EXAM 2

Instructions: You will have approximately 50 minutes for this exam. The test is closed
book, closed notes and calculators are not allowed. The point value of each problem is written
next to the problem — use your time wisely. Partial credit will be given. You may use either
pencil or ink. If you need extra paper, raise your hand (I also have a stapler and paper clips
for attaching extra sheets). If you have any questions, raise your hand. Please show all work
unless instructed otherwise.

Problem 1(20 points) In each of the following cases, you are given a matrix with real
coefficients. Calculate the determinant of each matrix. You do not need to show all steps,
but do say what method you are using to calculate the matrix (row reduction, cofactor
expansion, or by the equation using permutations).

1
A=1| o0 (1)
0

O = N
S Ot W

Solution: Because this is an upper triangular matrix, the determinant is simply the
product of the entries on the main diagonal, namely 1 x 4 x 6 = 24.

110 0 3
12 2 10 4

B=1130 15 (2)
40 0 0

Solution:

Here cofactor expansion works well. We first expand in the second column, since that has
only one non-zero entry. This gives us that the determinant is +2det(B[2,2]) where B3, j|
is the matrix obtained by deleting the ith row and jth column. For B[2,2] we notice that
the second column (the third column in our original matrix) has only one non-zero entry. So
det(B][2,2]) = +1det((B[2,2])[2,2]). Now (B[2,2])[2,2] is a 2 x 2 matrix with determinant
11 x 0 — 3 x 4. So, altogether we have det(B) = —1 x 2 x 3 x 4 = —24.
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Solution: Here we notice that the fourth row is 3 times the second row. By n-linearity, we
may factor the 3 out of the fourth row. By the alternating property, the resulting determinant
is zero. Thus det(C) =3 x 0= 0.

Problem 2(15 points) Consider the 2 x 2 matrices with real entries:

1 2 5 6
A_(S 4>’B_<7 8)' (4)
These are invertible matrices. Showing all work and explaining the steps, calculate det(ATBTA~1B~1).
Solution: We use the properties of the determinant. First of all, for any 2 x 2 matrices C'

and D, we have det(C'D) = det(C)det(D). Applying this three times, we conclude that
det(ATBTA™'B™1) = det(A")det(B")det(A™")det(B™). (5)

Now we use the fact that for any square matrix C, we have det(CT) = det(C). Applying
this twice, we get

det(A")det(B")det(A ") det(B™) = det(A)det(B)det(A)det(B™). (6)

Next we use the fact that for any invertible matrix C, we have det(C~') = (det(C))™".
Applying this twice, we get

det(A)det(B)det(A ) det(B™!) = det(A)det(B) (det(A)) ™" (det(B)) . (7)

But when we gather terms, the factors det(A)det(A)™! cancel to give 1, as do the factors
det(B)det(B)~!. Thus we finally conclude

det(ATBTAT'B™1) = 1. (8)

Problem 3(30 points) Consider the real vector space V' of all real-valued functions of the
form

f(z) = (a1 + agx) sin(x) + (a3 + ayx) cos(x). (9)
An ordered basis for V' is
B = (sin(z), zsin(z), cos(x), z cos(x)) . (10)
Recall the trigonometry identities
T _ , T
Ccos <x + 5) = —sin(x), sin (x + 5) = cos(x). (11)

(a)(20 points) Consider the R-linear transformation D : V' — V defined by

D(f) :x%(x)—xf (w%) (12)

You may assume that D is linear, you do not need to prove this. Calculate the matrix
representative D], ;. You do not need to be rigorous, but please show all work.
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Solution: Consider a function of the form f(z) = g(x)sin(z). Applying the Leibniz rule,
we have

w% (9(x)sin(x)) — xg (x + g) sin (x + g) = (13)
zg'(z)sin(z) + x [g(m) -9 <Jc + g)} cos(z). (14)

If g(z) is constant, then both the term ¢’(z) and the term g(x) —g(x+7%) are zero. If g(z) = =,
then we get D(zsin(z)) = xsin(z) — Jo cos(x).

Similarly, if f(z) = g(z) cos(z), we get the equation

=9
D(f) = zg'(x) cos(x) — x [g(x) —g <.CE + g)} sin(zx). (15)

If g() is constant, then both the term ¢'(z) and the term g(x) —g(z+ 7 are zero. If g(z) = =,
then we get D(x cos(x)) = x cos(x) + Fasin(z).

Taking coordinate vectors with respect to our basis, we conclude that the matrix represen-
tative is

0O 000
0O 10 %
[D]&B = 0 0 0 6 (16)
0 -5 0 1
(b)(10 points) Find all solutions in the vector space V' of the differential equation
df s 3mx
) = —) - == . 1
xdx(a:) xf (a:+ 2) f(z) 5 cos(x) (17)

You do not need to be rigorous, but please show all work.
Solution: If we translate into matrix form, the equation is

(1Dl = 1) (s = (5 conto)) . (18)

Substituting in, this becomes the matrix equation

10 00 a 0
0 0 0= s 0

2 _
0 0 -1 0 a | = o0 (19)
0 - 0 0 ay o

Notice that the matrix has determinant ”72 = (0. Thus, if there is a solution, there is a unique
solution. From the form of the matrix, it is easy to guess the solution (or to use Gauss-Jordan
elimination to find the solution):

aq 0
a9 . -3
2=l (20)
ay 0

So we see that the unique solution in V' is f(z) = 3z sin(z).
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Problem 4 Recall that a permutation of n is an ordered n-tuple o = (i1, 42, . .., 4,) where
i1,12, . .., %, are distinct integers with 1 <1i; < n for each j = 1,...,n. Recall that the sign of
a permutation o is the number sgn(o) of inversions, i.e. pairs (j, k) such that 1 < j <k <n
and also 7 < ;.

