15.070

Homework Assignment 3

Given: October 12, 2005 Due: October 19, 2005

Problem 1 Problem 1 from Lecture 6.

Problem 2 Problem 6.27, Resnick’s chapter 6 from course packet. A stochastic process
{X:} is stationary if for every 0 < t; < to < -+ <ty and A > 0, the joint distribution of
(X(t1),...,X(tg)) is equal to the joint distribution of (X (t1 + A),..., X(tx + A)).

Problem 3 Problem 2 from Lecture 8.

Problem 4 (a) Consider the following sequence of partitions Il,,n = 1,2,... of [0,1] given
by t; = %,O < i < n. Prove that quadratic variation of a standard Brownian motion almost
surely converges to 1: lim, Q(II,,, B) =1 a.s.

(b) Suppose now the partition is generated by drawing n independent random values ty, =
Uk,1 < k < n drawn uniformly from [0,1] and independently from the Brownian motion.
Prove that lim,, Q(I1,,, B) = 1 a.s. Note, almost sure is with respect to the probability space
of both the Brownian motion probability and uniform sampling.

Problem 5 Suppose E[|X|] < oo, X € F. Suppose G C F is a field which is generated
by a finite partition Ay, ..., Ay C Q. That is UA; = Q,A; N A; = 0,i # j. Prove that
E[(X — E[X|G])?] = infz E[(X — Z)?], where inf is over all random variables Z € G. That
18, conditional probability is the best approximation of X in the mean squared metric among
all r.v. measurable with respect to G. Incidently, this is true for any G C F.

Problem 6 Give an example on Q = {a,b, c} in which E[E[X|F;]|F2] # E[E[X|F2]|F1].

Problem 7 Problem 1 from Lecture 9.



