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Probabilit \j’”example

Last time, | said that | would do an example 'w\volvivxﬁ the
reverse of the probailit Y inteqra fransformation.

Suppase X ~ V0,17 and Y = ’1030()/ A A>0. What is
Tiky)?
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Probabilit \j’”example

Last time, | said that | would do an example 'w\volvivxﬁ the
reverse of the probailit Y inteqra fransformation.

Suppase X ~ V0,17 and Y = ’1030()/ A A>0. What is
Tiky)?
First viote that the induced support is y >= 0.
F\M) = P(Y ¢ 5)
= P(’lOﬂ(.X)/ A<= y)
= PXX >= exp}- M)
= - exﬂ’ﬁtﬁ by definition of wiform
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Probabilit \j’”example
We have

F\Lﬂ) = | - exﬁ’M} for y > 0
o,

\%5) = drdy)/dy - Acxﬁ'M} Lor y > O

Look. familiar? [¥'s the exponential distribution.

LeX's take the inverse of the CDF that we fond above, and
see it i's The same funckion Tt we vsed to transform
the uniform oriﬁivxalhﬁ.
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Probabilit y~"example
We have
F\Lﬂ) = | - exﬁ’M} for y > 0
We find the inverse fwnction:
X = I'exﬂ’M}
% = expyMy]
log(l X) = ’Nj
So Y = "Oﬂ(,l “K)/ A
But we vsed Y = ’1050()/ A
What's qoing on? Both work. 1 X is VIO|17, 1-X s, *oo.



Probabili’ﬂ\')”'momevx’fs of a distribution

There is a lot of information in a PDF.  Sometimes, Yoo
much information. Perlups we dont care precisely whaf
The shape of the distribvfion is but st want o
sommarize some of ifs most salient teatures——-where it is
centered, where i veaches its peak, how spread ot it is,
whether it 1s stﬁmme’ﬂric, how thick its fails are, etc.

We can define the moments of a distribviion to help vs
summarize some of These most salient teatures.
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Probabili’fg”'momevx’fs of a distribution

For instance, mean, 4
median, and mode all
describe where the

distribution is located,
or centered, | >

A

\




Probabili’fg”'momevx’fs of a distribution

The mode is the
point where the PDF
reaches 115 3‘/\&5’(
valve.

mode

4

\




Probabili’fg”'momevx’rs of a distribution

The median is the
point above and below
which the infeqral of
the PDF s equal o
1/2.

median

Z

\




Probabili’fg”'momevx’fs of a distribution

The wmean, or
expectation, or expected
valve, is defined as

EQQ) = [xdbxddx

mean

Z

\
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So it we veed Yo find the expectation of & continvovs random
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Probabili’ﬂ\')”'momevx’fs of a distribution

So it we veed Yo find the expectation of & continvovs random
variable, we just infeqrate the PDF Yimes the valve over
the support:

EQOQ) = [xke()dx
Discrete avalog

E(.X) = Z.X‘\: )((.X>
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Probabili’fﬁ”'momevx’fs of a distribution

So it we veed Yo find the expectation of a continous random
variable, we just infeqrate the PDF Yimes the valve over
the support:

EXX) - J X%(('X)ob( We often denote E(X)

with 1 (Greek “'wv")

I+ we think of the PDF literally
05 a dms'\’fn, The expectation is
the balancing point of the densify.

| will vse “mean,” “expectation,” and, "expected valve” inferchangeably
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Suppose 00 = JexpYAx§ x »= O
Expomn’ﬁal distribution
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Suppose £x(x) = Aexp-Ax} x >= O
Then,
EQQ) = [oedb)dx

= [xhexpy-Mxdx

= /A



Probubility=—-example
Suppose () = Aexﬁ’AX} x >= 0

Then,
ECQ) = [xfbd
= [xhexpy-Mxdx
- T Well, it furms out that this infeqral

is a bit of a pain (infeqration by parts).



