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1. DIRECT SUM DECOMPOSITIONS

Definition 1.1. Let V' be an F-vector space. Let W = (W7,..., W) be an ordered
s-tuple of vector subspaces of V.
(i) An ordered s-tuple of vectors in W, (w1, ..., ws), is an ordered s-tuple of
vectors in V such that for every : =1,... s, w; € W,.
(ii) The ordered s-tuple W is linearly independent if the only ordered s-tuple
of vectors in W, (w1, ..., ws), satisfying wi +--- + w, =0 is (0,...,0).
(iii) The ordered s-tuple W spans V', or is spanning, if for every vector v € V,
there exists an ordered s-tuple of vectors in W, (wy,...,w;), satisfying
Wi+ -+ Wg =V,
(iv) The ordered s-tuple W is a direct sum decomposition of V' if it is linearly
independent and spans V.

Remark 1.2. Please do not confuse the notion of linearly independent (resp. span-
ning) collection of subspaces of V' with the notion of linearly independent (resp.
spanning) collection of vectors in V. These are closely related, but different.

Proposition 1.3. An ordered s-tuple of subspaces of V, W = (Wy,..., W), is
linearly independent iff for every ordered s-tuple (By,...,Bs) of linearly indepen-
dent ordered subsets B; C W;, the concatenation B = By U --- U By is a linearly
independent ordered subset of V.

Proof. (=) Assume W is linearly independent. For every i = 1,...,s, define ¢; =
#B;, which is 0 if B; is empty. Define e = e; +--- + e5. Forevery i = 1,...,s
such that e; > 0, denote B; = (W(;,1), ..., W(ie,))- If e =0, then B = (). Otherwise,
by definition, B is the unique ordered set of vectors B = (vi,...,V.) such that for
every i = 1,...,s with e; > 0 and every 1 < j < e, Ve, 4ode;—e; 45 = W(i,j)-

If B =0, it is vacuously linearly independent. Thus assume e > 0. Let (c1,...,ce)
be a linear relation among B. For every ¢ = 1,...,s with ¢; > 0 and every 1 <
J < e, define ¢ jy = Ceyqooye;—e;tj- If €5 = 0, define w; = 0. If e; > 0, define
Wi = C(;,1)W(i,1) T+ Ci,e;)W(s,e;)- Lhen,
e e; s
0= chwk = Z (Z Coytrtei—eitiWeyttei—ei+j) = Zwi~
k=1 1<i<s,e;>0 j=1 i=1
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For every ¢« = 1,...,s, because W; C V is a vector subspace, w; € W,, i.e.,
(W1,..., W) is an ordered s-tuple of vectors in WW. Because W is linearly inde-
pendent and because wi + -+ wg = 0, w; = --- = wg = 0. So for every
i=1,...,s with e; > 0, (0(1,1)7 -+ +,C(i,e;)) is a linear relation among B;. By hy-
pothesis, B; is linearly independent. Therefore c(;1) = -+ = ¢(;,e;,) = 0. So for
every i = 1,...,s such that e; > 0, and for every 1 < j < e;, ¢(;5) = 0, i.e., the
linear relation (c,...,¢.) is (0,...,0). Since the only linear relation among B is
the trivial linear relation, it is linearly independent.

(<) Assume that for every ordered s-tuple (Bi,...,Bs) of linearly independent
ordered subset B; C W;, the concatenation B = B;U- - -UB; is a linearly independent
ordered subset of V. Let (wq,...,ws) be an ordered s-tuple of elements in W. For
every i = 1,...,s, if w; = 0, define B; = ), otherwise define B; = (w;). Each B; C
W, is a linearly independent subset. By construction, B = (w;|1 <1i < s, w; # 0).
By hypothesis, this is linearly independent. If B is nonempty, then,

0= iwi = Z Wi.
i=1

w;EB
Therefore (1,...,1) is a nontrivial linear relation among B. This contradiction
proves that B is empty, i.e., w; = -+ = wz = 0. Therefore W is linearly indepen-
dent. O

Proposition 1.4. An ordered s-tuple of subspaces of V., W = (Wy,...,Ws), spans
V' iff for every ordered s-tuple (By,...,Bs) of spanning subsets B; C W;, the union
B=ByU---UDB; is a spanning set for V.

