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1. Wave Interference 
Solution 

S2 

S1 

D 

b 

Assume S1 and S2 are two identical sources. Their electric field components at point P can be 
expressed as: 
E1 (t) = E cosωt  (1) 

tE2 (t) = E cos(ω +φ )  (2) 

E1 

E2 
Ep 

φ 

Use phasor representation, the resulting interference wave electric field component is: 
Ep 

2 = E 2 + E 2 − 2E 2 cos(π −φ ) 

Ep 
2 = 2E 2 + 2E 2 cosφ = 2E 2 (1 + cosφ ) 

Ep 
2 = 4E 2 cos2 φ  (3)

2 

The phase difference φ  is associated with path difference as: 
φ r2 − r1= 
2π λ 

d sinθ
If D >> d , r2 − r1 ≈ d sinθ ⇒φ ≈ 2π

λ 
(4) 
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E 2 

Also we know the intensity of the wave is I = 
2 m 0C 

E 2 

Thus I = p 
p 2µ0C 

E 2 

Insert (3), we get I p = 
2µ0C 

× 4cos2 φ 

2 
= 4I 0 cos2 φ 

2 
(5) 

In summary, I p = 4I 0 cos2 φ 
, φ ≈ 2π 

d sinθ 

2 λ 

2. Solution 
(a) Transverse Wave: displacement of medium is perpendicular to the direction of travel of the 

wave. The displacement of a particle on the string at location x and time t can be expressed 
as: y(x, t) = Asin 2π (t / T + x / λ) (1) 

2π
Among them, A: amplitude, T: period, λ : wavelength, k =

λ 
: wave number, 

1 λf = 
T 

: frequency, v = 
T 

: velocity. 

Compare (1) with y = 0.3sin[π (0.5x − 50t)] = 0.3sin[2π (0.25x − 25t)], we get 
πA 0 3 T 0 04 / λ 4 k 1/ f 25(1/ )= . cm , = . cm s , = cm , = 

4cm v = 
0.04cm / s 

= 100cm / s 

(b) The transverse speed of a particle at x is 

v(x, t) = 
dy(x, t) 

= 15π cos[π (0.5x − 50t)]
dt 

The maximum speed is 15πcm / s . 

3. Liboff Problems 
3.1 Solution 

D̂ 2ϕ = 
∂ 

∂ϕ 

 =
∂ 2ϕ

⇒ D̂ 2 =
∂ 2 

∂	x  ∂x  ∂x 2 ∂x 2 

∂ 2  ∂ 2ϕ  ∂ 4ϕ 
⇒ ∆̂2 =

∂ 4 

∆̂2ϕ = −
∂x 2 


− 
∂x 2 


 = 

∂x 4 ∂x 4 

cm , = s ,
2 

M̂ 2ϕ = 
∂
∂ 

x∂ 

2 

y 


 ∂
∂ 

x 

2 

∂
ϕ 

y 



 = 

∂x 
∂ 

2

4 

∂
ϕ 

y 2 ⇒ M̂ 2 =
∂x 
∂ 
2 ∂ 

4 

y 2
1 

∂ 2 f ∂ 2 f ∂ 2 f ∂ 2 f1 For continuous f(x, y), x ∈ X , y ∈ Y ,  if both 
∂x∂y 

and 
∂y∂x 

exist, 
∂x∂y 

=
∂y∂x 

. 
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Î 2ϕ = ϕ ⇒ Î 2 =  operation that leaves ϕ  unchanged 
1 1 1 1

Q̂ 2ϕ = ∫ ∫0 
ϕdx′dx′′ ⇒ Q̂ 2 = ∫ ∫0 

dx′dx′ 
0 0 

F̂ 2ϕ = F (x)F (x)ϕ = F 2 (x)ϕ ⇒ F̂ 2 = multiplication by F 2 (x) 

