22.02 Problem Set 3 Solution

1.Solution
The energy eigenvalue problem for the given system is:
ﬁw=EW
~ nd’
H=———+V(x)
2m dx’
0 |x|>a
V(x)=
-V, |x|I<a
For bounded particle, the solution is:
v, =Ae” x<-a
v, =Bsinkx or B'coskx —a<x<a

xX>a

. /2m(E+V) _ [2mE
h2

Since the solutlon has to be odd, y, = Bsin kx

Also we know, v, (a) =y, (a), if y,(x) is decaying, there has to be at least a quarter of wave

from 0 to a within the well. This means A/4>a.
“Just being bounded” means A/4=a and E =0.

2 2 2mV, 2p?
Thisgivesusk:—ﬂ:—ﬂ: #:VO:”_Z
A 4a h 8a"m
2.Solution
Liboff 5.12

A

(a) Proof [A+ B,C]=[A4,C]+[B,C]
LHS =[A+ é,é]: A+B)C-C(A+B)=AC+BC-CA-CB
RHS =[A,C]+[B,C]= AC-CA+BC-CB = LHS
(b) Proof [AB,C] = A[B,C]+[A4,C]B
LHS = ABC - CAB
RHS = A(BC - CB) +(AC — CA)B = ABC — ACB+ ACB—CAB = ABC — CAB = LHS

Liboff 5.19

(¢,,9;) = {sin kx, exp(ikx)}

Since we know @, = exp(ikx) is a common eigenfunction of H and p , we’d like to keep it
as one of the two common eigenfunctions composed of (¢,,¢,). If we denote itas ¢,
thenp, = a,p, + a,p, = @,, whichmeans a, =0 and a; =1. (1)

Also we know @, = exp(—ikx) is a common eigenfunction of H and p and is linearly
independent of ¢, = exp(ikx) , we hope we could construct ¢, as a linear combination of

(@,,905).
@, =b,p, + by, = b, sinkx + b, exp(ikx) = b, sin kx + b, (cos kx + i sin kx)
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@, = b, coskx + (b, +ib;)sin kx = exp(—ikx) = cos kx —isin kx
=b,=1,b,=-2i )

Sum (1) and (2), we get:

@, = 0x@, +1x @, =exp(ikx)

@, =—-2ix@, +1x @, = exp(—ikx)

@, and @, are a pair of linearly independent common eigenfunctions of H and p.

Liboff 5.25
Use uncertainty principle:

If [A,B]=C #0, then AAAB > — |<C>|

(a) AXAE
[%,Ely =XEy - Exy
2 2
t=x, E= —h—d—+V(x)
2m dx*
. p nody n d’
X, Ely =x[-— +V(xX)wW]-[-——+V(x)][x
[x, ETy = x[ o w]-[ Y ()][xy]
n dy h* d*
= xy|l—xV(x
o xz[ v] (X)y
2 2 2 2 2 2 2
WAy WA, Ay (P W dy (W Ay R dy
2m dx’ 2m dx dx 2m dx®>  2m dx 2m dx 2m dx
2
(5 £="
m dx
po=-inL = (i Bl=il p,
dx m

ho,
From uncertainty principle, we get AxYAE > — 5 |< i—p, >
m

Thus AxAE le < p, >
2m }

(b) Ap.AE

. d -~ B d’
il By

Pe =700 ma @

[p..Ely = p.Ew—Epy
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d_ ndy h2 d’ dy
, =—ih—[-———5+V ———+V
[p,.Elw ldx[ Py ()l//][ e (0)][-ih x]
3 3 2 3
AV VW) Yy i d +th()
2m dx’ dx dx
. dV(x)
-ttt
: dx vV
AprE21|<—ihm>|:E|<m>|
2 dx 2 dx
(c) AxAT
2 2
o
2m dx*

[£,Tw = Ty - Txy
2 2 2 2 2 2

_ hxdt// . dzx): thlé/ . d((/H_xd_t//
2m dx* 2 dx 2m dx 2m dx dx
hxdt// n dl// hdy hxdl// *dy

2m dx? 2m dx 2m dx 2m dx? m dx

&71=i"p.
m

1 . .
AxATZ—\<isz >|=i|< p. >
2 m- 2m

(d) Ap AT

R d » Kt d*
=—h—, T=——

Px x 2m dx?

