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We 11ave already cliscusse(1 two thirlgs that call cause t,he Celltral Limit Tlleorem (CLT) t,o 
break iiowl~; st,eps with infinite variancel ancl correlations l)et,weel~ steps. Toclay we int,rocluce a 
t,hir(l possibilit,y: ~lol~-idnlt , ic~lly st,eps.(list,ril)~it,e(l 

1 The Continuum Limit 

where t,he st,eps, A:I:,, are inclepel~(ien~t 1)ut not i(lel~tically (listrit)i~t,e(l. 

We will begin 1)y (fi)rmally) taking t,he cont,il~lnnn l in~ i t ,~assinnil~g it exists, taking 

As t)efi)re, we first write Bachelier's e(lliat,iol~ 

We assilnle t,llat t,he ent,ire distrit)i~t,iol~ has a lengt,h scale rnilcl~ larger than than the size of t,he 
inclivi(i11al stepsl expall(1 the clistril~ution a l ~ o i ~ t  r:,ancl clivide 1)y the t,ilne st,ep, TN, to ot)t,ail~ 

We t,hen replace PATwit,t~ t,he slowly varying (lel~sit,y funct,iol~;pl such that p (:I:> t )  = Pv (:I:) as 
N i x where t = 

v 
T~V.  
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a/) 
-

at 
= D (t)  a:% 

" \ P 
w11ere D (t)= +
LT., 

Not,ice t,k~at t,k~is is cliffi~sion equation where the (liffilsion coefficient varies wit,k~ time. From 
looking a t  this expressiol~; it appears that  all comt)inations of ON and TAT wllicl~ give the same 
D ( t ~ )  are e(lilivalellt, 11i1t we will see later that  this is not t,he case. 

We can find the exact solution to  the Gree11 filnctior~~ (w11ere p ((I;, 0) = b (:I.))1)y int,ro(li~cing 

wllicl~ collverts t,he (liffilsion equation t,o 

wllicl~we can solve to  o l~ta in  

This suggest,^ replacing X v  wit,k~ the scaled varial~le ~ ~ 

wllicl~ call change wit,k~ tirne. Note t,k~at ill t,he case of const,ar~t cliffi~sion over tinlel we ol~ta in  
< XAT"- 2Dt as l~efore. 

Tlle (iiffusiol~ equation will have higher-order terrns if I)(:I.)has higher-order ci1111111ar1ts. As- 
siunil~g all 11igher or(1er ci~nn~lant,s (:,,/ we define; as t)efi)re, exist to  1)e t,he I " ~ : i ~ n ~ i i l a l ~ t  of t,he 
PDF associated with A:L,,,. Since cinnulal~ts are a(l(1itive; we have the cinnulal~ts for X N  give11 t)y 
CJV,/= ~ f = ~Therefi~re,we 11ave t,he (listril~ution scalil~g (:,,I. as 

and the 11igher cinnulal~ts scalir~g as 

where AN,, for I > 2 must go to  zero for a stanclarcl ilorlnal (list,ril)i~tion to  l)e presellt 

As l~efore; if p (:L) is the salr~e for all steps, t,hen (:,,I = q inlplies CA~,i= N s ,  which lra(1s to  t,he 
scalings 
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2 CLT for Non-identical Variables 

I n ~ a g i l ~ e  4x,","~ f (I1 X. 111 t,l~is case t,here is a l ~ o t l ~ e r  Berry-there is all average variance 5" on,2 
Esseer~ w l ~ i c l ~  0 ,

2 
; and < A:L;'3 >= r.,,, < c n l  t11er1 we 11ave states that  if < Afr.,,,>= (I1 < A:r.,"= 

a stal~(iar(i norn~al  (listrit)i~t,iol~ t , l~atscales according t,o 

Fi~rther~rn)re,if an-(z)is the CDF of Zv we have 

@ 

@ v(z)- a ( z )  5 5312fl (16) 

w11ere T = c:,"~T~,,.This is trile eve11 ill the t,ails of the (list,ril)iltion. Not,ice how how t,l~is is t,he 
same as the Berry-Esseen T11eoren1 i l~trodi~ced earlier if we replace 0 ,  1)y (7, Y . ~1)y Y'; a r ~ dthe 6 t)y 
3. 


3 An Interesting class of examples: AX,, = a, , t ,  

Col~si(lera random walk given 1)y AX,,,= n,,,t, where t,he the t, are ii(1 st,eps wl~ose anq)lit,ucles are 
n~oclifiecl t)y (I,,,. We will t,ake < t,,, >= (1 and < ti,>= 1. 

