strand ill a gel net,work 

fiom tirne to  tirne. As a silnple mo(le1, we call assilnle t,k~att,he distance t)etween trapping points is 
a const,art; A:L. Then the nlearl distance tl.ave11ed t)y a DNA st,rancl of lengt,hl L1 is given t)y 

where t,he average waitir~gt i n ~ el)et,weel~st,eps (iepen(1s011 the l e r ~ g t l ~of the DNA strand. 
It t i l r l~sout that  for "sl~ort"DNA strandsl the wait,il~gt i n ~ eseerns to  have a fii~it,enlearl al1(1 

variance so that  the il~it,ialDNA well propagat,es ill t,he direction of applie(1 field and sprea(1s out 
as it woul(1 ill m~rmalcliffi~sional1(1 relat,ive fluct,uations (lecay like 1/& (see figure 2). However, 
fix "long" DNA strands, t,he waitir~gt i n ~ e(iist,ril)i~tionhas a rnilcl~fatt,er t,ail and the initial DNA 
well propagates in such a way t,k~atthe mean and stan(lar(1(leviation 1)oth scale linearly wit11 tinlel 
al1(1tl111s relative fluct,uations (10 m)t decay (see figure 3) The tl~eoret,icaland experin~ertaldetails 
car1 t)e foi111(1in the reference 

E. Yarlm)la; r t .  nl.. J. C h e n ~ .Pk~ys.B, 10112381 (1997) 

3.2 Infinite Mean Waiting Time ( (7)= x.0 < oi,< m) 

111t,k~iscase; the ran(lonn~essin the step size and the ral~(lolnnessill the r111mt)erof steps t)ot,h play 
a significant role ill the scaling laws for (X) and (X" .  The t,ypical large t asylnptotic l~ehaviorfor 
$(t) for t,k~iskind of (liffilsion is 

1 
?/l(t) E -

t l + O  
(27) 

wit,k~O < (Y < 1. The corresl~on~li l~gLaplace tra11sfi)rm has t,he fi~llowingfi~rrnas s + 0 
-

I ) - 1 -As". (28) 

First; we exalr~il~ethe average ~lisplacemertof t,he walker. Usil~gforlnulas (lerive(1 earlier, we fil1(1 
that, 

- ',J(~S) 

(N)(s) = -
.s (1 - $(.)) 
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Figure 2: DNA col~cent,ration profile as a fill~ction of tirne fix short DNA st,rancls. 

Figure 3: DNA col~cent,ration profile as a fill~ction of tirne fix long DNA st,rancls 
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to 
( N )(t) - Ar(1  + rv) 

Tllils; tile scalil~gfix tile average (lisplacelnel~t is give11 1)y 

Not,e that  since rv < 1. t,he drift is si~t)lil~ear. of tile lnean displace111ent t,en(ls Also, tile L'velo~ity" 
towar(1s zero as for long tinles 1)ecailse 

" (X)  > " (32)
rlt 

as t i ,m. 
Next, we look a t  the mean sq~lare ~lisplacen~ent of tile walker. Using eqilation (lo),  we ot)t,ail~ 

From t,k~is exl)ressionl we see that  if there is a non-zero rneall drive1 tller~ t,he ralldomness in t,he ~-
11inn111er of steps taken (lon~inat,es tile l)el~avior of (X"((s 11,ecailse it rnakes tbe 1rn)re singillar 
contrit)i~t,iol~. 

We consider tile t,wo cases se1)arately. 

1. (A:I;) = 0. 

In t,llis casel tile Laplace trimsforln of the rueall sqilare ~lisplacemel~t is 

((Ax)" tm 
( x ~ )  - A r ( 1  + i v )  

Since (X)  ( t )= O in t,k~is casel 

o2"( t
') - ((Ax)" to 

(36)
A r ( 1  + 0 )' 

which rnealls that  
(37) 

Notice that  while we have retained tile stlilare root scaling with t,he numt)er of steps; we 11ave 
lost the usual stlilare root scaling wit11 t,ilne. 
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which can l)e il~verted to  give 

Therefore; 

so that, 
(A,) to /I

"~(4-7r(i+ 2 0 )  (r(i+ ( y ) ) 2 .  

From this fi)rrni~la~ st,eps, the wi(lt,h we see t,klat wl~en  there is a nlearl drift for the il~(iivi<lual 
of t,he (listril~ution scales like tNx t l ~ e(N)( t ) .Tl~ils;  t,llis case t)reaks l ~ o t l ~  s(li1al.e root scalil~g 
wit11 t,ilne and wit11 t,he 11in111)er of st,eps taken. 


