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1 Lorentz Gauge Potentials in the Far-Field Region 

x, t) ≡ cA0(�x, t) and Ai(�x, t) ≡ Ai(�x, t) (where In Lorentz gauge, the potentials V (� i ∈ 
{1, 2, 3}) solving the Maxwell equations are 

� x �

Aµ(�x, t) = 
µ0 Jµ(�x , tr)

d3 x where tr(t, �x, �x �) ≡ t − |x − � |
, (1)

4π �x − � c| x �| 

with µ ∈ {0, 1, 2, 3}, J0(�x, t) ≡ cρ(�x, t) and J i(�x, t) ≡ Ji(�x, t). The similarity of the wave 
equations for the scalar and vector potentials allows us to combine their solutions in one 
compact formula. Later we will see that the 4-vectors Aµ and Jµ are much more than 
simply a convenient shorthand notation. 

We will evaluate the integral in equation (1) making two approximations. The first 
one is that the observer is very distant compared with both the size of the source and 
the wavelength of light — so distant, in fact, that only the parts of � B that decline E and �

as 1/r with distance are retained. This excludes the static fields and allows us to replace 
x − � �x by r ≡ �x in the denominator of the integral. This far-field restriction also 
allows us to approximate the retarded time by 

r r̂ �x � r̂ �x � r 
tr ≈ t − + 

· ≡ t0 + 
·

, t0 ≡ t − , (2) 
c c c c 

x, i.e. �x = rr̂. (The r and ˆwhere r̂ is the unit vector in the direction of � r notation is 
similar to that used by Griffiths.) The retarded time from different points in the source 
varies only slightly about the value t0 at the origin. 

Second, we assume that the source charges are slowly varying (equivalently, the 
charges move nonrelativistically) so that the Taylor expansion of Jµ(�x, tr) about tr = t0 
converges rapidly. In that case we may write 

� �2 

Jµ(�x , tr) ≈ Jµ(�x , t0) + 
r̂ · �x

J̇µ(�x �, t0) +
1 r̂ · �x � 

J̈µ(�x , t0) + . (3) 
c 2 c 

· · · 
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For a source varying sinusoidally with angular frequency ω, J̇µ ωJµ (to order of ∼
magnitude) so the Taylor series converges rapidly if ωr�/c � 1 which is satisfied if the 
source varies slowly compared with the time for light to cross it. This condition also 
implies
 r
 = 2πc/ω. Thus our two assumptions combined may be written � λ 

r � λ � r . (4)


The potentials are now given by integrating equation (3) over volume. Integrating 
J0 = cρ gives 

r̂ d� r̂ir̂j d
2Cij p

4π�0rV (�x, t) ≈ Q + (t0) + (5) 
c 
· 

dt
(t0) +

2c2 dt2 
· · · , 

where � � � 

Q ≡
 ρ� d3 x , p(t0) ≡ �� x �ρ� d3 x , Cij(t0) ≡ x
 � 

j
� xi ρ� d3 x (6)


are the first three moments of the charge distribution1 and ρ� ≡ ρ(�x
is constant. The static potential Q/(4π�0r) gives a 1/r2 

, t0). Note that 
charge conservation implies Q 
static field instead of radiation, so we drop this term from further consideration. 

The moments of the current density require more work. They may be evaluated using 
the methods introduced in Lecture 18 for magnetostatics. The zeroth moment (volume 

integral of J� �) is found as follows: 

� 

j∂J

∂x
x =
 − dpi 

dt

d3 ρ� d3˙� 

i 
� 

i−
x x = x 
� 

j 

∂ 
d3 � 

i d
3 x ,
� 

iJ
 � 

i 
�) J−j x =(x − J=


� 

j∂x


where in the first line we used charge conservation ρ̇ + ∂Jj/∂xj = 0 (recall the Einstein 
summation convention) and in the second line we used the fact that the source is localized 
while the integral is over all space. From this we conclude 

� 

i d
3 x =


dpi 

dt

(t0) . (7) J


Similarly, 

� 

k∂J

∂x

dCij ∂ 
d3 d3 x . (8) x
 � 

j 
� xi

� 

j
� xi J
 � 

i
� ) (− xk J
 � j +
 x
� jJ
 �)i(x−x =
 =


� 

k 
� 

kdt ∂x

For convenience we define � 

d3� 

iJ
 � j x .Dij ≡ x


1Moments of a distribution are integrals over the distribution multiplied by one or more factors of 
the integration variable. 
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Then the antisymmetric part of Dij follows from 