[p. T = p. Ty -Tpy

2 2 2 2 3 5

— i _(_h_d )+7l_d_2_l.hd_l//)_hdl// o dy
dx 2m dx®” 2m dx dx 2mde 2m dx

Ap AT =0

3.Solution

0 1 A
The 1D Schrodinger equation is: ih%’) = Hy(x,1) (3.1)
Separate the variables of the solution as w(x,?) = z C,0p,(x) (3.2)

n

Plug (3.2) into (3.1), we get:
dC ~
im0, ( L_Scobpm 63

Insert Hgon (x) = En(pn (x) into (3.3), we get:
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. dC t

Y0, () = 3., 0,0,

Match every term, if C” ® =E,C, (1) (3.4)

Solve 3.4) = C,(t)=C,(0)e™™", @, =E, /h (3.5)

Replace C, (¢) in (3.2) with (3.5) = y(x,t) = Z C,(0)p,(x)e"™ @, =E h (3.6)

Use initial condition, y(x,0) = a,@, (x) + a;p,(x), we get:
C,(0)=aq,, C;(0)=a,;, C,(0)=0 for i #13 (3.7)
Insert (3.7) into (3.6):

= p(x,0) = ae” ™, (x) +ae” "y (x) (3.8)

2 . m :
From problem set2, we know ¢, (x) = 7 sink,x, k, = 7 put into (3.8)

= w(x,t)= al\/z 7 sink, x + a3\/z % sink,x

T E, _ hx’ P 3T E, 9hr’
L noo2mLl*’ L no2ml

L L
The probability of finding the particle between x = By and x = 2 + Ax for small Ax is:

P(x) X:L/ZAX =y (x,1) |)2c=L/2 Ax
2
P = 2 io k 2 7 sin k, Ax
(x)| A =a Z sink,x+a, L sin k,x
x=L/2
. . L .
smklx|X:L/2 = sm(zx—) =1, sin k3x|X:L/2 = sm(3—><—) =—

P(x = L/2)Ax = 2%“ ae ™ — g

i0, i6,

If we write a, and a; as a, = |a1|e and a, = |a3|e
2Ax . a2
P(x L/Z)Ax = —U al ’ i(@, 5’1)5_ ’ a3 ‘ e i(w3—03)t

2Ax
=— (a4 I +lay " =2|a, ||ay | cos[(@, = 6,) ~ (@, - 6;)])

Probabilities of energy measurement:
. 2 2
a) P(E)) = |a1 exp( _lwlt)| = |a1|
b) P(E,)=0
. 2 2
¢) P(E;) =|a, exp(—iwy, )| =|as|
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As can be seen from the result, the energy measurement probabilities don’t change over time.
4.Solution

If [Fl,f)x] =0, p, conserves.

If []:I,fy}] =0, p,conserves.

If [H,p.]=0, p.conserves.

H=T+V and [T,p,]1=[T,p,1=[T,p.1=0

[H,p =T +V),p =T, p1+1V.p. 1=V, p.]
According to the same logic,

[H,p,1=[T+V),p,1=IT.p,1+V.p,1=V.,]
[H,p.1=[(T+V),p.1=IT,p.1+[V,p.1=1V, p.]

(@) V(x,y,z) = ax+ by’ +cz’°
[f],f)x v = [I},[)x Jw = (ax+by* + cz3)(— ih (2_1//] + ih{at// + (ax +by? +cz’ )%—W} =ihay
X X

[H,p.1=iha+0.