(a)(15 points) Suppose that o = (i1,142,13) and o’ = (i}, ), 4) are two permutations of 3.
Form the permutation of 6 which is 7 = (i1, 42,3, 3 + i}, 3 + 75, 3 + i5). Prove that

sgn(7) = sgn(o)sgn(o’). (21)
Show all work and justify your answer.

Solution: Suppose that after applying a sequence of r transpositions, say (a;,b;), then o
has the form (1,2, 3). Suppose that after applying a sequence of s transpositions, say (¢, di),
then o’ has the form (1,2,3). Then after first applying the r transpositions (a;, b;) and then
applying the s transpositions (3 + ¢;,3 + d;), 7 will have the form (1,2,3,4,5,6). By the
axioms for sgn, we know that sgn(o) = (—1)",sgn(o’) = (—1)® and sgn(7) = (=1)"*5. Thus
we conclude that sgn(7) = sgn(o)sgn(c’).

(b)(20 points) Suppose that A = (a; ;) and B = (b; ;) are two 3 x 3 matrices. Consider the
6 x 6 matrix

11 Aair2 a3 0 0 0

G271 QA22 0423 0 0 0

O — azi azz as3 0 0 0
0 0 0 5171 b172 bl,g

0 0 0 b271 b272 62’3

0 0 0 b3y bsa b33

By whatever (rigorous) method you like, prove that det(C) = det(A)det(B). (HINT: Permu-
tations and determinants).

Solution: Recall the formula for the determinant of a 6 x 6 matrix C' = (¢; ;) is

det(C) = Z sgn(7T)c1, - - - Cojig- (23)

TESH

Now from the form of C' above, we see that ¢;; = 0 unless we are one of the two cases
1<i,7<3o0r4<1i,j5<6. So the only monomials in the formula of determinant which are
nonzero are those enumerated by permutations 7 = (iy, ..., %) such that 1 <i; <3 for 1 <
j<3and4 <i; <6 for 4 <j <6. In this case we see that 7 = (i, 2, 3,3 + 14,3+ 15,3+ 1%)
for unique permutations o = (i1, 19,13) and o' = (i},145,45) of 3. So, applying part (a), we
conclude that

det(C) = Z Z sgn(o)sgn(o”)ay i, 2,030,011 b2 iy b i1 . (24)

oceS3 0'ES3
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But using associativity and commutativity of addition and distributivity of multiplication
and addition, the right hand side is simply

(Z sgn(a)aulag,hag,ig) (Z sgn(a')bl,ileJng,iS) = det(A)det(B). (25)

o€ES3 o’'€Ss3

So we conclude that det(C') = det(A)det(B).

EXTRA CREDIT Please only attempt the extra credit after you have finished the exam
and checked your answers.

(a) (5 points) Suppose o = (i1, is,13) and o’ = (i}, i}, i5) are two permutations of 3. Consider
the permutation of 6, 7 = (341, 3+15, 3+ 14,11, i2,43). Prove that sgn(7) = —sgn(o)sgn(o’).

Solution: With the same notation as in (a) above, after performing the transpositions
(34 a;,3 4+ b;) and (¢;,d;), we have that 7 is in the form (4,5,6,1,2,3). Now we perform
the three permutations (1,4),(2,5),(3,6) and we get (1,2,3,4,5,6). Therefore sgn(r) =
(=1)+*+° = —sgn(o)sgn(7).

(b)(5 points) Let A = (a;;) and B = (b; ;) be two 3 x 3 matrices. Define C' to be the 6 x 6

matrix:
0 0 0 ay1 Q12 Aa13

0 0 0 Q21 d22 0A23

B 0 0 0 az1 azp asgs
“=1 by bo s 0 0 0| (26)

bep b22 bz 0 0 0

bsqi bsp b3z O 0 O

By whatever (rigorous) method you like, prove that det(C) = —det(A)det(B).

Solution: This is similar to case (b) above, except that now the monomial in the deter-
minant is nonzero only when 7 = (j1, J2, J3, ja, Js, Jo) satisfies 4 < jp < 6 for 1 < k < 3 and
1 < jp <3for4 <k <6. Every such permutation is of the form (3 +1, 3+, 3415, 41, io, 13)
for unique permutations o = (iy, ia,i3) and o’ = (4, %, ¢4) of 3. Therefore the formula for the
determinant becomes

det(C) = Z Z —sgn(o)sgn(o”)ay i, aa,i,a3,i,b1,i1 b2,y bs i - (27)
oc€S3 0'€S3

Simplifying this expression, we get

—1 (Z Sgn(a)a17i1a2,i2a37i3) (Z Sgn(al)bl,ile,ing,ig> = —det(A)det(B) (28)

g€S3 o’eSs3