Dij − Dji = (δilδjm − δimδjl) xlJ
� d3 x = �ijk�lmk xlJ

� d3 xm	 m 

= �ijk (�x � × J� �)k d
3 x = 2�ijkmk , 

where we introduced the magnetic dipole moment, 

1 
m = �x � J� � d3 x .	 (9) 

2 
× 

The symmetric part of Dij follows from equation (8): 

dCij 
Dij + Dji = . 

dt 

Combining the symmetric and antisymmetric parts, we find 

x � J � d3 x � = −�ijkmk(t0) +
1 dCij 

(t0) .	 (10) j i 2 dt 

Substituting equations (3), (7), and (10) into the spatial part (µ ∈ {1, 2, 3}) of 
equation (1) gives the vector potential: 

4πr d� r̂ d� Cm 1 d2 �
A(�x, t) ≈ (t0) −	 (11) 

µ0 

�
dt

p 

c 
× 

dt 
(t0) +

2c dt2 
(t0) + · · · , 

where Ci ≡ r̂jCij. Although the electric and magnetic dipole terms appear similar on the 
right-hand side, the electric dipole term came from the zeroth-order term in the Taylor 
series expansion of the current while the magnetic dipole and Cij terms both came from 
the first-order term. For nonrelativistic sources we therefore expect magnetic dipole and 
electric quadrupole radiation to be weaker than electric dipole radiation. 

2	 Electric and Magnetic Fields for Radiation from 

Non-Relativistic Extended Sources 

Having worked out the potentials by integrating the charge and current distributions 
over volume, we are prepared to evaluate the electric and magnetic fields using 

∂ �
E = −� A

, B = � A .	 (12) �V −
∂t 

� �× �

The potentials depend on �x in two ways: (1) through the 1/r and r̂ factors, and (2) 
through the retarded time t0 = t − r/c. The first dependence leads to fields that fall 
off as 1/r2 or faster. The gradient of the retarded time, however, preserves the 1/r 
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dependence because � −ˆ�t0 = r/c. Likewise, all of the time-dependence of the potentials 
comes from the retarded time. 

Radiation fields exist because of retarded time! To get the 1/r fields we need consider 
only the spacetime dependence of retarded time, t0(t, r) = t−r/c. The scalar and vector 
potentials have several terms contributing to radiation, which we consider separately 
below. 

2.1 Electric Dipole Radiation 

Electric dipole radiation arises from the terms in equations (5) and (11) that are pro­
portional to d�p/dt. The corresponding electric and magnetic fields are 

p � r̂ µ0 r̂ d2�� = 
µ0 

r̂
d2�

, B1e = 
c 
× E1e = . (13) −

4πr c 
× 

dt2 
E1e 

4πr 
× r̂ × 

dt2 
� p 

The subscript 1e denotes that first-order (in the Taylor series expansion of eq. 3) electric 
multipole. The angular distribution of radiated power is 

E1e × B1e) µ0 �

� 
d2�

�

� 2dP1e 
� � p µ0p̈

2 

dΩ 
≡ r 2Sr = 

r̂ · ( �
=

16π2c �
�r̂ × 

dt2 �
� =

16π2c 
sin 2 θ . (14) 

µ0 

Here, ¨ p/dt2|, θ is the angle between � r, and all quantities are to be evaluated p and ˆp ≡ |d2�
at the retarded time t0. The total power emitted by dipole radiation gives the Larmor 

formula, 
dP1e µ0p̈

2 

P1e ≡ dΩ = . (15) 
dΩ 6πc 

For a harmonically varying dipole, i.e. p(t) = p0 cos ωt, the time average is �p̈2 = 
1 2ω4 

� 
2
p0 . Most transitions between bound states of atoms can be described as emission or 

absorption of electric dipole radiation resulting from a time-varying dipole moment of the 
charge distribution. The correct treatment of this process requires quantum mechanics 
because the amount of radiated energy is not arbitrary but is quantized into discrete 
amounts corresponding to the differences in the atomic energy levels. However, the 
classical theory is remarkably accurate once allowance is made for the discrete resonant 
frequencies. 