An exalnple of this type of random walk woul(1 t)e t,he (liffilsion of all irnpi~rity at0111 in a crystal 
lat,tice. In this case t,he (liffilsion constal~t, D, is prol~ortional t,o r : z P g where E is t,he energy 
t)arrier to  cliffi~sion and k;T isl as i l s i~a l~  the product of the Boltzrnan constal~t al1(1 t,enq)erat,ure. If 
t,hr temperatilre varies with tinlel t,hen t,he (liffi~sion const,ar~t will also vary wit,l~ tirne. 

Anot,her exalnple may 1)e foin1(1 ill fir~ar~cial t,ilne series. In this case a, woi~lcl represel~t h i l n ~ a l ~  
fact,ors that  effect t,he market, such as polit,ical and ecol~olnic evel~ts. T l ~ e  tirne 7, l)et,ween steps is 
a col~stant set 1)y t,rar~sact,iol~ costs and the liqui(iit,y of t,he market. J.P. Bouchar(1 has investigated 
t,hr case where the a, are ran(1on1 variatdes wit11 long-range correlations. 
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5.2 Bernoulli Walk 

Col~si(ler the case where t,,, = rack1 wit11 prot)at)ilit,y of 112. This case was st,ucliecl in the 1930s 
t)y Erdos and t)y Kersner and Winter. 

For this lectilre we will or~ly descri1)e t,he reslilts (lilal~titativly; the ar~alytic clet,ails will t)e ill t,he 
next lect,ure. 

Col~si(ler t,he case where a = 113. After t,he the first step of lel~gth 1, irnaginge t,k~at t,he rest of 
t,he steps are ill a sir~gle (lirection. Tl111s the t,otal l e l~g l~ t  t,he walker call 1rn)ve after t,he first step is 

OL-
= +&= 4.So the final posit,iol~ of the walker n~ilst  lie l~etween -1.5 and -0.5 or t)etween 

0.5 and 1.5. T l ~ e  walker car1 never occilpy t,he ini(l(1le third (-0.5 to  0.5) of the t,otal range (-1.5 
to  1.5). This patter11 col~tinues for all si1t)sequent steps leaclil~g to  a fractal PDF wit11 all walks 
se1)arate~l 1)y zones where t,here is no prot)at)ility. T l ~ e  P D F  is unifi~rmly (listrit)i~t,e(l on the fi.r~,ctnl 
Cantor ini(l(1le-thircls set! 

From this argumel~t, it is clear that  for all a < 112, the final P D F  is unifi~rrn on a fiact,al set, 
t)e(.nilse after any step, the walker c a l ~ l ~ o t  S O I I I ~region.. ret,lirr~to  the same 1)ositiorl (t1111s excllidil~g 
frorn t,he silpport of t,he PDF). 

Col~si(ler t,he l)or(lerline case whe l~  a 112. Now the sum of all relr~ail~g = steps aft,er the first st,ep 
is 1;so is is possi1)le fix the walker t,o l~arely make it hack to  it,s l~egiln~ing location. This happens, 
i.e. the walker car1 just barely re t i~rn ,  reci~rsively at rack1 step. T l ~ e  resillting PDF is a ront%rrorrs 
ilniforln (listrit)i~t,iol~ to  1. in the range -1 

We will prove t,k~is directly using Foi~rier trar~sforn~s in the next lect,ure. Moreover, 1)y exploiting 
relations l~etweent he P D F  fix (lifferert vali~es of a ;  we will show t,k~at w l ~ e r ~  (I = I/\&; the distri- 
t)iltion is piecewise linear (one (lerivative); when n = 11fithe (listril~ution is is piecewise parat)olic 
(two clerivat,ives); and so 011 until n i 1wl~ich ret i~rns t,he Gailssian w l ~ i c l ~  cont,ail~sall (ierivatives 
contimloils. Of coi1rse1 the last resillt is just t,he Cer~tral Lirnit Theorem in act,iol~; once sufficiel~t 
self-averaging kicks in. 

T11ese vali~es for (I are special cases where exact solutions are possil)le. At int,ern~ecliate valiles of 
n one oft,en recovers complicatecl sil~gillar (list,ril)i~tions. OIIP int,erestir~g case is the Gol(1er1 Mean; 
n = ( fi-1)/2> w l ~ i c l ~  +a 1. This rnealls t,k~at a walker car1 ret,urn t , ~  sat,isfiesln% = a site ill exactly 
t,wo steps. This propert,y of recomt)inance ill t,he 'space-tirne tree' leads to  a very conq)licat,e(l 
singillar (m)n-~1ifferer1tiat)le) (list,ril)i~tion. 