Probabilit \j'”avc’r 10Ns

We're qoing Yo Take a little side trip info auction theory
What do avctions have Yo do with ?robab'\li’ﬂj? Well,
’ﬂjpicallﬁ, the winner of an avetion is the Wﬁb\es’f bidder.
So, it we want Yo model and amlﬁze how avctions work,
an obviovs thing fo do 1s Yo model bids in an avction as a
Lid vandom sample and the Winving bid as the w' order
stafistic trom that random sample.  That's what well do
when we Try Yo amlﬁ’ﬁcallﬁ answer The question of

whether a seller shold sell a Proolvc’f with a ?os’feal price
or avction it off.
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We're qoing Yo Take a little side trip info auction theory
What do avctions have Yo do with ?robab'\li’ﬂj? Well,
’ﬂjpicallﬁ, the winner of an avetion is the Wﬁb\es’f bidder.
So, it we want Yo model and amlﬁze how avctions work,
an obviovs thing fo do 1s Yo model bids in an avction as a
Lid vandom sample and the Winving bid as the w' order
stafistic trom that random sample.  That's what well do
when we Try Yo amlﬁ’ﬁcallﬁ answer The question of

whether a seller shold sell a Proolvc’f with a ?os’feal price
or avction it off.

And, well also compute some expectations.



See image credits on the next slide.

Probabilit 3”’avc’ﬂ oS

Heve are some thi ngs Yhat are sold at avction:

Beer tray tin signs - lot of 2 - Tech Beer
HOOo@ A

Seller - diques00 (626 %) 98.9% Positive feedback
+ Follow this seller | See other items

ltem condition: Used
Time left: 43m 548 Today 4.14Pm

Starting bid: US $8.00 [ 0 bids ]

INTER-SATELLITE

MOBILE

tat

INTER-SATELUTE

MOBILE




Image Credits from Previous Slide

Fair Use Images

e "Woman with a Book by Pablo Picasso © The Pablo Picasso Estate]. All rights reserved. This content is excluded from
our Creative Commons license. For more information, see https://ocw.mit.edu/help/faq-fair-use/

Images in the Public Domain or in the Creative Commons

Radio Spectrum Chart courtesy of the United States Department of Commerce. Image is in the public domain.
Cows in a field courtesy of Tony Fischer on flickr. License: CC BY.

Map of Ancient Italy courtesy of the New York Public Library. License: CC 0. Image is in the public domain.
Fighter jet by the U.S. Air Force by Master Sgt. Donald R. Allen. Image is in the public domain.
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Probabili’fﬁ”'avc’ﬁow of the Roman Empire

The Practorian Guard, avctioned off the Roman Empire in 193

CE %o the Wi ghest bidder. Marcys Didivs Severvs Juliavvs

won, paying 25,000 ses evces/soldier.  He served as
emperor bor 66 dows before being executed by the

Proetorian Guard, (l imagine bids For the Lollow-on
avction were lower, i one was actually held. )

"Avction” comes from the Latin “avetio”, or increase.
Hi ghest bidder is the ) emptor.”
Auctions also vsed Yo sell plwnder, hovsehold

etfects, slaves, wives, commodities.



onbabili’ﬂ\'j”'avc’ﬁon Tulip bulbs

ln 1600's, traders from the Ottoman Empire brovght tulip
bubs back Yo Holland.  The product was novel, so demand
was wikvown, Furthermore, it Takes 7-12 years Yo 40
brom a seed Yo a tradible bulb, so supply is fixed in the
short yuw.

Demand. was Wi 4, and traders invented
o mechavism called, The ~Dutch
Auction,” when you start with
a bigh price and, decrease unfil

SOMEONE b\/tjs.



onbabili’ﬂ\tj”'avc’ﬁom Tulip bulbs

ln 1600's, traders from the Ottoman Empire brovglat tlip

bubs back Yo Halland, The product was vovel, so demand
was wikvown, Furthermore, it Takes 7-12 years Yo 40
brom a seed Yo a tradable bb, <0 supply is fixed n the

short ywn. Options and fotres
Demand was | ﬂ‘/\, and, Yraders wnvented  contracts also pi oneered

a mechaniom called the “Dutch during the Tlip Panic
Auction,” when you start with
a hi ﬂh price and, decrease wtil

SOMEONE b\njs.