2.2 Magnetic Dipole Radiation 

Magnetic dipole radiation arises from the terms in equations (5) and (11) that are pro­
portional to d�m/dt. The corresponding electric and magnetic fields are 

� mµ0 r̂ d2 � � r̂
E1m = E1m . (16) 

4πr c 
× 

dt2 
, B1m = 

c 
× �
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This result also follows from electric dipole fields under the duality transformation men-
� B → −1 �E cB, �

c 
E, � 1 m. This fact allows us to quickly deduce tioned in Griffiths, � → p →

c 
�

the angular distribution of radiated power and the total emitted power, 

dP2m 

� 
d2 �

�

� 2 � ¨ 2 ¨ 2m µ0mµ0 � � =
16π2c3 

�

�r̂ ×
dt2 �

� =
16π2c3 

sin 2 θ , P2m = 
µ0m

. (17) 
dΩ 6πc3 

Despite its similarity to electric dipole radiation, magnetic dipole radiation is ordinarily 
much weaker (it came from higher order in the Taylor series expansion) because the 

magnetic moment comes from current rather than charge — J� ∼ ρ�v where �v is the 
velocity of the charge carriers — and m/c ∼ pv/c. Magnetic dipole radiation can be 
important when the electric dipole moment vanishes, as it does for certain transitions 
between atomic energy levels, and for strongly magnetized neutron stars (pulsars). 

2.3 Electric Quadrupole Radiation 

Electric quadrupole radiation arises from the terms in equations (5) and (11) that are 
proportional to d2Cij/dt2 . Some algebra is required to obtain simple expressions for the 

rfields. One finds that the fields depend on Cij only through ˆ× C where Ci ≡ r̂jCij. 
This result is conventionally written in terms of the traceless quadrupole tensor and its 
projection along r̂, 

Qij(t0) ≡ 3x � (− rj 
� xi d3)2δij x = 3Cij − Ckkδij , Qi ≡ r̂jCij . (18) 

With this definition, r̂ × �C = 1 
3 
r̂ × �Q. The result for the fields is 

⎛ ⎞ 

�E2e = 
µ0 

24πrc 
r̂ × ⎝r̂ × d

3 �Q 

dt3 
⎠ , �B2e = 

r̂ 

c 
× �E2e = − µ0 

24πrc2 
r̂ × d

3 �Q 

dt3 
. (19) 

The resulting angular distribution of emitted power is 

dP2e 

dΩ 
= 

µ0 

576π2c3 

� 
� 
� 
� 
� 
� 
r̂ × d

3 �Q 

dt3 

� 
� 
� 
� 
� 
� 

2 

. (20) 

The dependence on angles is hidden inside 

r̂ = �ex sin θ cos φ + �ey sin θ sin φ + �ez cos θ . (21) 

To make the angular dependence of quadrupole radiation explicit, we need to know 
the form of Qij. Quadrupoles can be made by superposing dipoles of equal strength 
but opposite orientation. The general case is a linear combination of two configurations, 
collinear and X. 
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In the collinear configuration the two dipoles lie along the same axis (Griffiths Prob­
lem 11.11). Taking the dipoles to lie along the z-axis, one finds that all elements of Cij 

1vanish except Czz ≡ 3
Qcoll(t0), which gives 
⎛ ⎞ 

0 0
1 

−1	
3 

⎜ ⎟ �[Qij] = Qcoll(t0)⎝ 0 −1 0 ⎠ ⇒ r̂ × Qcoll = Qcoll(t0) sin 2θ �eφ . (22) 
3	

−
2

0 0 2 

In the X configuration the two dipoles are placed side by side (pointing in opposite 
directions). Taking the two dipoles to lie in the x-y plane, the nonzero elements of Cij 

1 are Cxy = Cyx ≡ 3
QX(t0), which gives 

⎛ ⎞ 
0 1 0 

⎜ ⎟ �[Qij] = QX(t0)⎝	 1 0 0 ⎠ ⇒ r̂ × QX = QX(t0) sin θ(−�eθ cos 2φ + �eφ cos θ sin 2φ) . 
0 0 0 

(23) 
It should be noted that the general quadrupole tensor has 5 linearly independent coeffi­
cients (a symmetric 3 × 3 matrix has six but the trace is zero). There are two linearly 
independent collinear configurations described by three diagonal elements whose sum 
vanishes; an independent collinear configuration may be obtained simply by rotating the 
charges to lie along a different axis than the z-axis. There are three linearly independent 
X configurations, namely those in which the dipoles lie in the three orthogonal planes x-y, 
y-z, and x-z. Therefore, aside from rotation of the coordinates, the two cases considered 
are fully general. 

The angular power pattern for the quadrupole has more nodes (directions along which 
the radiated power vanishes) than for dipole radiation. For example, for the collinear 
pattern, dP/dΩ ∝ sin 2(2θ) vanishes for θ = 0 and θ = π/2 while radiation is maximal 
along the cones θ = π/4 and θ = 3π/4. The X pattern is not axisymmetric; the radiation 
is peaked into four lobes equally spaced in azimuth. 