B̂ 2ϕ = 
1 

 1 

ϕ 
 = 

1 
ϕ ⇒ B̂ 2 =  division by number 9 

3  3  9 
Θ2ϕ = Θ( ) = 0 ⇒Θˆ ˆ 0 ˆ 2 =  operator that annihilates ϕ 

P̂ 2ϕ = P̂(ϕ 3 − 3ϕ 2 − 4) = (ϕ 3 − 3ϕ 2 − 4)3 − 3(ϕ 3 − 3ϕ 2 − 4)2 − 4 
Ĝ 2ϕ = Ĝ(8) = 8 ⇒ Ĝ 2 =  operator that changes ϕ  to 8 

3.2 Solution 

D̂ −1 D̂ ϕ = D̂ −1 
 ∂ϕ 

 = ϕ 
 ∂x  

Though 
∂ϕ 

could be inverted to ϕ  by integration, the arbitrary integration constant makes it 
∂x 

not unique. Thus general D̂ −1  does not exist. 

Î  −1 Îϕ = Î  −1ϕ = ϕ 

⇒ Î −1 = Î  

Î −1 =  operation that leaves ϕ  unchanged 

1F̂ −1 F̂ϕ = F̂ −1 [F (x)ϕ]= ϕ = 
F (x) 

[F (x)ϕ], F (x) ≠ 0

 1 
⇒ F̂ −1 =  F (x) 

F (x) ≠ 0

not exists F (x) = 0 

B̂ −1 B̂ϕ = B̂ −1 × 
1 
ϕ = ϕ 

3 
⇒ B̂ −1ϕ = 3ϕ 

ˆ −1 ˆ ˆ −1 ( ) = ϕΘ Θϕ = Θ 0
ˆ −1⇒  There exists no Θ 

Ĝ −1Ĝϕ = Ĝ −1 ( ) = ϕ8 
⇒  There exists no Ĝ −1 
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3.3 Solution 

D̂(aϕ1 + bϕ 2 ) = ∂ (aϕ1 + bϕ 2 ) = a ∂ϕ1 + b ∂ϕ 2 = aD̂ ϕ1 + bD̂ ϕ1∂x ∂x ∂x 
ˆ ⇒ D  is linear. 

∆̂(aϕ1 + bϕ 2 ) = −
∂
∂ 

x 

2

2 (aϕ1 + bϕ 2 ) = −a ∂
∂ 

2 

x 
ϕ 

2
1 − b ∂

∂ 

2 

x 
ϕ 

2
2 = a∆̂ ϕ1 + b∆̂ ϕ1 

ˆ ⇒ ∆  is linear. 

M̂ (aϕ1 + bϕ 2 ) = 
∂
∂ 

x∂ 

2 

y 
(aϕ1 + bϕ 2 ) = a ∂ 2ϕ1 + b ∂ 2ϕ 2 = aM̂ ϕ1 + bM̂ ϕ1∂x∂y ∂x∂y 

ˆ ⇒ M  is linear. 

Î (aϕ1 + bϕ 2 ) = aϕ1 + bϕ 2 = aÎϕ1 + bÎϕ 2 

⇒ Î  is linear. 

1 1 1
Q̂(aϕ1 + bϕ 2 ) = ∫0 (aϕ1 + bϕ 2 )dx′ = a∫0 

ϕ1dx′ + b∫0 
ϕ 2 dx′ = aQ̂ ϕ1 + bQ̂ ϕ 2 

ˆ ⇒ Q  is linear. 

F̂ (aϕ1 + bϕ 2 ) = F (x)[aϕ1 + bϕ 2 ] = aF (x)ϕ1 + bF (x)ϕ 2 = aF̂ϕ1 + bF̂ϕ 2 

ˆ ⇒ F  is linear. 

B̂(aϕ1 + bϕ 2 ) = 
1 [aϕ1 + bϕ 2 ] = 

1 aϕ1 + 
1 bϕ 2 = aB̂ϕ1 + bB̂ϕ 23 3 3 

ˆ ⇒ B  is linear. 

