22.02 Problem Set 1 Solution

1. Wave Interference
Solution

Assume S| and S, are two identical sources
expressed as:

E () = Ecosot
E,(t) = Ecos(ot +¢)

. Their electric field components at point P can be
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Use phasor representation, the resulting interference wave electric field component is:
2 _ 2 2 AHp2 _
E,=E"+E"-2E" cos(t —¢)

2 2 2 2
E,”=2E" +2E" cos¢ =2E"(1+cosd)

2 2 Z(I)
E, =4E" cos 5 3)

The phase difference ¢ is associated with path difference as:
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If D>>d,r,—r =dsin® = ¢ =2n
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E2
Also we know the intensity of the wave is [ = c
2 m 0
E2
Thus [ b= b
2p,C

2
E ><4<:0529=4I0 cos’ = (5)
2u,C 2 2

Insert (3), we get [, =

d sin0
A

In summary, I, =41, COSZ%, 0 ~2n

2. Solution

(a) Transverse Wave: displacement of medium is perpendicular to the direction of travel of the
wave. The displacement of a particle on the string at location x and time t can be expressed
as: y(x,t) =Asin2n(t/T +x/)\) (1

2
Among them, A: amplitude, T: period, A : wavelength, k = il : wave number,

1 A
= —: frequency, v = —: velocity.
S 7 frequency 7 y
Compare (1) with y = 0.3sin[r (0.5x — 50¢)] = 0.3sin[27 (0.25x — 257)], we get
A=03cm, T=0.04cm/s, A =4cm, k=%1/cm, f=251/s),

dem

vV=—"-"T"—
0.04cm/ s
(b) The transverse speed of a particle at x is

dy(x,t)
dt

=100cm /s

v(x,t) = =15n cos[m (0.5x — 501)]

The maximum speed is 15mcm /s .

3. Liboff Problems
3.1 Solution
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' For continuous f(x, y), x € X,y € Y, ifboth exist, = )
Ox0y 0y0ox Oox0y  0Oyox
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I p=¢ = I? = operation that leaves ¢ unchanged

N2 Ll 1o N2 el

Q¢ = J.OJ.O(pdxdx =0 = J.Ojodxdx

F 0 = F(x)F(x)p = F*(x)p = F? = multiplication by F*(x)

33 9
(:)z(p = (:D(O) =0=0%= operator that annihilates ¢
Po =P’ -3¢ —4) = (9 -3¢> —4)' =3(¢’ —3¢” —4)’ -4
éz@ = 6(8) =8=G? = operator that changes @ to 8

A 1(1 1 A
B¢ = —(—(pj =—@ = B* = division by number 9

3.2 Solution

0 : : . .
Though a—q) could be inverted to ¢ by integration, the arbitrary integration constant makes it
X

not unique. Thus general D™ does not exist.

>

A

e =I"¢=¢
=["=]
"= operation that leaves ¢ unchanged

A

TFe = F[F(xp]=0 [F(x)p], F(x)#0

T Fx

F(x) F(x)#0

not exists F(x)=0

= B7lp =30

O '0p=67"(0)=0¢

= There exists no @'

GGo=G(8)=¢
= There exists no é_l
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3.3 Solution

D(ag, +bo,) = g(atpl +bo,) = aﬁ%é& =aD¢, +bDg,
Ox Oox ox
:>l§ is linear.
2 2 2
A(ag, +bo,) = —a—z(aq)l +bo,) = —aa—(zl—ba—(zz = ahg, +bAo,
Ox ox Ox

= A is linear.
2

~ 0 82([) 82(p N R
M +bp,)=—— +bp,)=a—L+b—2 =aMo, + bM
(a9, ?,) oxdy (a9, ¢,)=a oxdy axdy amo, (O

= M is linear.

i(a(Pl +b9,)=ap, +bep, = ai(Pl +bj(P2

= [ is linear.

A 1 1 1 R A
O(ap, +be,) = .[0 (ap, + b, )dx" = a'[o(Pldx’ +b_[0(P2dx' =aQe, +b0o,

= Q is linear.

F(ag, +b9,) = F(x)ap, +bo,|= aF (x)p, + bF(x)p, = aFp, +bFo,
— F is linear.

- 1 1 1 A A
B(ag, +b0,) =§[a(p1 +b‘~P2]:§a(Pl +§b(Pz =aBo, +bBo,
— B is linear.

(:)(a(p1 +bp,)=0= a(:)(p1 +bC:)(p2

= O is linear.

P(ag, +b9,) =[ap, +be, | 3[ap, +be, ' -4
aPo, +bPo, = a@] —3a@} —4a+bo> —3be? —4b # P(a, +b,)

= P is not linear.

é(a(l)1 +bgp,)=8
aGo, +bGo, =8a+8b = G(ap, +by,)

= @ is not linear.
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3.10 Solution

(Ax)®

=<(x—<x>) >
=<x’=2<Xx>x+<x>>
=<x?>-2<x><x>+<x>>
=<x’>-<x>

In classic physics, x* = (x)°, implying x*> = (X)> = x” in quantum mechanics.

<x’>= J'jwy/*xzt//dx

w(x,t) = Aexp{%} [ . jexp( iwgt), A* = |

a~N 2w

Let n=(x—xy)/a, x=a(n+n,), n, =x,/a

. _r
<x’ >:Aa3.[ (n+n,)’e *dn

o U ’

+00 +00 —_— —+00 777—
<x’ >:Aa3{|. n’e 2d77+2770.[ ne 2d77+77§£ e 2dn

2
v v T n’ B 7 N
'[_wne zdﬂz—j_we Zd(—7j:_£w d[e 2j:_e 2 _
<x*>=Ada’ [\/_+77§\/_] [\/__i_’]o\/_] a’ +a’n?

<Ax>’=<x’>-<x>'=a’+a’n, -a’n; =a’

S v T 2 o s [ A
I_wnze 2dn:—J‘_OOne 2d(—n—j:—f nd[e 2}:_776 2 +L}e 2dn=~2n

We can conclude that a is the spread, or, standard deviation of the underlying probability density
distribution function of x. The bigger a is, the wider the shape of probability density

distribution function P(x) = |l//|2 is.
3.12 Solution
(a) The possible outcomes are: 1, 2, 3,4, 5, 6. Each of them has a probability of 1/6.
6
1
<s >:2Pkk:g[l+2+3+4+5+6]:—

k=1
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(b) As® =<5° >—< 5>’

2 : 2 1 2 2 2 2 2 2 91
<s?>=> Pk :E[l +22 432 +47+57 16 ]:z
k=1

2
As=\/<s2>—<s>2 = %_(Zj :_”105

6 \2 6




