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1 Introduction 

In for~ner  lectures, we co~lsidered discrete ti111e ra1ldo111 ~vallcs with a consta~lt  
waiting ti111e. Here we co~lsider c o n t i ~ l ~ ~ ~ o ~ ~ ~ s  ti111e random walks where the ~va,it i~lg 
t ime .r is a ra ,~ ldo~l l  xrariable. C'o~lsider the su111 of ra1ldo111 va,riables wit11 ra1ldo111 
waiting time: 

V ( 1 )  

~ ( t )= C A . ~ , , ,  (1) 
r , = l  

Now the slum [upper l i~n i t  X(t ) .is a ra11($0111 fu~lctioll of (101lti111~o~~s ti111e 

P( :c , t )= P D F  for S ( t )  

= P D F  for AX,, 
(2)


@ ( t )= P D F  for the waiting ti111e .r (lfontroll & I%?eiss) 

P ( N , t )= P D F  for N ( t )  

LVP note tha,t i:j(t) a,nd P(X,t )  will 1:)e rela,ted and we will in\:estiga,te the solutio~l 
for P(:c, t )  starting wit11 the a , s s ~ l ~ ~ l p t i o ~ l  PDF.s is lcnow~l. LVPthat one of these t ~ v o  
will first introduce some transfor111 notation and then follow wit11 the for11lalis111 
that P ( N ,  t )  is lcnow~l. I%?e mill the11 develop the rela,tionshil~ between P(.r .  t )  and 
l:;(t). 

As a,n aside. note that this c o n t i ~ l ~ ~ ~ o ~ ~ ~ s  random ~vallc for11lalis111 is applicable to 
"separable" processes tha,t have step sizes a,nd waiting ti111es that a,re not correlated. 
This is usually a good 111odel for ~111:)-diffusive processes (< .r >= cxl. oAZ2< w) .  
011the other ha,nd, this separable co~ltinuous time random walk formalis111 would 
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be a poor 111odel for co~ltinuous ti11le L'ex-y ~valks. h:Iore ge~lerally, one xvould define 
a joint P D F  @(:c , t )that a step ina,kes a displa,ce~~lent .r ill t ime t :  

For no~v,  we will only consider separa1:)le continuous time ra,~ldonl walks. 

2 P ( N :t )  Formulation and Transforms 

If the PDF F(iL7. t )  is k~loxv~l. then the overall displace~nent distribution is: 

Note that if F ( X ,t ) is ..localize(:r a , r o ~ ~ ~ n d  < N >= &,then the CLT will hold. 
wllereas if F ( N , t ) is ..broadm (<  T >= w ) ,  yo^^^ can get other distributions for 
r i x , t ) .  

Talii~lg the Discrete Fourier Tra,nsform of Eq. 4 yields: 

To cont i~ l~~le  this approa,ch, we consider sex-era1 discrete tra~lsforms. 

2.1 Probability gerleratirlg f~~rlnction 

The pro1:)al:)ility ge~lerating function tra,nsfor~n yields a Taylorll~ower series wllose 
coefficients a,re the pro1:)al:)ilities for each 1: 

Applying this tra~lsform to  Eq. 5 gixres: 

~ ( k , t )F ( f ( k ) . t ; )= 
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2.2 Movrlevlt generating f~~vlnction 

Tlle 111o111ent genera,ting fl~l~lction tra~lsform is ba,sically a discrete Laplace Trans- 
form. 

Talii~lg the rrzL" deriva,tive with respect to  q at  q = 0 yields the 111"' moment of N :  

2.3 Cuvrlularlt generating function 

Tlle cu1111~~la,nt tra~lsform is the logarithnl of the 11lo1nent gea- generati~lg f ~ ~ ~ n c t i o n  
eratill:: function. 

F ( q , t )= log?(q. t )  (11) 

Talii~lg tlle rrz,," derixrative with respect to q a,t q = 0 yields the 111"' of N :c~~lrnula~lt  

Recall fro111 Lecture 3 that ~ ( k ,  t )  = t )  was tlle c~~lrnula~lt  l o g ~ ( k .  genera,ting func- 
tion for S ( t )  and P(k ,  t )  = genera,ti~lg .logfi(k,t ) wa,s the c~~lrnula~lt  function for A.r,,, 

Returni~lg ba,ck to  Eq. 8 and using these definitions, we a,rrive at: 

By differentiati~lg at  k = 0 and perfor~lli~lg some algebra we call deternli~le the 
mean < x > and tlle varia~lce 0;. of tlle total displa,ce~ne~lt (see h:I. Ba,zant Physica 
A,  2002): 

Tllerefore, if < Ax >= 0 and < t > < w, tlwn < N > = (Lecture 16) and 

<7> ' 
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2.4 Example: Poissorl process 

For a Poissoll process: 

Tlle pro1:)al:)ility gellerating function (Eq.  6 ) is: 

Tile mr~mellt genera,ting fullction (Eq. 9 )  is: 

And the cu~nulant genera,ti~lg f ~ ~ ~ n c t i o n(Eq.  11) is: 

