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8.044  Statistical  Physics  I  Spring  Term  2004 

Solutions to Problem Set #8 

Problem 1: Correct Boltzmann Counting 

a) 

4πemE �3N/2 

Φ =  V N 

3N 

3N/2 = V N [2πemkT ] using E = (3/2)NkT  

S(N, V, T ) =  k ln Φ 

3N/2 = k ln V N [2πemkT ]

= Nk  ln V + (3/2)Nk  ln[2πemkT ] 

Now let N λN , V λV , and T T . Then as a result → → → 

S λNk ln(λV ) +λ(3/2)Nk  ln[2πemkT ].→ � �� � 
= λNk ln V 

So S �→ λS because of the failure in the first term. 

b) The pressure is the same on both sides of the partition, so 

P = 
N1kT 

= 
N2kT 

. 
V1 V2 

Now make use of the definition of α. 

N1kT N2kT 
= 

αV (1 − α)V 

We can solve this to put N1 and N2 in terms of α. 

N2 = 
1 − α 

α 
N1 

N1 

N1 + N2 

= 
N1 

(1 + 1−α 
α )N1 

= α = 
N1 

N 

N2 

N1 + N2 

= 
N2 

( α 
1−α + 1)N2 

= 1  − α = 
N2 

N 
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Since the mixing takes place isothermally (because for ideal gases there is no interac-
tion between the molecules), the T term in our expression for S of each gas does not 
change. 

∆S1 = N1k ln V − N1k ln αV 

= N1k ln(1/α) =  Nkα  ln(1/α) 

∆S2 = N2k ln V − N2k ln[(1 − α)V ] 

= N2k ln(1/1 − α) =  Nk(1 − α) ln(1/1 − α) 

∆S1 + ∆S2 = α ln(1/α) + (1  − α) ln(1/1 − α) > 0Nk[���� � �� � � �� � � �� � 
+ + + + 

This result is correct if the two gases are different. What should we expect when 
the gases are the same? ∆E = 0  since the internal energy of an ideal gas does not 
depend on the volume, E(T,  V  ) =  E(T ), and the initial and final temperatures are 
equal. ∆W = 0  since no work is necessary to slide the partition in and out (there is 
no opposing force in the absence of friction). Using these two results in the first law, 
∆E = ∆W + ∆Q, tells us that ∆Q = 0. If  the process is reversible ∆S = ∆Q/T 
and it follows that ∆S = 0.  This is not consistent with the detailed calculation above 
which indicated a positive ∆S, but which nowhere required that the two gases be 
different. 

c) 

V N


Φ =  [2πemkT ]3N/2


N ! 

S(N, V, T ) =  Nk  ln V − Nk  ln N +k ln N +(3/2)Nk  ln[2πemkT ] 

neglect compared to 
previous term 

= Nk  ln(V/N) + (3/2)Nk  ln[2πemkT ] 

Now let N λN , V λV , and T T .→ → → 

S → λNk ln(V/N) +  λ(3/2)Nk  ln[2πemkT ] =  λS 

We can summarize the results for the volume-dependent part of the entropies when 
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the mixing involves only one gas by constructing a table.


volume-dependent term in the entropy 
with partition without partition 

old S αNk ln αV + (1  − α)Nk  ln(1 − α)V 
= Nk[α ln αV + (1  − α) ln(1 − α)V ] 
= Nk[α ln α + (1  − α) ln(1 − α) � �� � + ln  V ] �= Nk  ln V 

+ 

new S αNk ln αV 
αN + (1  − α) ln  (1−α)V 

(1−α)N 

= Nk[α ln(V/N) + (1  − α) ln(V/N)] 
= Nk  ln(V/N) = Nk  ln(V/N) 

Problem 2: Torsional Pendulum 

2) First find the Hamiltonian. 

H = T + V + 1 Iθ̇2 + 1 K(θ − θ0)
2 

2 2 

Then use the canonical ensemble expression for the probability density. 

p(θ, θ̇) ∝ exp[− H
]

kT 

∝ exp[− 
θ̇2 (θ − θ0)

2 

]
2(kT/I)

] exp[−
2(kT/K)

Notice two important features of this result. First, the probability density factors, 
p(θ, θ̇) =  p(θ)p(θ̇), so θ and θ̇ are statistically independent. Second, the dependence 
on both θ and θ̇ has the Gaussian form. In particular, p(θ) is  Gaussian with mean θ0 

and variance σ2 = kT/K. Therefore, θ 

kT1/2< (θ − θ0)
2 > = . 