Proof. (=) Assume W spans V. Let v € V be any vector. If v =0, by convention
it is in span(B) (even if B = ()). Assume v # 0. Because W is spanning, there exists
an ordered s-tuple of vectors in W, (wq,...,ws), such that v.=w; +---+w,. For
every i = 1,...,s with w; # 0, because B; is a spanning set for W;, there exists
e; > 0, vectors w; 1),...,W(;e,) € B; and scalars c(; 1),...,C(e,) € F such that
Wi = C(;,)W(i,1) T+ Cli,e;)W(i,e;)- Then the following collection of vectors is a
collection in B,

(W(i,j)|1 < ) < S, W; 75 0,1 Sj < ei).
For the choice of coefficients,

(C(i,j)|1 <i<s,w # 0,1<5< ei)v
the linear combination of these vectors in B is,

Zlﬁiﬁs,wi#Owi:V.

So v € span(B).

(<) Assume that for every ordered s-tuple (Bi,...,Bs) of spanning subsets B; C
W;, the union B is a spanning set for V. For i = 1,...,s, define B, = W;. This is
certainly a spanning subset of W;. By hypothesis, B =W U---UWj is a spanning
set for V.

Let v € V be a vector. If v =0, then (0,...,0) is an ordered s-tuple of vectors in
W such that v = 0+ --- + 0. Therefore assume v # 0. Because B is a spanning
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set for V', exists an integer e > 0, nonzero vectors vi,...,v. € B, and scalars
c1,...,¢e € F such that,

V=CV]+- "+ CVe.
For every j =1,...,¢, let 1 <i(j) < s be an integer such that v; € Wj(;; because
B=WiU---UWj, there is at least one such i(j). For every i, if i(j) # i for every
j=1,..., e, define w; = 0. Otherwise define,

Ww; = E CjVy.

1<j<e,i(j)=i

For every ¢« = 1,...,s, because W; C V is a vector subspace, w; € W,. Thus
(W1,...,Ws) is an ordered s-tuple of vectors in W. And,
e S S
vEDov =0 () avi) =) we
i=1 i=1 j,i(j)=i i=1
Therefore VW spans V. (]

Proposition 1.5. An ordered s-tuple of subspaces of V., W = (Wy,...,Wy), is a
direct sum decomposition of V iff for every ordered s-tuple (Bi,...,Bs) of bases B;
for W, the union B =By U---UBs is a basis for V.

Proof. This follows from Proposition 1.3 and Proposition 1.4. d

2. GENERALIZED EIGENSPACES

Definition 2.1. Let T : V — V be a linear operator. For every integer n > 0, the
n't iterate of T is the linear operator 7™ : V' — V recursively defined by 70 = Idy,
and T™*! = T o T™. For every polynomial f(x) = a,z™ + -+ + a1x + ag € F[z],
the associated linear operator, f(T):V — V, is defined to be f(T) = a,T" +--- +
a1T + apldy .

Proposition 2.2. (i) For every pair of polynomials f(x),g(z) € Flz], f(T)+
9(T) = (f + 9)(T).
(ii) For every polynomial f(x) € Flz] and every scalar a € F, a- (f(T)) =
(a- F)(T).
(iii) For every pair of polynomials f(x),g(x) € F[z], f(T)og(T) = (f-9)(T) =
g(T) o f(T).
Proof. (i) Let f(z) = apa™+---+ar1x+ap and let g(z) = bz +- -+ bz +by. By
definition of polynomial addition, f+ g = (an + b, )x™ + -+ -+ (a1 + b1)x + (ag + bo)-
By definition of the associated linear operator,
(f +9)(T) = (an +bp)T" + -+ + (a1 + b1)T + (ag + bo)Idy-.

By associativity and commutativity of addition of operators, and by distributivity
of scalar multiplication of operators and addition of operators, this equals,

(@ T" + -+ a1 T + aoldy) + (b, T™ + - - + 61T + boldy ).

By definition of the associated linear operator, this is f(T)+g(T), i.e., (f+9)(T) =
f(T) +9(T).

