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2.094 — Finite Element Analysis of Solids and Fluids Fall ‘08

Lecture 11 - Deformation, strain and stress tensors

Prof. K.J. Bathe MIT OpenCourseWare
We stated that we use Reading:
Ch. 6
/ "1y 04655 ATV = / $Si; 0 6ei; AV ="R (11.1)
ty oy

The deformation gradient We use ‘z; = %z, + 'u,

9'z, Oz, 9'm
0 0 0
0%z, 0%z, 0%z4

(;‘/X — 'z, d'w, d'wy (11.2)

0 0 0
0%, 9%z, 0%z4

atws Btws Bth
9%, 0%, 0%z,

dlz = | dlz, (11.3)

d’z = | d°z, (11.4)

Implies that
d'z = X d’x (11.5)

((X is frequently denoted by fF or simply F, but we use F for
force vector)

We will also use the right Cauchy-Green deformation tensor

o =({XTix (11.6)

Some applications
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11. Deformation, strain and stress tensors

The stretch of a fiber (*A):
() = dzlde _ (ds\F
dOcT dO% dOs
The length of a fiber is

d% = (dOdeocc) H

dO:cTOtXT) (3X dom)
dOs - dYs ’

()7 = 4

from (11.5)

Express

d’z = (dos) On

9% = unit vector into direction of d°z

= (t/\)2 =nTiC'n

= (OnT(fCOn)%

Also,

(d2)" - (d'z) = (d3) (d*s) cos 'O,

From (11.5),
(0T §XT) (4X da) o
cos ‘0 = Jiadls <0X = OX)
~d%%%TC'n d%
dts - dts
cos ' = " Con
DO
Also,
%
tp = X (see Ex. 6.5)
0
Example
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(a- b= |al[|b]| cos0)

(11.7)

(11.8)

(11.9)

(11.10)
(11.11)

(11.12)

(11.13)

(11.14)

(11.15)

(11.16)

(11.17)

(11.18)

Reading:
Ex. 6.6 in
the text
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2. (°2,)
=
/ — o
/4ER | ¢
U‘ = 1
2 >
X (%Z.)
\L\JE; 4]
{
< —
Z
1 0 0
e, =, + (11.20)
4
=> mfzf, (i=1,2) (11.21)
k=1
where ‘z¥ are the nodal point coordinates at time t (‘1 = 2, 'zl = 1.5)
Then we obtain
1 5+ O 1+ %
X =- { 2 ! 11.22
0% =7 L0+ %) L9+ %) (11.22)
At %2, =0, %, =0,
115 1
¢ _
XMoo= 1] e
The Green-Lagrange Strain
1 1
e = 5 (XX -1)= 5 ({c —1) (11.24)
otx; 0 (%z; + tu;) tu,
_ it ) g i 11.25
801‘j 601‘j J + 8Oxj ( )
We find that
1
éeij =3 (5“1,3’ + éuj,i + éukﬁiéuk,j) , sum over k =1,2,3 (11.26)
where
Otu,
t 7
by = 5o (11.27)
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Polar decomposition of (X
(X =!RU (11.28)
where (R is a rotation matrix, such that

and (U is a symmetric matrix (stretch)

Ex. 6.9 textbook

V3 1 4 9
X=13 A [ 5o } (11.30)
2 2 2
Then,
{C={XT X = (jU)? (11.31)
1 2
fe=35|(0U)*-1] (11.32)

This shows, by an example, that the components of the Green-Lagrange strain are independent of a
rigid-body rotation.
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