K 

θ >=< θ  ><  ̇b) Since θ and θ̇ are statistically independent, < θ  ̇ θ >. By  inspection, 
p(θ̇) is a  zero-mean Gaussian, so < ˙ θ >= 0.θ >= 0  which leads to < θ  ̇
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Problem 3: Defects in a Solid 

a) 

Zone = exp[−εi/kT ] = 2  exp[−0/kT ] +  3  exp[−∆/kT ] 
states 

= 2  + 3  exp[−∆/kT ] 

Ztotal = (Zone)
N = (2 + 3  exp[−∆/kT ])N 

b) 

F = −kT ln Z = −NkT  ln(2 + 3 exp[−∆/kT ]) 

∂F 
S(T,  N) =  = kT ln(2 + 3 exp[−∆/kT ]) + 3Nk  

� 
∆ 

� 
exp[−∆/kT ] − 

∂T 
N kT 2 + 3  exp[−∆/kT ] 

c) In the high temperature limit where kT � ∆, all states are equally probable for a 
single defect. 

1 pi = 
5 

i = 1, 2, 3, 4, 5 

1 3< ε >  = 0  × 2 1 + ∆  × 3 × = ∆
5 5 5

× 

E = N < ε >  = 3 ∆N
5 

Problem 4: Neutral Atom Trap 

a) First write down the Hamiltonian for one atom. 

2 2 2px py pz = + + + arH1 
2m 2m 2m 

Then compute the partition function 

2 
y 

2 
x 

2 
z1 ∞ ∞ ∞pp p 

dpz e− ar 
kT r 2 sin θ drdθdφ e− e− e−Z1 = dpx dpy 2mkT 2mkT 2mkT 

h3 �−∞ �� � �−∞ �� � �−∞ �� � � V �� � 
√

2πmkT 
√

2πmkT 
√

2πmkT 4π 
∞ 

0
exp[−ar/kT ] r2 dr 
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� �3 �2πmkT kT 
= (  )3/24π 

∞ 
y 2 e−y dy

h2 a 0 

2 

2πmk 
)3/2 T 9/2 a−3= 8πk3( 

h2 

In order to emphasize the dependence on the important variables, this can be written 
in the form Z1 = AT αa−η where 

2πmk 
)3/2A = 8πk3( α = 9/2 and η = 3. 

h2 

b) Remember to include correct Boltzmann counting. 

1 
Z = Z1 

N 

N ! 

F = −kT ln Z = −kT (N ln Z1 − N ln N + N) 

= −NkT  ln(Z1/N) − NkT  

∂F 
S = − 

∂T 
N 

1 Z1/N 
= Nk  ln(Z1/N) +  Nk  + NkT  (9/2)

Z1/N T 

= Nk  ln(Z1/N) +  (11/2)Nk  

c) 

dQ = 0  no heat is exchanged with surroundings 

dQ = dS/T process is said to be reversible 

dS = 0, S  is constant ⇒ 

⇒	 Z1 is constant, using the result from b) 
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⇒ T 9/2/a3 is constant and = T 9/2 
0 /a3 

0 

� 
T �9/2 � 

a �3 

= 
T0 a0 � 

a �2/3 

T = T0 
a0 

Problem 5: The Hydrogen Atom 

a) 
A H|n, l, m >= n, l, m > −
n2 

|

The lowest energy, −A, corresponds to 1, 0, 0 > and is non-degenerate. The next |
lowest energy, −A/4, is four fold degenerate: 

2, 0, 0 >, 2, 1, 1 >, 2, 1, 0 >, and 2, 1, −1 > .| | |	 |

The ratio of the number of atoms in the first excited energy level to the number in 
the ground state depends on both the energies and the degeneracies. 

N (−A/4) 4 exp[A/4kT ] 
= 4  exp[−(3/4)A/kT ]= 

N (−A) exp[A/kT ] 

Using the conversion factor 1meV = 11.6K we find that 13.6eV = 1.58 × 105K. Eval-
uating the above ratio gives 4.8 × 10−170 at 300K and 1.6 × 10−51 at 1000K. 

b) The degeneracy of the nth energy level is 

1 + 3 + 5 +  · · · + (2n − 1) = n 2 . 

The partition function for a single atom, neglecting the unbound states, is 

Z = exp[−εi/kT ] =  
∞

n 2 exp[α/n 2], 
states i n=1 

where α ≡ A/kT . Since α >  0, it follows that exp[α/n2] > 1 for all n. Using this we 
can set a lower bound for Z, but Z diverges since the lower bound diverges. 

Z > 	
∞

n 2 which diverges 
n=1 
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c) The Coulomb potential is a mathematical oddity in that it produces an infinite 
number of bound states with energies less than zero. This situation if modified in the 
real world by the presence of walls (consider the energy levels of a particle in a box) 
or by the presence of other atoms. The existence of hydrogen atoms in the interstellar 
medium, on the other hand, probably has more to do with the absence of excitation 
mechanisms (non-equilibrium) than with the presence of neighboring atoms. 
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