(ii) Let f(x) = apz™+- - -+a1x+ag. By definition of scalar product of polynomials,
a- f(x) = (aap)z™ + -+ + (aar)x + (aag). By definition of the associated linear
operator,

(a- H)(T) = (aa,)T™ 4+ -+ (aa1)T + (aap)Idy .
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By distributivity of multiplication of scalars and scalar multiplication of operators,
this is,

a - (anT") +...a- (alT) +a- (aoldv).
By distributivity of scalar multiplication of operators and operator addition, this
is,

a-(ap "+ -+ a1 T + apldy).

By definition of the associated linear operator, this is a - (f(7)), ie., (a- f)(T) =
a-(f(T)).
(iii) The claim is that for every pair of integers m,n > 0, T™ o T™ = T™*"  This
is proved by induction on m. For m = 0, T° = Idy so that T® o T" = Idy o T" =
T™ = T%t", Thus assume m > 0 and assume the result is true for smaller values
of m. By the recursive definition, 7™ o T = (T o T™~!) o T™. By associativity of
composition of linear transformations, (T o T™ 1) o T™ =T o (T™ 1o T™). By the
induction hypothesis, 7™ ! o T = T~ 1", Therefore T™ o T" = T o T™~ 47,
By the recursive definition, ™" = T o T™ 14" je, T™ o T" = T™ . So
the claim is proved by induction on m. In particular, since m +n = n + m,
TmoTm =TmTn = Tntm — n o Tm,
Let f(z) = ama™ + -+ + a1z + ap and let g(z) = bya™ + -+ + byx + by. Let
N = max(m,n). For ¢ > m, define a; = 0. For j > n, define b; = 0. By definition
of polynomial multiplication,

N ok
(f-9)@) => O aibr_i)a*.
k=0 i=0
By definition of the associated linear operator,

n k
(f-)(T) =D (D aiby-i)T".
k=0 i=0
By the claim above, T* = T% o T*~%. Together with commuativity, associativity
and distributivity, the formula above is,
n k n k

Z(Z aibk_iTi o Tkii) = Z(Z(%TZ) o (bk_iTk—i))'

k=0 i=0 k=0 i=0
By distributivity of addition and composition of linear transformations, this is,

O aT) o (D bT7).
i=0 j=0
By the definition of the associated linear operator, thisis f(T)og(T), i.e., (f-¢)(T)
f(T)og(T).

Definition 2.3. For every linear operator T : V' — V and every polynomial f(z)
F[z], the associated generalized eigenspace is Ep ; = ker(f(T)). For every \ €

mm O

and every integer n > 0, the n'* generalized \-eigenspace is Ej(w";\ = Br (-

Proposition 2.4. (i) For every pair of polynomials f(x),g(x) € Flz], Er ¢ N
Erg C BT f1g-
(ii) For every polynomial f(x) € Flz] and every scalar a € F, Ep s C Epq.5.
Ifa 7£ 0, then ET,f = ETﬂAf,
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(iii) For every pair of polynomials f(x), g(x

Proof. (i) Foreveryv € Er tNEr 4, f(T)(v) =
(f+ (M) = f(T)(v)+g(T)(v) = 040 = 0. Therefore v € Ep ;yqg, ie.,
Er s NEp g CEp g

(ii) For every v € Er s, f(T)(v) = 0. By Proposition 2.2(ii),

(a- IT)(v) =a-(f(T)(v)) =a-0=0.
Therefore v € Erq.¢, i.e., Erf C Erq5. If a # 0, then f =a™' - (a- f) so that
alSO ET,f C ET,a-f; 1.6.7 ET,f = ET,a~f-

(iii) For every v € Er ¢, f(T)(v) = 0. By Proposition 2.2(iii),
(f - 9)(T)(v) = (g- HT)(v) = (9(T) o F(T))(v) = g(T)(f(T)(v)) = 9(T)(0) = 0.

Sov € Er t.4,ie., Er ¢ C Erf.q. By the same argument, Er, C Er ¢.,. Because
E7T 5.4 is a vector subspace, Bt ¢ + Er g C E7 5.4. O

Corollary 2.5. For every A € F, {0} = g;g\ C E(Tll\ C E;?)A c---CV.

