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QUIZ 2 SOLUTIONS

PROBLEM 1: DID YOU DO THE READING?

a)

The other two conserved quantities are baryon number and lepton number.
(Weinberg also mentions that the electron lepton number and the muon lepton num-
ber appear to be separately conserved. Today we would have to add tau lepton
number to this list. These conservation laws are still consistent with all known ex-
periments, but there are theoretical reasons for doubting their exactness. We will
talk about this later in the course.)

It is approximately 10~°.

Photons and neutrinos. (Protons and neutrons do not become an appreciable part
of the mass density until about 100,000 years after the big bang.)

b: all elements other than hydrogen, helium, and perhaps lithium were synthesized
primarily in stars.

The weak and electromagnetic interactions. At temperatures above kT =~ 300 GeV (1
GeV = 10° eV), these two interactions are believed to merge into what is often called
the electroweak interaction. (It is also speculated, in a class of theories called grand
unified theories, that the electroweak interactions merge with the strong interactions
at kT ~ 10'® GeV.)

PROBLEM 2: AN EXPONENTIALLY EXPANDING UNIVERSE

(2)

So

(b)

According to Eq. (3.7), the Hubble constant is related to the scale factor by

H=R/R.

Roext
g = X
Roext

According to Eq. (3.8), the coordinate velocity of light is given by

dzx ¢ ¢
_ _ e xt-

dt ~ R(t) R
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Integrating,
t
c [
z(t) = — | e Xt dt’
( ) RO 0

t
_° [_le—xt']
RO X 0

c _
= e

(¢c) From Eq. (3.11), or from the front of the quiz, one has

R(t,)
1+7 = .
7T R
Here t. = 0, so
Roext'
1+7 =
+ o

— X =147

1
— tr=—In(1+2) .
X

(d) The coordinate distance is z(t,), where z(t) is the function found in part (b), and ¢,
is the time found in part (c). So

eXtr =147,
and

— L _ _Xtr
z(t,) = “Ro [1— e Xt

¢ 1_ 1
~ xRo 1+ 2
cZ
xRo(1+ Z) .

The physical distance at the time of reception is found by multiplying by the scale
factor at the time of reception, so

cZeXtr cZ

b(t) = Rit)altr) = S =| S
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PROBLEM 3: LENGTHS AND AREAS IN A TWO-DIMEN-
SIONAL METRIC

a) Along the first segment df = 0, so ds? = (1+ar)? dr?, or ds = (1+ar) dr. Integrating,
the length of the first segment is found to be

To 1
5’1:/ (1—|—ar)dr:ro—|—§ar8.
0

Along the second segment dr = 0, so ds = r(1 + br) df, where r = ro. So the length
of the second segment is

w/2
82 = / 7'0(1 + bro) df = gro(l + bro) .
0

Finally, the third segment is identical to the first, so S3 = S;. The total length is
then

1
S = 281 + 82 =2 <7‘0 + 56”'8) + gro(l + bro)

1
= (24—%) r0—|—§(2a—|—7rb)r8 .

b) To find the area, it is best to divide the region into concentric strips as shown:

 JES
2
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Note that the strip has a coordinate width of dr, but the distance across the width
of the strip is determined by the metric to be

dh = (1+ ar)dr

The length of the strip is calculated the same way as S; in part (a):
s(r) = gr(l + br) .

The area is then

dA = s(r) dh

SO

r(1+br)(1 +ar)dr

A
[

T
2

/ [r + (a+ b)r2 + abr3] dr
0

m |1 1 1
=| 3 [57% + g(a—i— b)rs + Zabré

PROBLEM 4: A CYLINDRICAL UNIVERSE

a) Gauss’s law of gravity states that
f g-ds=—47GM ,

where ¢ is the acceleration of gravity, G is Newton’s constant, and M is the total
mass enclosed inside the volume. Apply this relation to the following cylinder:

“——hH—>
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By symmetry ¢ points radially outward, so the dot product ¢ - ds vanishes for the
disks that bound the cylinder on the left and right. The only contribution comes
from the curved surface of the cylinder, for which the cosine of the dot product is 1.
Thus,

fg’-dé': 2nrhg, ,

where ¢, is the radial component of g. The mass enclosed, M, is the length times
the mass per length, or hu. Therefore

2nrhg, = —47Ghu

SO
2Gu

gr = — .
r

Since the other components of ¢ vanish by symmetry,

and

A=2G

# is just the acceleration of r due to gravity, so

. 2Gu
r=¢r = — r

where I used the answer from the previous part. The mass per length enclosed within
a given cylindrical shell does not change with time, as all the shells move together.
It can therefore be evaluated at the initial time ¢;. For definiteness we can consider
a length h of the cylinder, so the volume of the cylinder of radius r; is 7rZh. The
mass per length is then

2
wrihp;
uirs) = TP g2y
h
Thus,
27rGrfpi




c)

)
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The function u(r;,t) is determined by the differential equation that it obeys, com-
bined with the initial conditions. Using the answer from (b),

. 7 2nGrip; 27 Gp;
U= — = — [ —
Ty r v

so the differential equation does not depend on r;. Since r(r;,t;) = r;, the initial
value of u is given by
u(ri,ti) =1.

Finally, since the initial velocities are set to agree with Hubble’s law,
F(ri,t;) = Hyri
it follows that

7"(7'1', t’L)
re

iL(Ti,ti) = =H; .

Thus, neither the differential equation for u(r;,t) nor the initial conditions depend
on r;, so the solution will not depend on r;.

For clarity, we can consider a finite length h of the cylinder. The mass contained
inside a cylinder of radius r; at the initial time ¢; is then

M(ri,h) = nrihp; .

At time ¢, this same mass will be uniformly spread in a cylinder of radius r(r;,t) and
length h. The density is therefore

M(Ti,h) P

P0="rn T BE

Using this result to replace p; in the differential equation found in (c),

R = —-27GpR .

Multiplying the differential equation by R,

(. 27Gp;
R[R+ ””]:o.
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Note that I wrote the differential equation in terms of p; rather than p, since the
time independence of p; allows us to proceed easily. Rewrite the expression as

d 1.
— |=R*+27Gp;InR| =0.
gt |2t TemGein

Thus, the quantity in square brackets must be constant:

1.
E = 5}22 +27Gp;InR ,

SO

V(R) =27Gp;InR .

The potential energy term V(R) grows as In R and is hence unbounded. No matter
how large the initial value of R?, there can never be enough energy to allow the
universe to grow to arbitrarily large R. Eventually the V (R) term will grow to be
as large as F, at which point R will vanish and then change sign. This universe
necessarily recollapses.
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