The momentum does not conserve in x direction.

[H, plv= v, P, v =(ax+ by +cz’ )(— ih aa_‘//] + ih{Zbyl// + (ax +by’ +cz’ )%—W} =i2hbyy
y y

[H,p,1=2ihby #0.

The momentum does not conserve in y direction.

[FI,[?Z]V/ =V, p.lw =(ax+by* + CZ3)(— lhaa—l//j + ih|:3CZZW + (ax +by’ + cz3)(2—l//} =3ihcz’y
4 4
[H, p.]=23ikcz® #0.

The momentum does not conserve in z direction.
(b) V(x,y,z) =aarctan(x/ L)

[A,p.w=[V.p.lw=a arctan(x/L)(— in aa—‘”j + ih[a W

/L > +aarctan(x/ L) 8_!//}
X

1+(x/L) ox
/L .0
1+(x/L)

The momentum does not conserve in x direction.

[H,p.]=iha

[H, P,y = v, D, lw=a arctan(x/L)[— ih %—Wj + ih{a arctan(x/ L) %—W} =0
) Y y

The momentum conserves in y dirlection.
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[FI,f?Z} =V, p.} = aarctan(x/L)(— In 8(;—) + in {a arctan(x/L)a(ay } =0
z z

The momentum conserves in z direction.
(©) V(x,y,z) =bexp(—y* /d?)
A, b Yy =1V, b.Jw = bexp(—y® /dﬂ(— z‘ha—"’] +m[bexp(_y2 /d2>a—‘q ~0
Oox Oox
[H.p,]=0.
The momentum does conserve in x direction.
[H,p,Jv =1V, p,Jy =bexp(-y’ /d’ )(— ih %WJ + ih[b exp(-y’ /dz)%—l// +bexp(-y*/d’ )(—z—f)w} #0
Y

The momentum does not conserve in y dirlection.

[H,p.ly =1V, p.ly = bexp(-y’ /dz)(_ § aa_wj + ih[b exp(-y’ /dz)%_w} ~0
Z z
The momentum conserves in z direction.

5.Solution
A A A #? Aoa
H=T+V :—2—V2 +V, Py(x,y,2) = y(-x,—y,~z)
m

If [[:I , f’] =0, energy and parity operators have common eigenfunctions.

First, we can proof that [f, 13] = 0. Then we check if [I},ﬁ] =0. Ifitis true, A and P have
common eigenfunctions.

Prove [f , ﬁ] =0

2 A2 2 A2 2 A2
L S Y
2m ox~ 2moy” 2moz
ﬁl//(xay5z) = l//(_xa_ya_z) = f)x]sy p l//(X,y,Z)

If we can show [fx,ISx] = [fy,ISy] = [fz,lsz] =0, [f,ls] =0 is proved.
Show [T.,P.]=0
Since w(x, y,z)is a linear combination of odd functions and even functions, if we can prove
that [YA")r , f’x Jy,(x) =0, where y (x) =y,(—x) and [fx,f’x Jw,(x) =0, where
W (x) ==y, (—x), it is true that [YA"X ,ﬁx lw(x,y,z)=0.
2 2 2 2 2 2 2 2
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2 2 _ 2 R 2 2 2 ) )
[P = QW0 B 5 O ) B Oys(9) B Oya()
2 2m ox 2m ox 2m  Ox m  Ox

According to the same logic, []A“} ,f’y] = [fz ,132] =0
Thus [7,P]=0

0

(@) V(x,y,z)=e’/r

[V (x,3,2), Ply = (&* | Py (=x,=p,=2) = Pl(e* I ) (x, ., 2)]

= (€’ /Wy (=x,~y,~z) = (e’ /)y (=x,~y,~2) =0

Thus [H,P]=0

The energy operator and the parity operator have common eigenfunctions.