To get the total power we integrate equation (20) over solid angle. This is tricky 
because of the angular dependences associated with all the r̂ unit vectors. The integration 
is most easily done by writing the square of the vector appearing in the formula using 
index notation, 

� �2 � 
d3Qkl 

�� 
� d3 �Q �	 d3Qno 

� 

�r 
� 
ˆ× 

dt3 
�

� =	 �ijkr̂j r̂l �imnr̂mr̂o 
� �	 dt3 dt3 

d3Qkl d
3Qno 

= (δjmδkn − δjnδkm)ˆ rlˆrjˆ rmr̂o 
dt3 dt3 

d3Qkl d
3Qkm d3Qjk d

3Qlm 
= r̂lr̂m 

dt3 dt3 
− r̂j r̂kr̂lr̂m 

dt3 dt3 
. 

Now we use the angular averages 

1 1 
r̂lr̂m� = δlm , �r̂j r̂kr̂lr̂m = (δjkδlm + δjlδkm + δjmδkl) (24) �

3	
�

15
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to conclude 

1 

4π 

� 
� 
� 
� 
� 
� 
� 
r̂ × d

3 �Q 

dt3 

� 
� 
� 
� 
� 
� 

2 

dΩ = 
� 

1 

3 
− 2 

15 

� 
d3Qij 

dt3 
d3Qij 

dt3 
= 

1 

5 

d3Qij 

dt3 
d3Qij 

dt3 

where the Einstein summation convention is used (and we used Qkk = 0). Thus the total 
power emitted by quadrupole radiation is 

P2e = 
µ0 

� 
� 
� 
� 
d3Qij 

� 
� 
� 
� 

2 

, (25) 
720πc3 dt3 

where the square of d3Qij/dt3 is understood also to involve summing over the pairs of 
indices. 

The derivation of quadrupole radiation is complicated. To go to higher order in 
the Taylor expansion of equation (3) it is better to represent the potentials using an 
expansion in spherical waves composed of spherical harmonics and radial basis functions. 
This technique is used in more advanced treatments. Dipole radiation corresponds to 
spherical harmonics Ylm(θ, φ) with l = 1 and m ∈ {−1, 0, 1} — the three orientations of 
a dipole are related to the three different m-values. Similarly, quadrupole radiation with 
its five degrees of freedom correspond to the 5 m-values for Y2m. 

Equation (25) is rarely used because electric dipole radiation is almost always stronger 
than quadrupole radiation. Its greatest interest lies in its similarity to the power radi­
ated by gravitational radiation of slowly-moving sources in general relativity. In elec­
tromagnetism there is no monopole radiation because of charge conservation (recall Q 
is independent of retarded time in eq. 5). In general relativity there is no monopole 
radiation because of conservation of energy, and there is no dipole radiation because of 
conservation of momentum. 2 The lowest-order of gravitational radiation is given by a 
gravitational quadrupole radiation formula strikingly similar to equation (25): 

G 
� d

3Qij �

�2 

P2G =
45c5 

�

� 
dt3 �

� , (26) 

where G is Newton’s constant and Qij is defined using the mass density instead of the 
charge density. 

3 Scattering of Electromagnetic Radiation 

Electromagnetic radiation incident upon charges causes them to oscillate. Previously 
we considered the oscillations of a system of harmonically bound electrons in order 
to work out the frequency dependence of permittivity. If the radiation is incident on a 

2Maxwell’s equations enforce charge conservation. Einstein’s equations enforce energy-momentum 
conservation. 
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single charge or atom the oscillation of the localized charges will generate electromagnetic 
radiation. This process is called scattering. We use the Lorentz model to derive Rayleigh 
scattering (scattering by bound charges) and Thomson scattering (scattering of free 
charges). We also examine the polarization of light caused by scattering. 

Consider a plane wave incident upon a charge q initially located at �x = 0. The 
electric field of the incident wave is 

Ein = Re{Ẽine 
i(kz−ωt)�� } . (27) 

We use the symbol �� to denote a general complex polarization vector normalized so that 
�� ∗ �� = 1. For light linearly polarized along the x-axis, �� = �ex. Circularly polarized light· 
has �� = (�ex ± i�ey)/

√
2. 

x+γẋ+ω2The charge has equation of motion ¨ 0x = qEx/m yielding x(t) = Re{˜ −iωtx0e }
with 

q 
0)˜(−ω2 − iγω + ω2 x0 = 

m
Ein . 