Proof. For every integer n, by Proposition 2.4(iii), E(Tnz\ = E7 (c—x)n C Ep (gt =
Bl | 0
T -

Definition 2.6. For every A € F, the generalized A-eigenspace is E(Toi) = UHZOE(T";\.
Proposition 2.7. For every A € F, the generalized \-eigenspace E;oi) is a vector
subspace of V.

Proof. Because {0} = E(T? e Eéff\), the subset E(Tof\) is nonempty. For every

V,W € E(TO;\), there exist integers m,n > 0 such that v € E(T";\) and w € E(T";\

Let N = max(m,n). By Corollary 2.5, E(TTTA;\),E(Tn;\ C E(TA;) Since E(TA;) is a vector

subspace, v+ w € E(TNA) C E(Tﬁ), ie., Eé?i) is stable under addition of elements.

)

By a similar argument, E(Toi is stable under scalar multiplication of elements. So

E(TCX;\) is a vector subspace of V. [

3. THE CHINESE REMAINDER THEOREM

Ancient Chinese generals discovered a beautiful and efficient method for counting
large numbers of soldiers very quickly — a task of great importance in determining
the number of losses after a battle. Let nq,...,ns be integers such that for every
1 <@ < j < s, the pair of integers (n;,n;) have no common factor. For every
i=1,...,s have the N soldiers line up in rows of size n;. Do not count the number
of rows! Instead, count the remainder r;, i.e., the numer of soldiers who cannot line
up in a row of size n;. There exist integers a1, ..., as; depending only on nq, ..., ng
such that for every integer N, N is congruent to ayr; + - - -+ asrs, modulo nj - - - ng.
If ny = 10,n2 = 11, n3 = 13, the numbers are a; = —429, a3 = 650, a3 = —220, so
that N = —429r1+650r, —200r3, modulo 1430. These may seem like large numbers,
but it is much faster for a mathematician to compute the product on an abacus
than to count the soldiers by brute force. Since the general presumably knows
the number of soldiers to within a range of £715, this method allows the general
to compute precisely the number of soldiers very quickly. We will use the same
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method to prove that for distinct A1,...,A\s € F, the ordered s-tuple of generalized
eigenspaces, W = (Egpoi)l, ceey Egpoi)s), is linearly independent.

Definition 3.1. For an s-tuple of polynomials in F[z], (f1,..., fs), not all zero,
a greatest common factor is a polynomial f(z) of maximal degree such that f(z)
divides f;(z) for every i = 1,...,s. If f{ = --- = f, = 0, the greatest common
factor is defined to be 0. An s-tuple of polynomials (fi,..., fs) is coprime if there
exist polynomials (g1,...,9s) such that 1 =g; - f1 + -+ gs - fs-

Theorem 3.2 (The Chinese remainder theorem). An s-tuple of polynomials (f1,. .., fs)
is coprime iff 1 is a greatest common factor.

Proof. (=) Assume (f1,..., fs) is coprime, i.e., 1 =¢1 - f1 + -+ gs - fs. Let f be
any common factor of (fi,..., fs). For every i, because f; is divisible by f, also
g; - fi is divisible by f. Because every g;- f; is divisible by f, the sum g1- f1+...9s" fs
is divisible by f, i.e., 1 is divisible by f. But the only polynomials dividing 1 are
nonzero constants. Thus 1 is a greatest common factor of (f1,..., fs).

(<) Assume 1 is a greatest common factor of f1, ..., fs. The claim is that (f1,..., fs)
is coprime. This will be proved by induction on s. If s = 1, then f; is a greatest
common factor of (f1). Since also 1 is a greatest common factor, deg(f1) =0, i.e.,
f1 is a scalar. By definition, the greatest common factor of (0) is 0, so f; is nonzero.
Since F is a field, there exists a scalar g; such that 1 = g1 - f1, i.e., (f1) is coprime.