Probabilit \j'”avc’ﬁ NS

Here are some ’Mnﬁs sold af a Pos’fcol yrice‘o

e Actutlly
BN “most Th ngs
o ¢y
(£ Today

See image credits on next slide.

This Unruly Mess I've Made [Explicit]

?fg'gﬁ Uﬁkﬁg‘g ?}3555 Macklemore & Ryan Lewis

Expected February 26, 2016
fae

Fre-order Price Guaraniee. Learn more.

this album with your Prime membership

See all 4 formats and editions

MP3
$11.49

Audio CD
$9.99

1 New from $9.99




Image Credits from Previous Slide

Fair Use Images

e Screenshot of The Unruly Mess I Made album cover © Amazon. All rights reserved. This content is excluded from our
Creative Commons license. For more information, see https://ocw.mit.edu/help/faq-fair-use/

Images in the Public Domain or in the Creative Commons

Photo of strawberries by Edwyn Anderton on flickr. License: CC BY-NC-SA
Photo of iPhone by Alexandra Guerson on flickr. CC BY-NC

Photo of Starbucks drink by Steve Garfield on flickr. License: CC BY-NC-SA
Photo of home by Sean Dreilinger on flickr. License: CC BY-NC-SA

Photo of dresses by Ted McGrath on flickr. License: CC BY-NC-SA
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Probabilit \j'”avc’r 10Ns

What determines whether a seller will decide o sell an item
at a posted price or avction i of 17

. Transaction costs

BDoth b\)ﬂer and seller i an avction have To exert effort Yo
monifor and then often wait for the ovtcome.

2. Information

Seller veceives free information on the valve of the 300(1
G fact, possith information on the whole distribution
of buyers valvcsg.



Probabilit \j'”avc’r 10Ns

(ro0ds |il<eﬁ Yo be avctioned:
. wnique 3000ls

2. expensive qoods (Yransactions costs i gt viot scale
with price, but \[oreﬁovm sUrplus from uncertainty might)

3, ﬁoools where characteristics cos’fhj Yo assess
4 3oools where Wﬁers know more Than sellers
5. 3oools with het er03eneif Y n b\njer valvation



Probabilit \j'”avc’r 10Ns

LeY's consider a simple model to illvstrate The point abovt
intormation.

There are N potential buyers of some éood Their valvations

are ivxolzpewolm’f and, distributed wi ormlﬁ on the wit
inferval, (O17.

The seller can otfer the qood, at vio cost, af a posted price
or avction it off. The seller knows the distribution of
valvations, but does vot know the individual vealizafions.
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Posted price:
Set the price af p, sell the qood it there are any Vo> p
The expected ?ro{'\’f‘o

E(TCp)) = pPLV, >= p for at least one 1)
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The expected Pm{'\’r‘o
ECTGp)) = pPLV, >= p for at least one 1)
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What you get if you sel | - CDF of the n™ order staistic
from VO,17 evalvated at p

How does this square with the Formula we saw or
expectation?



Probabilit \j'”avc’r 10Ns

Posted price:
Set the price af p, sell the qood it there are any Vi >= p
The expected Pm{'\’r‘o
ECTGp)) = pPLV, >= p for at least one 1)
T~

What you get if you sel | - CDF of the n™ order staistic
from V(0,17 evaluated, ot p

How does this square with the Formida we saw for

expectation?  Just “PP“j the diserete formula and, note
fat the first Yerm is zevo.
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Posted price:
Set the price af p, sell the qood it there are any Vo> p
The expected ?ro{'\’f‘o
E(TCp)) = pPLV, >= p for at least one 1)
- ?(I ’?N)
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Posted price:

Set the price at p, sell the 4ood. it there are any Vo> p

The expected ?ro{'\’f‘o
EU\(?)) = ?P(\l.‘ > p bor af least one V)

- P(I '{)N}

Now for a little economics: we assume that the seller will
choose p To maximize his ?ro\c\’f. We \[iﬁwe ot this
opfimal p btj Taking the devivative of expected ?ro\c\’f
with respect Yo price, setting equal o 2ero, and solv'w\ﬂ

\Cor price.



