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You should verify Iigat the gravitational force due to a mass M arises from the potential "y =
i GM=r with r = = x2+y2+ 72, We use the notation e4 for the unit vector in the x-direction
(and similarly for y and z). The symbol my is used for the gravitational mass, i.e. the mass
that determines the gravitational force on a body. This is by contrast with the inertial mass m;
appearing in Newton’s second law of motion:

a=milF ; )

where a is the acceleration of a body subjected to force F. Combining equations (1) and (2) we
see that the acceleration of a body in a gravitational fleld depends on the ratio mg=m;:

a=j—F"\: 3

Galileo showed experimentally 400 years ago that all bodies accelerate exactly the same way in a
gravitational fleld.> Newton interpreted this result to imply the equivalence of gravitational and
inertial mass, m; = mgy.*

We are so used to the equivalence of inertial and gravitational masses that we drop the sub-
scripts and refer only to the mass m. Einstein’s flrst great insight was to realize that this result
should not be taken for granted, as it provides an important clue to the nature of gravity.

To see why Galileo’s result is special, consider electric flelds, which obey an inverse square
law very similar to gravity. The acceleration caused by an electric fleld is proportional to g=m;
where q is the test charge. However, the ratio g=m; is not the same for all bodies, unlike mg=m;.>
Einstein realized the deep signiflcance of m; = mg = m and adopted it as the centerpiece of his
Equivalence Principle. By following the Equivalence Principle to its logical conclusion, Einstein
was able to develop the theory of General Relativity from pure thought.

In this class we will not follow Einstein’s path in all its mathematical sophistication. However,
we will use the most important consequence of the Equivalence Principle, which provided the
framework for Einstein’s whole approach to combining gravity and relativity: Gravitational forces
result from the properties of spacetime itself.

This assumption is radical from the perspective of Newtonian mechanics where gravity is given
instantaneously by action at a distance and spacetime is nothing but the unchanging stage upon
which all action takes place. According to Newton’s laws, if you cross the street, the gravitational
fleld a million light years away changes instantaneously. Yet according to the special theory of
relativity, signals cannot travel inflnitely fast. Newtonian gravity contradicts special relativity.

3Galileo studied non-relativistically moving bodies. Had he been able to measure the accelerations of relativistically
moving objects, he would have found that the acceleration depends on v=c.

4This conclusion assumes that the gravitational potential is independent of the mass of the test particle.

SConsider, for example, a proton, neutron, and electron.
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A similar puzzle arises with electromagnetism and it had been resolved by the work of Faraday
and Maxwell. The electric force between two charges obeys an inverse square law so that moving
one charge in Boston would, according to Coulomb’s law, instantaneously change the electric force
everywhere in the universe.

Faraday introduced the concept of a fleld of force which transmits the action of electricity
or magnetism (and gravity) through space. Maxwell showed that changes in the fleld are not
propagated instantaneously but instead travel at the speed of light. The static Coulomb law, and
by extension the static inverse square law of gravitation, need to be modifled when the sources are
in motion.

Einstein made a radical proposal: not only are gravitational efiects carried by a fleld, but that
fleld is intimately related to the spacetime geometry itself. In general relativity, the spacetime metric
itself plays the role of the fleld conveying all gravitational efiects.® The various terms in the metric
are now to be regarded as functions of the spacetime coordinates following from the distribution of
gravitational sources. We will devote the rest of this semester to exploring the metric and its efiect
on motion. John Wheeler summarizes general relativity in one elegant sentence: \Spacetime tells
matter how to move; matter tells spacetime how to curve."

Spacetime is no longer the eternal, unchanging stage upon which all the world’s dramas are
played out. Spacetime itself is an actor. The choreography of stage and players makes general
relativity one of the most challenging | and rewarding | physical theories to master.

Having argued that all gravitational efiects must be encoded in the metric itself, we are led to
ask how they are encoded in the metric. To answer this question we will examine a simple class of
spacetime metrics around the structure of most interest in this course, the spherical black hole.

3. Static, Spherically Symmetric Spacetimes

The spacetimes around non-spinning stars and black holes are static and spherically symmetric
to good accuracy. As a flrst step to studying the black hole metric, we provide a heuristic derivation
of the general static, spherically symmetric metric.

We already know one static, spherically symmetric spacetime ]| the at spacetime of special
relativity. In Cartesian coordinates its metric is

di? = dt? j dx? j dy? j dz?: (4)

This metric is static because the coe—cients of the difierentials are independent of t. To show that

5The equivalence of inertial and gravitational masses crucially underlies this postulate. All bodies do not accelerate
the same way in an electric fleld;, implying that electric efiects cannot arise from the metric alone.
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it is spherically symmetric, we transform from Cartesian to spherical polar coordinates:
X = rsinpcosA; y=rsinusinA; z=rcosy: (5)
Taking the di®erertials (dx; dy; dz) and using the chain rule, one nds

dx = dr sinpcosA+ dur cospcosAj dAr sinpsinA ;
dy = dr sinusinA+ dur cospusinA+ dAr sinpcosA ; (6)
dz = dr cospj dursinp:

Substituting this into equation (4) gives
d¢? = dt?j dr®j r’difj r?sin® pdA? (7)

We now seethe key feature of spherical symmetry: the polar angles (i; A) appear only in the
combination of the metric for a sphere,di? + sin® udA?.

The most general static metric with spherical symmetry is obtained by adding more terms to
the metric (but nonewith pand A) and allowing the coe+cients to dependonr:

i ¢
de2 = °0dt2 | 2A(Ndtdr i €(Ndr?; r2e28™M 'di2 + sin? pdA2 - ; 8)

where®©, a, A, and B are four arbitrary real functions of r. Note that © is not the same,in general,
asthe Newtonian gravitational potential ©y.

Equation (8) is actually too general. One of the most confusing aspects of generalrelativit y
for the novice is the fact that coordinates may be freely transformed without changing the physics.
A terrestrial analogy might be when new telephone area codesare intro duced and one'stelephone
number changes. Our labels may change but we must still be able to call our friends! In general
relativit y, howewver, the situation is more complicated: coordinates may be changedat any time,
and sometimesse\eral times during a calculation!

We can take advantage of this °exibilit y to simplify equation (8). In the homework, you will
nd equations that must be obeyed by coordinate transformations tqt; r) and r{r) sud that, in
the primed coordinates, equation (8) holds with A = B = 0. (The © and & elds may changebut
they will still depend only on r.) Dropping the primes, we concludethat the most general static,
spherically symmetric spacetimemay be written in the form

i ¢
de2 = %2 2 (Ngr2; r2' g2 + sin? udA2 (9)

The radial coordinate r is sometimescalled angular radius becauseit is usedto related angular
di®ererials to distancein the sameway asin Euclidean space.For example,if wehold xed t, r, and
A, the proper distanceis ds = rdp. (Recall that ds?~ j d¢2.) It follows that the length of a great
circle is 2¥x, motivating EBH to designatethe r-coordinate reduced circumference Note that all
of the coordinates in the metric are bookkeeper coordinates| they have no meaningindependert




