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Probability and VRIS el
Statistics

| flip a coin 100 times, and it shows heads every time.

Question: What is the probability that it will show
heads on the next flip?
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Probability and
Statistics

Probability # Statistics

Probability: mathematical theory that describes
uncertainty.

Statistics: set of techniques for extracting useful
information from data.
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Interpretations Frequency

of probability

The probability that the outcome of an experiment is A
is P(A)

If the experiment is performed a large number of times
and the fraction of times that the observed outcome is
Ais P(A).
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lnterpretations Parallel universes

of probability

The probability that the outcome of an experiment is A
is P(A)

If the experiment is performed in each parallel universe
and the fraction of universes in which the observed
outcomeis Ais P(A).
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Interpretations State of belief

of probability

The probability that the outcome of an experiment is A
is P(A)

If that is the opinion of an observer before the
experiment is performed.
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|nterpretations Abstract measure

of probability

The probability that the outcome of an experiment is A
is P(A)

If P() satisfies a set of conditions.
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Interpretations Abstract measure
of probability Axioms of probability

Let U be a set of samples . Let E;, E-, ... be subsets
of U. Let ¢ be the null set (the set that has no
elements).

e0 < P(E;) <1

e P(U)=1

e P(¢p) =0

0|fE3'mEj = ¢, then P(Ez’UEj) — P(Ez) +P(EJ)
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PI‘ObabiIity Discrete Sample Space

Basics

e Subsets of U are called events.

e P(FE) is the probability of E.
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PI‘ObabiIity Discrete Sample Space

Basics
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Probability Set Theory

Basics Venn diagrams

¢ v

|

P(A) =1—- P(A)
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Probability Set Theory

Basics Venn diagrams

Y

»

P(AU B) = P(A) + P(B) — P(AN B)
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Conditional Probability

Probability
Basics
N
P(ANB
AU

We can also write P(AN B) = P(A|B)P(B).
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Conditional Probability

Probability
Basics Example
Throw a die.
e A is the event of getting an odd number (1, 3, 5).
e B is the event of getting a number less than or equal
to3 (1, 2, 3).

Then P(A) = P(B) =1/2 and

P(AN
Also, P

B) = P(1,3) = 1/3.
(A|B) = P(AN B)/P(B) = 2/3.
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Probability Law of Total Probability

Basics

eletB=CUDandassume C N D = ¢. We have
P(ANC) P(A N D)
P(A|C) = :

5C) and P(A|D) = (D)

e Also P(AN B) = P(AN (C U D)) =
P(ANC)+ P(AND)— P(AN(CN D))=
P(ANC)+ P(AND)

e Since P(A|B) prob (B) = P(A|C)P(C) + P(A|D)P(D)
we have P(A|B) = P(A|C)P(C|B) + P(A|D)P(D|B).
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Probability Law of Total Probability

Basics

An important case iswhen C U D = B = U, so that

ANB=A. Then
P(A)=P(ANC)+ P(AND) =
P(A|CYP(C)+ P(A|D)P(D).

AND

‘———\\U

A

D=C

Al
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Probability Random Variables

Basics

Let V' be a vector space. Then a random variable X
IS a mapping (a function) from U to V.

If w € U and = X(w) € V, then X is a random
variable.
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A random variable is a function that assigns a numerical
value to each possible outcome of a probability experiment

Example 1: X = the number that comes up on the roll of a dice

Example 2: X =the number of heads in 3 flips of a coin

Probability Value of X

125
125
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125
125
125
125
125
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Probability Example

Basics Pseudo-random number generator

A pseudo-random number generator is a set of
random variables X;(w), X2(w), ... where there is a
function F' such that

Xpi1(w) = F(Xn(w))
and F' is such that the sequence of X,,(w) satisfies
certain conditions.

Pseudo-random number generators are used
extensively in simulation.
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Random variables are either

e discrete: can only assume a finite set of values
e continuous: can take on any value within some interval of real numbers

Today: discrete random variables
Next Class: continuous random variables

The probability distribution of a discrete random variable X is

the possible values X1, ...y X , and corresponding

n
probabilites P;s-sP, where > pPi=1
i=1

Example 3:

copyright © 2000 Lawrence M. Wein.
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Summary Measures

Var (x) = variance of x

o’

X

2
E EX -4 )
average squared deviation from the mean

gP<X=xi><xi—ﬂx)2

Mean =

E [X] = expected value of X
= mean of X

= the average outcome

E [X] = :le P(X=x))
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Example 3: X =number of heads in 3 flips of a coin
E(X)=2xP(X =x;)= 1(2) +2(§) + 3(—;) =15

I

o (x) =ZP(X = x)(x;~4,)* =

1 3 3 1 3
=—(0-1.5°+=(1-1.5)° +=(2-1.5)* +—(3-1.5)° ==
3 (0-1.5)° + J(1-15)° +(2-1.5) + - (3-1.5)

4

Variance is in “squared” units, so we take square root

M. Wein.

2
O'(X) = \/O‘ (X) = standard deviation of x
The bigger O => the more spread out the distribution

—> the more uncertainty in the random variable
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Linear Functions of a Random Variable

£
o
=
=
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Binomial Distribution

Each trial is
* a success with probability P
* a failure with probability 1- P

X= number of successes in N independent trials

E(x) = np Var(x) = np(1- p)

Example: X = number of heads in 3 tosses of a coin
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Two Random Variables

X = Xi and Y = 'yl with probability P,

COV(x,y)= covariance of Xand Y

= E[(X - XY - )]

n
= 2P\~ N ,Uy]
if Xand Y are independent then COV (X,Y) =

if Xand Y tend to vary in the same direction, then COV (X,Y) > 0
if Xand Y tend to vary in the opposite direction, then COV (X,Y) <0

E(ax + bY) = aE(X )+ bE(Y)
VAR(X+Y)= VAR(X) + VAR(Y) + 2COV(X,Y)

(DU RATCRLEEEN MO VAR(X+Y)= VAR(X)+VAR(Y)

CORR(X,Y) = correlation of Xand Y

_ CoV(X.Y)
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