Next assume s = 2. If necessary, permute fi and fa so that deg(f1) > deg(f2). By
hypothesis, 1 is a greatest common factor of (f1, f2). If fo =0, then 1 is a greatest
common factor of (f1) and by the last case there exists g; such that 1 = gy - fi.
Putting go = 0, 1 = g1 - f1 + g2 - f2, 1.e., (f1, f2) is coprime. Therefore assume
f2 # 0, which implies f; # 0. The claim in this case will be proved by induction on
deg(f2). If deg(f2) = 0, i.e., if fo is a nonzero scalar, there exists a nonzero scalar
go such that 1 = g9 - fo. Setting g1 = 0, 1 = g1 - f1 + g2 - fo. Thus, by way of
induction, assume deg(f2) > 0 and assume the result is known for smaller values of

deg(f2).

By the division algorithm, there exist polynomials ¢(z) and r(z) with deg(r) <
deg(f2) such that fi(z) = q(x)f2(x) + r(z). If h is a common factor of (fa,r),
then h is also a factor of ¢fs and so of the sum ¢fs + 7, i.e., h is a common factor
of (f1, f2). Conversely, if h is a common factor of (fi, f2), then h is a common
factor of —gf2 and so of the sum f1 + (—qf2), i.e., h is a common factor of (fa, 7).
So the common factors of (f1, fo) are precisely the common factors of (fa,7). By
hypothesis, 1 is a greatest common factor of (f2,7). Since deg(r) < 0, by the
induction hypothesis there exist polynomials ¢/, g5 such that 1 = g} fo+gjr. Define
g1 = g5 and g2 = g} — qg5. Then,
g1-fi+g2-fa=gs(af2+7) + (91 — a95) fo = g1 f2 + gor = 1.

So (f1, f2) is coprime. So the claim is proved by induction on deg(f2) if s = 2.

By way of induction, assume s > 2 and the result is known for smaller s. Let h be
a greatest common factor of (f1,..., fs—1). Then 1 is a greatest common factor of

(f1/h,dots, fs—1/h). By the induction hypothesis, there exist elements ¢1,...,g._;
such that,

L=g\-(fi/h)+ 4y (fs—1/h),
6



ie.,

h=g1-fi+-+gi1for
The greatest common factor of (f1,...,fs—1,fs) is the greatest common factor
of (h, fs). By hypothesis, 1 is a greatest common factor of (h, fs). By the case
s = 2 above, there exist elements g{, g5 such that 1 = g{h + g5 fs. Defining
91 =9191.92 = 9193, .-, 9s—1 = g1 9,1 and defining g, = g,
gufit At geifor+gsfs =gl (Gifit o+ g fo) + g fe=glh+gifo =1

So (f1,..., fs) is coprime. The theorem is proved by induction on s. O

Corollary 3.3. Let s > 2 and let (f1,...,fs) be nonzero polynomials. For every

i=1,...,s, define,
riz) = [[  Fi@.
1<j<s,j#i
If for every 1 <i < j <s, 1 is a greatest common factor of (fi, f;), then (r1,...,7s)
s coprime.

Proof. By Theorem 3.2, it suffices to prove that 1 is a greatest common factor of
(r1,...,7r5). This will be proved by induction on s. For s = 2, (r1,72) = (fa2, f1)-
By hypothesis, 1 is a greatest common factor. Thus, by way of induction, assume
s > 2 and the result is known for smaller values of s. Consider the sequence
(f1,-++, fs—1). The hypothesis holds for this collection. For every i =1,...,s — 1,

denote
= I
1<j<s—1,j7#i
By the induction hypothesis, 1 is a common factor of (rf,...,7._;). Therefore f
is a greatest common factor of (fsrf,..., fs7h_1) = (r1,...,7s—1). So the common
factors of (rq,...,7rs_1,7s) are the common factors of (fs,7s) = (fs, f1-+* fs—1)-

Let h be an irreducible common factor of (fs, f1--- fs—1). Because h is irreducible
and divides f; --- fs_1, there exists 1 <4 < s — 1 such that h divides f;, i.e., h is a
common factor of (f;, fs). By hypothesis, 1 is a greatest common factor of (f;, fs).
Therefore h is a nonzero scalar. So for every common factor h of (fs, f1-- fs—1),
every irreducible factor of A is a nonzero scalars, i.e., h is a nonzero scalar. Therefore
1 is a greatest common factor of (r1,...,7s). The corollary is proved by induction
on s. ([l

Corollary 3.4. For every s-tuple of distinct scalars Ai,...,As € F and every

integer n > 0, for everyi=1,...,s define,
riz)= J[ @-x)"
1<j<s,j#i
Then (r1,...,7s) is coprime.