LVP see that the coefficiellt of each tern1 of the c u l ~ ~ ~ ~ ~ l a , n t  seriesgellerating fl~~nctioll 
is e q ~ ~ ~ a l  for N ( t ) a,re the same: to  At. T l ~ l s  (usillg Eq. 12)  all cu~nulants 

c ! f ) ( t )= At for all m ( 1 9 )  

3 Examples of Poisson processes 

3.1 Ail exact result (Poisson-Bei-nouilli CTRW) 

Startill:: a,t the origin :co = 0,take N Berllo~lilli steps, so we have l : c ,  = 
a,s the disl~laceme~lts a,nd f ( k )  = c o s ( k c ~ )  for the as the cha,racteristic fl~~nctioll 
disl~laceme~lts.tlssulning Poissoll wa,itillg tilnes, we use the result from Eq. 8 to 
find t l ~  of tlle total disl~laceme~lt: characteristic f~~lnctioll 
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F i g ~ ~ ~ r e  = 1)after time f for a Bernouilli~ois.;ol~~illi-Poisso111: Probability a t  lattice site rn ((1 

CTRI$,:. 

Next we in~:ert the Discrete Fburier Tra~lsform: 

In ge~leral, this integral cannot be easily performed. howel-er this is a special ca,se 
beca,use it call be simplified using the definitio~l of a Bessel fu~lction: 

So that  we arrive at:  

F i g ~ ~ ~ r e  = 0, 111 = 1, and rrz = 2. 14% see that the 1 shows this distribution for 711 

mean of P(rrzo.f)is loca,ted at  111 < .r >. 

3.2 A more general result (General Poisson CTRW) 

So we see tlmt the Poisson-Bernouilli Ra,~ldonl I G l k  is a special case ~vhere the 
emc t  solution is ava,ilable. More generally for other p ( : c ) ,  the inl:erse tra,nsforln 
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integral is diffic~~llt the characteristic f~~lnc t io~l  to perform. Howel-er. by espa,ndi~lg 
of the displa,ce~nent distributio~lf i (k) .  we see the C'L'T in the long-time linlit. 

This esl~ression ca,n be in~:erted 1:)y completing the sql~lare. yielding the P D F  for 
total displace~nent wit11 " \/Ti fixed and At + w: 

So we get a Gauss ia ,~~ ill the Central Region with mea,n: distrib~~ltion 

< :c >= ~t < ax>=< ~ ( t )  > (27;)>< 

a,nd va,ria,nce (note < iL7 >= rri,for tlle Poisson distrib~~ltion): 

LVllich are the same a,s the general expressio~ls of Eq. 14 

Relation to the ,~j)(t)Formulation 

Now we co~ltinue 1:)y relati~lg the abo\:e f o r ~ ~ ~ ~ ~ l l a , t i o n  to the hfo1ltroll-1l"eiss formula- 
tion. ~vhich ass1~111es k~loxvledge of ?k ( t ) ,  the P D F  for the waiting t i ~ n e .  The  details , , 

of the lfontroll-l$Teiss for~nula,tion will 1:)e cont i~l~~led in the next lecture. 

LVP define: 

~ : j ( t )= t ime T between steps P D F  for the ~va,it i~lg 

?kv ( t )= t ime of ~ ' " s t e ~ ~ .  ?k(f)*"(t)  (29)P D F  for ~va,it i~lg = 

lD(t) = Probability that 110 step wa,s ta,ke~l ill 05 t' 5 t 
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So that:  

1' i
<~X> 

f = 1 - ?;(t1)1lt'= l?(t';)dtt 
( 3 0 )  

Now we can relate P ( X ,  t )  to  i ) ( t ) ,realizing that P ( N , t )is tlle con\:olution that 
the iV"' step was taken in the interl-a1 [0.f ]  AND no steps were talien afterward. 

Talii~lg the La,place tra~lsform simplifies the conl:olutio~l formula: 

Here we've used the definition of Q ( t )(Eq.  30) and perfor~ned its Laplace trans- 
form by i~ltegration by parts. This result directly rela,tes tlle PDF.s for tlle two 
a,l~psoachesto co~ltinuous t i ~ n e  ra,nrSo~nwalks. 

LVP call calculate the a,\-erage il~~lrnl:~er of time in t e r ~ n s  of of steps a,s a f~~lnc t io~l  
l:;(t). 

LX 

< > ( t )=x:lTP(:lT,t) ( 3 3 )  
d l =o 

Talii~lg the La,place tra~lsform and inserting Eq. 32 gives: 
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4.1 Exanlple of the relation between P ( Z , t) and ~ . ( t )  

Assu~newe ha,\-? an esl~onential waiting time distril:,utio~l. 7 ; ( f )  = -_ ,,E 1 . , , <7> 

Tlle L'apla,ce tra~lsfbrm is: 

( 3 5 )  

Using Eq. 32, we see that:  

Im-ert the Laplace tranhfor~n: 

This integral has a iL7 + 1 order pole a,t ,i = -A . The Residue Tlleore~n i~nplies 
that this integral evaluates to  27~iRe+(-A) .  

So this 7b(f)P D F  for a11 expo~lelltial waiting t i rm ~ o r r ~ ~ p o ~ l d s  to  a. Poisso11 P D F  
for X ( t ) .  