() V(x,y,2) = ax +by* +cz’

V(x,y,z), ﬁ]y/ =(ax+by’ +cz’ W(—x,~y,~z) — f’[(ax +by? + ez’ w(x, y,2)]
= (ax + by’ +c2 W(—x,~y,—z) — (—ax + by’ —cz’ )W (-x,—y,—z) # 0

Thus [H,P] # 0

The energy operator and the parity operator do not have common eigenfunctions.

(©) V(x,y,2) = axy

[V(x7 Vs Z)aﬁ]l// = (CZXJ’)‘//(_X,_%_Z) - ﬁ[(axy)l//(xa Vs Z)]

= (axJ’)‘//(_xa_y,_Z) - (axJ’)‘//(_xa_y,_Z) =0

Thus [H,P]=0

The energy operator and the parity operator have common eigenfunctions.
6.Solution

Liboff9.3
The possible values of an angular momentum measurement are the square roots of eigenvalues

of the total angular momentum operator I They are L =/A°I(l+1),1=01,2,.... In
another word, £2¢;" =n’l(l+ )"
From the problem, we know L = /56 , which gives us [ =7, since

L =156 = yR*xTx(7+1)

The possible values of an angular momentum projection measurement on X axis are the
eigenvalues of ix . They are L _=7h,6h,...,—6h,—Th .
The angle @ is given by cos@ =L /L = 0 =arccos(L_/L).

Thus 6, = arccos(L / L) = arccos(7h/ h\/%) =23°

X,max

Libiff9.25(a)

The solution of eigenvalue problems for [? and l:z are:

LY =1+ 1Y, [=0,1,2,...
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LY" - hmY", m=—l~+1,.,1

This means the possible values of measurements of L are 1/%2°/(I +1) and those of L_ are
mh .
The given state wave function is expanded with ¥," as:
4
w(0,9,0) = ,— ,— ,—
The possible values of Land L_ are:
(L,L)= {(1,1) (7,3) (7 1)} The possibilities of these measurements are:

P(L=1L =1)= ‘
: J_ "2
8
P(L:7,LZ:3)=— =
1
P(L:77Lz:1):ﬁ :%

Libiff9.30

L \mil>=n*1(l+1)|ml>,1=0,12,.

L |m,>=hm|ml>, m=—~I,~+1,.,1

The above eigenvalue problem solutions are true for both particles, which means:

I nl (1, +1)

m
2 ml >\ m,l, >= ! ml, > m,l, >
Lé | 1°1 | 2%2 hzlz(lz-‘rl) | 1°1 | 2%2
izZ hm,

The eigenvalues of the set of operators (fq R L L2 L2z) corresponding to the product

1z»

cigenstate | ml, > m,1, > are: w121 (1, +1),myh, B2, (1, + 1)}

Libiff9.34
=1, m=-1, [ =1 [, =1,
[, =1=m =-10,1
L, =1=m,=-10,1
Due to coupling, m =m, + m, = (ml,m2 ) = (— 1,0)0r(0,—1)
Thus, | /,ml,m, >=C_; [1,-1,1,0>+C,_, [1,0,1,-1>
Find the coefficients as: I, | L-111>=0= \/E(C—Lo +Co_ ) L=1>]1,-1>,
= C—I,O = _CO,—I
To normalize, | C_, , > +| Coi I’=1
1
=>C,,=-C,_ =%

S
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N 1

1w p1gm \/E \/5

1 1
The possible values of L, are —# with probability of 5 and 0 with probability of 5

1L,-LL0>w — | LO,L,—1>

Libiff9.35

[=2, m==-2, [, =1, [,=1],

[, =1=m =-10,1

L, =1=m,=-10,1

Due to coupling, m =m, + m, = (ml,m2 ) = (— 1,—1)

Thus, |/,m,l,m, >=1,-1,1,-1 >

There is only one set of possible quantum numbers. The joint probability of finding the two
electrons with L, = L, =—h is one.