ˆ ˆ ˆΘ(aϕ1 + bϕ 2 ) = 0 = aΘϕ1 + bΘϕ 2 

ˆ ⇒Θ  is linear. 

P̂(aϕ1 + bϕ 2 ) = [aϕ1 + bϕ 2 ]3 − 3[aϕ1 + bϕ 2 ]2 − 4 

aP̂ϕ1 + bP̂ϕ 2 = aϕ1
3 − 3aϕ1

2 − 4a + bϕ 2
3 − 3bϕ 2

2 − 4b ≠ P̂(aϕ1 + bϕ 2 ) 
ˆ ⇒ P  is not linear. 

Ĝ(aϕ1 + bϕ 2 ) = 8 
ˆ ˆ ˆ aGϕ1 + bGϕ 2 = 8a + 8b ≠ G(aϕ1 + bϕ 2 ) 

ˆ ⇒ G  is not linear. 
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3.10 Solution 
(∆x)2 

=< (x− < x >)2 > 

=< x 2 − 2 < x > x+ < x > 2 > 

=< x 2 > −2 < x >< x > + < x >2 

=< x 2 > − < x >2 

^ 

In classic physics, x 2 = (x)2 , implying x 2 = ( x̂)2 = x 2  in quantum mechanics. 

< x 2 >=	∫
+∞
ψ * x 2ψdx 

−∞ 

ψ (x, t) = A exp 


− (x − 

2 

x0 )2 
 exp  

ip0 x  exp(− iω 0t ) , A2 = 
π 2a 

1 

 4a   h  
Let η = (x − x0 ) / a , x = a(η +η0 ) , η0 = x0 / a 

η2 
− 

< x 2 >= Aa3 ∫
+∞

(η +η0 )2 e 2 dη 
−∞ 

 +∞ −
η 2 

+∞ −
η2 

+∞ −
η2  

< x 2 >= Aa3 ∫−∞η
2 e 2 dη + 2η0 ∫−∞ηe 2 dη +η0

2 ∫−∞ 
e 2 dη 

  
η 2 η 2 η2 

+∞  −
η2  η2 +∞ 

+∞ − 

 2    −∞

+ ∫−∞ 
e 2 dη =∫−

+

∞

∞
η 2 e 

− 
2 dη = −∫−

+

∞

∞
ηe 

− 
2 d 


−

η 2 
 = −∫−∞ηd  e 2 

 = −ηe 
− 

2 π 2

η2 2 
+∞ −

η2 

η 2  +∞  −
η  η2 +∞ 

∫−
+

∞

∞
ηe 

− 
2 dη = −∫−∞ 

e 2 d 



− 

2 

 
= −∫−∞ 

d  e 
2 
 = −e 

− 
2 = 0 

  −∞ 

< x 2 >= Aa3 [ 2 
0 22 πηπ + ]= [ 2 

0 
3 22

2
1 πηπ 
π 
a

a 
+ ]= a 2 + a 2η0

2 

< ∆x > 2 =< x 2 > − < x > 2 = a 2 + a 2η0
2 − a 2η0

2 = a 2 

We can conclude that a  is the spread, or, standard deviation of the underlying probability density 
distribution function of x . The bigger a  is, the wider the shape of probability density 

2
distribution function P(x) = ψ is. 

3.12 Solution 
(a) The possible outcomes are: 1, 2, 3, 4, 5, 6.  Each of them has a probability of 1/6. 

6 

< s >= ∑ Pkk = 
1 [1 + 2 + 3 + 4 + 5 + 6] = 

7 
k =1 6 2 
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(b) ∆s 2 =< s 2 > − < s > 2


6


< s 2 >= ∑ Pkk 2 = 
1 [12 + 22 + 32 + 42 + 52 + 62 ]= 

91


k =1 6 6


∆s = 
6 
105 

2 
7 

6 
91 2 

22 = 
 


 
 
−=><−>< ss 