Proof. For every 1 < i < j < mn, 1is a greatest common factor of (z — A;)" and
(x — Aj)™. To see this, first observe,

L=(z—=X)/(Aj = Ai) + (& = Aj)/ (A — Aj).
Raising both sides to the power 2n — 1 and using the binomial theorem gives,
L= 17 = (05 o) (=1 = A)m i = ) Oy = AP (2= A"

+ (2?221 "N (=D @ = x) @ = )T (N - /\i)zn_l) (z =)™



In other words, ((z — A;)", (x — A;)™) is coprime. By the easy part of Theorem 3.2,
1 is a greatest common factor. [

4. LINEAR INDEPENDENCE OF GENERALIZED EIGENSPACES

Let s > 2 be an integer. Let A\1,...,As € F be distinct, and let n > 0 be an integer.
Define r1,...,7s as in Corollary 3.4. By Corollary 3.4, there exist polynomials
gi,---,gs such that,

1=gi(z)ri(x) + -+ gs(z)ry(x).
Let T : V — V be a linear operator. The identity above gives an identity of
associated linear operators,

Idy = 1(T) = g1(T) ori(T) + - -+ + gs(T) o rs(T).

Lemma 4.1. For every 1 <1 < s and every w; € Eé“n;,’ for every 1 < j <'s with
j # i, r(T)(wi) = 0.

Proof. Because j # i, by construction r;(z) = q(x)(x — A;)" for some ¢(x) € F[z],
specifically,

ww= [[ @-wm
1<k<s,k#i,j

By Proposition 2.2(iii), r;(T") = ¢(T) o (T'— A\;Idy)™. By hypothesis, w; € E(T";\ :
ker((T'— XIdy)™). Thus r;(T)(w;) = ¢(T)((T — AIdy)™(w;)) = ¢(T)(0) =0. O

Lemma 4.2. For everyi=1,...,s and every w; € E;n;, gi(T) ori(T)(vi) = v;.

Proof. By the identity, w; = Idy(w;) = 327, i(T) o r;(T)(W;). By Lemma 4.1,
for every j # 4, g;(T) o ry(T)(w;) = g:(T)(r:i(T)(w;)) = g:(T)(0) = 0. O

Denote by W the ordered s-tuple of vector subspaces of V., W = (E(T”;\17 . ,E(T”;\ )

Proposition 4.3. For every ordered s-tuple of vectors in W, (w1,...,ws), denot-
ingv=wi+---+wg, foreveryi=1,...,8, w; = g;(T) or;(T)(v).

Proof. Because g;(T) o r;(T) is a linear operator,
gi(T) o ri(T)(v) = gu(T) ori(T)(Y_ wy) = D gi(T) o 7i(T)(w;).
j=1 j=1

By Lemma 41,16 & then (1) 0 (T)(w;) = (7)1 () owg) = :(T)(0) = 0.
Therefore,

gi(T) o ri(T)(v) = gi(T) o 74(T') (wi)-
By Lemma 4.2, g;(T) o r;(T)(w;) = w;. Therefore ¢;(T) o r;(T)(v) = w;. O

Theorem 4.4. Let T : V — V be a linear operator. For every integer s > 1 and
every ordered s-tuple of distinct scalars (M\1,...,\s), the ordered s-tuple of vector

subspaces W = (Ej(fx;\)l, ceey Ej(qoi)) is linearly independent.
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Proof. If s = 1, this is trivial: for any subspace W of V', (W) is linearly independent.
Thus assume s > 2. Let (wy,...,ws) be an ordered s-tuple of vectors in W such

that 0 = wy+- - -+wg. By definition, for every i =1,..., s, Egpoi)l = UnZOE;n/)\i. So

for every i = 1,...,s, there exists an integer n; > 0 such that w; € E(TnA) Define
n = max(ni,...,ns). By Corollary 2.5, for every i = 1,...,s, w; € Eéwng\ By
Proposition 4.3, for every i = 1,...,s,

w; = g;(T") or;(T)(0) = 0.
Since (wi,...,ws) =(0,...,0), W is linearly independent. a