The oscillations of the charge imply a time-varying electric dipole moment px(t) = qx(t) 
or 

� � 
ω2q2/m 

p̈ = Re −iωt . (28)
ω2 − ω2 

0 + iγω
Eine 

We will compute the time average of the power radiated by this charge, which requires 

2 
�2 2q�p̈2 � =

(ω2 − ω2 

ω4 
� 

|Ein|
. (29) 

0)
2 + γ2ω2 m 2 

The incident intensity is 
2 

Iin = 
|Ein|

. (30)
2µ0c 

From equation (14), the time-average radiated power per solid angle for an electron with 
q = −e is3 

� � � 
2 
�2 � � 

dP µ0e ω4 

= 
0)

2 + γ2ω2 
|�� × r̂ 2Iin , (31)

dΩ 4πm (ω2 − ω2 
| 

which may be written 
dP dσ 

= Iin , (32)
dΩ dΩ 

where the function dσ/dΩ, called the differential scattering cross section, is 

2dσ 2 ω4 

dΩ
= r0 (ω2 − ω2 

|�� × r̂ 2 , r0 ≡ µ0e
=

1 e2 

. (33) 
0)

2 + γ2ω2 
| 

4πm 4π�0 mc2 

3In the case of a complex polarization vector (e.g. circularly polarized light), ��×r̂
2 

r)·(�� ∗ 
r).≡ (��×ˆ ×ˆ| |
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The length scale r0 = 2.818 × 10−15 m is the classical electron radius. In the classical 
Lorentz model of an electron, the electron behaves like a spherical shell of charge of this 
radius. 

In general the incident radiation travelling in the z-direction may consist of electric 
field components along both �ex and �ey. Consider light scattered into the x-direction, i.e. 
examine outgoing radiation with r̂ = �ex representing a scattering angle θ = π/2. If the 
incident light is polarized in the x-direction, �� = �ex and ��× r̂ 2 = 0. If on the other hand| |
the incident light is polarized in the y-direction, �� = �ey and ��× r̂ 2 = 1. Scattering causes| |
light to be polarized and the highest degree of polarization is for right-angle scattering. 

Most light sources have very little polarization. We can describe unpolarized light 
as a superposition of equal intensities of uncorrelated light polarized in the x- and y-
directions. Then the cross product term in equation (33) is replaced by 

� � 1 |�� × r̂ 2 1 |�ex × r̂ 2 + �ey × r̂ 2 = (1 + cos 2 θ) ,| → 
2 

| | | 
2

where we used equation (21). This gives the differential cross section for unpolarized 
scattering, 

dσ 2 ω4 (1 + cos2 θ) 
. (34)

dΩ
= r0 (ω2 − ω2 

0)
2 + γ2ω2 2 

The total cross section for scattering of unpolarized radiation follows by integrating over 
all angles, yielding 

� 
ω4 

� 
8π 2σ = σT 

0)
2 + γ2ω2 

, σT ≡ r0 . (35)
(ω2 − ω2 3 

For free electrons with (with ω0 = γ = 0) or bound electrons at frequencies far above 
resonance, the scattering is called Thomson scattering and the cross section σT = 6.65×
10−29 m2 is called the Thomson cross section. It gives the effective area that an electron 
presents to a beam of light. Note that Thomson scattering is independent of frequency 
— light of all wavelengths is scattered equally well by free electrons. (This breaks down 
for high frequencies so that h̄ω approaches or exceeds mc2 and relativistic quantum 
mechanics is necessary for a correct description of scattering.) 

The scattering cross section is largest at resonance. The classical scattering process 
at resonance is equivalent to absorption followed by emission in quantum mechanics. 
The frequency dependence of the cross section near resonance matches the spectral line 
shape for resonance scattering and for spontaneous emission (which can be interpreted 
as the scattering of a virtual photon into a real one in quantum field theory). 

At frequencies below resonances, ω � ω0, the scattering cross section is reduced 
by a factor ω4/ω0

4 compared with the Thomson cross section. Scattering by bound 
charges below resonance is called Rayleigh scattering. The strong frequency dependence 
means that short-wavelength radiation is scattered more effectively than long-wavelength 
radiation. Scattering by oxygen and nitrogen molecules in the atmosphere makes the sky 
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Figure 1: The center of the Orion Nebula as photographed by the Hubble Space Tele­
scope. Image Credit: NASA/STScI, C.R. O’Dell and S.K. Wong (Rice University). 

blue. Similarly, scattering in water makes swimming pools blue. A sunset is red because 
blue light has been scattered out of the beam. Scattering by interstellar dust grains 
(which, as sub-micron-sized polarizable bodies, scatter radiation somewhat like atoms or 
molecules do) causes interstellar clouds (nebulae, in astronomer’s jargon, e.g. the Orion 
nebula, shown above) to appear blue. It also causes the light of background stars to be 
reddened. 
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