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2.094 — Finite Element Analysis of Solids and Fluids Fall ‘08
Lecture 5 - F.E. displacement formulation, cont’d
Prof. K.J. Bathe MIT OpenCourseWare
For the continuum Reading:
Ch. 4
e Differential formulation
e Variational formulation (Principle of Virtual Displacements)
Next, we assumed infinitesimal small displacement, Hooke’s Law, linear analysis
KU =R (5.1a)
lut™ = HMy | (5.1D)
K=> K™ (5.1c)
R=Y R} (5.1d)
m
e™ = BMyu 5.1e)
U'=[U Uy -+ U,], (n=all do. of element assemblage) (5.1f)
K — BT cm) gm) gy (m) (5.1g)
Vim)
R = HT B qym) (5.1h)
Vim)
Surface loads
Cos)
- 7/ — W Wﬁbm)
(’ m) 0L
Recall that in the principle of virtual displacements,
TR
“surface” loads = U f77dSy (5.2)
Sg
WS = g5y (5.3)
z5"™ = g™ (5.4)
evaluated at the surface
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5. F.E. displacement formulation, cont’d

Substitute into (5.2)

— m T m
UT Hs( ) fs( ) dS(m)
S(m)

for element (m) and one surface of that element.

R — ST S ggm)

S(m)

Need to add contributions from all surfaces of all loaded external elements.

KU =R+ Rs+ R,

where R, are concentrated nodal loads.

Assume

(5.5)

e (5.7) has been established without any displacement boundary conditions.

e We, however, know nodal displacements U, (rewriting (5.7)).

K K, U, R
KU — R:> aa a a — a
I:Kba Kbb:|(Ub) (Rb

Solve for U,:

KaaUa = Ra - KabUb

where U, is known!

Then use

K, U, + KU, =R, + R,

where R, are unknown reactions.

Example 4.6 textbook
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(5.10)
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If we can set this relation up, then clearly we can get HV, H® HG) H®
w™ = My
Also want €™ = B(MU. We want H. We could proceed this way

u(z,y) = ar + a2x + azy + asvy
v(z,y) = by + box + bsy + byxy

Express ay...aq, by...bs in terms of the nodal displacements uy...u4, v1...04.

(e.g.) u(l,1) =a1 +az +as + a4 = uy.

for node 1.

(1—-2)(1+y)

N

h2($7y) =
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(5.12)

hi(z,y) = +(1 4 2)(1 4+ y) interpolation function
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j ha(a,y) = 1 (1 —z)(1 - y)
Yy
b +
|
ha(a,y) = ;(1+z)(1 - y)
Ug=i
? %
’U(xa y) = hiur + houg + hauz + haug ‘ (5.16)
’U(% y) = h1vi + hova + havs + havy ‘ (5.17)
U
U
u3
u(x,y) . hl hQ h3 h4 0 0 0 0 Uy (5 18)
U(ZE, ’y) o 0 0 0 0 h1 hg h3 h4 (%1 ’
V2
H (2x8) Vs
vy
We also want,
U1
U2
us
€xx hl,z hZ,x hS,m h4,x 0 0 0 0 w
ey | =] 0 0 0 0 hiy hay hyy hay vf (5.19)
’me hLy h2,y hS,y h4,y hl,x h?,:p h37z h/4,z Vo
B (3x8) U3
V4
ou
Tr — 5.20
€z O ( )
v
Cyy = oy (5.21)
ou Ov
=5 T o 5.22
Tay y + Or ( )
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