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Resolvents

Let K be the splitting field of a polynomial
flz)=2" - a1z + asz™ % — +ay,

over F', and let ay, ..., a, be the roots of f in K, which we assume to be distinct. We wish to determine
the Galois group G. By its operation on the roots, G embeds as a subgroup of the symmetric group
Sn = G, and the problem is to determine this subgroup:

Which permutations of the roots come from F-automorphisms of K ?

The method we discuss here computes some auxiliary polynomials called resolvents, and asks whether
or not they have roots in F'. Our question can be answered by such computations, in principle.

To help keep track of things, we use the substitution homomorphism

Fluy,...,up] = K
which sends u; ~» «;. The coefficients a; of f are obtained by substitution from the elementary
symmetric functions: a; = s;(«).
Let p1(u1,...,un) be a polynomial with coefficients in F. The symmetric group G operates on the
polynomial ring F[uq, ..., u,]; let its orbit under the action of G be {p1,...,pr}.

For example, if p1 = ujua, the orbit of p; consists of the products u;u; with ¢ # j.

Lemma. Let {p1,...,pr} be the orbit of a polynomial p1(u1, ..., u,) for the operation of permuting the
variables. Let f(y1,...,yr) be a symmetric polynomial in some variables y1,...,yr. Then f(p1,...,pr) i
a symmetric polynomial in Uy, ..., Up.

Proof. A permutation of uy, ..., u, permutes the orbit {p1,...,p,}. The corresponding permutation of
Y1, ..., Yr fixes the symmetric polynomial f. U

We expand the polynomial y(@) = (x —p1) - (x —pr).
Its coefficients are elementary symmetric functions in p1, ..., p,, so they are also symmetric functions
of u, and can be written in terms of the elementary symmetric functions s;(u), say

$;(P1y - Pr) = qj (81, .05 8n),
where s; = s;(u). We make the substitution u; = ;. Let

ﬁj = pj(alv ) an)a
and let
g@)=(@x—B1) - (x—B) =a" —bra" L+ bpa" 2+ ... £b,.
The coefficients of g are obtained by the same substitution into g;(s1,...,sn), so b; = gj(ai, ..., an).
Therefore g(z) has coefficients in F'.

A permutation z of the set {uq, ..., u,} defines some more permutations:

(a) Since the o are distinct, z can equally well be thought of as a permutation of the set {1, ..., a, }.
(b) z induces a permutation Z of the set {p1, ..., pr}.
(c) Provided that the §; are distinct, z can be used to permute {/1, ..., 5, }.

Our notation will be that z sends u; ~» zu;. Then Z(p;(u1, ..., un)) = pj(Zua, ..., Zuy,), which is another
one of the polynomials {p1, ..., pi}, say pe. Assuming that §; are distinct, we substitute u; = a:

2(8;) = z(pj(a1, ..., o)) = pj(zon, ..., 2ap,) = By
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Lemma. Assume that the B; are distinct. Let o be an F-automorphism of K, and let z be the
permutation of the roots {aq, ..., } it defines. Then the permutation Z of {31, ..., 3r} determined by
Z 1is the one defined by o too.

Proof. z(B;) = p;j(zou, ..., za) = pj(oaa, ...,00n) = o(p;(ai,...,an)) = o(F;). O

If G is not the whole symmetric group G, there is no reason to suppose that the set {(1, ..., 5.} forms
a single G-orbit in K, and if not, then g(z) will be reducible. We ask: What could we conclude if one
of the elements 3; happened to be in F'?

Let H; be the stabilizer of the polynomial p; for the operation of G. It is a general property of group
operations that the H; are conjugate subgroups of G, because the polynomials p; form one orbit.

Theorem. With the notation as above, suppose that (31, ..., 3, are distinct elements of K. Then 3; € F
if and only if G is a subgroup of H;.

Proof. The theorem follows from the fact that F' is the fixed field K. Let ¢ be an F-automorphism of
K, let z denote the be the permutation of {u1,...,u,} which corresponds to the permutation induced
by o on {a1, ..., }, and let Z be the permutation of {p;} induced by z.

We apply the lemma. Because the [3; are distinct, o fixes §; if and only if Z fixes u;, and this happens
if and only if z € H;. Then §; € F if and only if 3; is fixed by all o € G, which is true if and only if
G C Hj. O

Since G is the smallest subgroup of G in which it is contained, knowing which subgroups of G contain
G determines the group. We need only find suitable resolvents.

Example. The resolvent cubic is, aside from the discriminant, the most important resolvent of a
quartic equation. It determines whether or not the order of the Galois group is divisible by 3.

Let n = 4, and p; = ujus + uzus. The orbit contains the three elements py, po = ujusz + usuyg, and
p3 = w14 + ugus. The resolvent cubic is the polynomial

y(x) = 2% — s1(p)a® + sa(p)x — s3(p).

We compute the coefficients of v: s1(p) = ujuz + (orbit sum) = sa. Next,

s2(p) = (urug + usug)(urus + vsug) + ... (a sum of 12 terms).

We note that one term is U;%U;QU:{ and that the orbit of this monomial has order 12. Therefore
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s2(p) = uiugus + (orbit sum).

We set the last variable to zero, obtaining

52(p)° = udugus + urudus + ugugui = s9s3.
We note that s1s3 = (u1 + -+ )(urugug + - -+ ) is a sum of 16 terms, and 12 of them make up the orbit
of u2ugug, which is so(p). Therefore sys3 = so(p) + 484, and s2(p) = 5153 — 4s4. Similarly, one finds
that s3(p) = s3 — 45254 + s754. So

3 sor? 4+ (s183 — 4s4)x — (sg — 48984 + 8354), s; = si(u).

V(z) =
For example, the polynomial f(x) = 2* — 6z +2 is irreducible over Q, by the Eisenstein criterion. Here
s1 =82 =0, s3 =06, and s4 = 2. So s1(p) =0, s2(p) = —8, and s3(p) = 36. The resolvent cubic is
g(z) = 23 — 8z — 36,

which has no integer root, hence is irreducible over Q. Since it has roots in the splitting field K of f,
the degree [K : F] is divisible by 3.