Probabilit \j'”avc’r 10Ns

Posted price:
Set the price at p, sell the 4ood. it there are any Vo> p
The expected ?ro{'\’r‘o
E(TCp)) = pPLV, >= p bor af least one 1)
" gl
So am/dy =| - N*I){)N and the optimal price is \(NH
Futhermore, the expected Pro\ct’f under That optimal price is

LR
N+| VN



Probability=—avctions
Which gives vise To The %ollow’mﬁ Table:

En
V
A CEEY:

N
\
2
3 v b3 3/,;(};( 24T

‘ ﬁﬁm‘f o

9 o1 Hlp=m



Probability=—avctions
Which gives vise Yo The {ollow’mﬁ Table:

Posted price is rising
as the number of

—F— H— potential bvﬂers qoes Vp.
!,2 yj{ Expected ?ro\fi’rs als0

N

|

2 g +56 H\gezg ¥F
3 ﬁ v b3 3/,53{2( 24T

5y Lo %ipem



Probability=—avctions
Which qives rise To the {o\lowmﬁ Table:

E b

|

%

5 %

12

1¢

En

7
58 2\ =~ .28
6 N =4

a7 ?{O?@b ©70

Posted price is rising

as the number of
potential bvﬂcrs qoes Vp.
Expected Vro%’rs also

40 vp. This 15 a
consequence of the
distribution of the i
order stafistic and how
i dnomﬁcs al n increases.
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Avction:

We will assume an “English Auction,” where the price of the
qood will gradvally nerease and potential buyers stay
the bidding wfil p > V., where V; is buyer i's valuation
For the producf. When only one Wjer s lett he 4ets
the qood. af p=Viyy, The second-highest valvation.
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Avction:

We will assume an “English Auction,” where the price of the
qood will gradvally nerease and potential buyers stay
the bidding wfil p > V., where V; is buyer i's valuation
For the producf. When only one thjer s lett he 4ets
the qood. af p=Viyy, The second-highest valvation.

|

Whn?
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Avction:

We will assume an “English Auction,” where the price of the
qood will gradvally nerease and potential buyers stay
the bidding wfil p > V., where V; is buyer i's valuation
for the product.  When only one puer is lekt, he 4ets
the qood. af p=Viyy, The second-highest valvation.

Wis is The dassic “oycn ov’fmj" avction
that we alwoujs see on |V shows, efc.
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Avction:
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the bidding wfil p > V., where V; is buyer i's valuation
For the producf. When only one Wjer s lett he 4ets
the qood. af p=Viyy, The second-highest valvation.

To compute expected ?ro{i’fs here, we will vieed the
distribution of the N5t order stafistic from V(O]

foen) = NONHU -2 for 0 <= x <= |
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Avction:

We will assume an “English Auction,” where the price of the
qood will gradvally nerease and potential buyers stay in
the bidding wfil p > V., where V; is buyer i's valvation
For the producf. When only one b\njer s lett he 4ets

the qood. af p=Viyy, The second-highest valuation. Assumed

. . distributy
To compute expected ?ro\C\’fs here, we will vieed the VZV;‘,“ OV:V‘ A

distribution of the N5t order stafistic from V(O]
foen) = NONHU -2 for 0 <= x <= |
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Auction:
So ECIND) = [, NINH U= 2xdx



Probabilit \j'”avc’ﬁ NS

Auction:
So ECIND) = [, NINH U= 2xdx

Here we vse the continvous
Formia to calevlate expectafion



Probabilit y~=avctions

Auction:

So ECIND) = [, NINH U= 2xdx
= NINHD [0, G- dx
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Auction:

So ECIND) = [, NINH U= 2xdx
= NINHD [0, G- dx
= (N-)/(N+)
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Which gives vise To The %ollow’mﬁ Table:

I
| 0 %
9 COEACER"
2 o iy =4
y 80 1 =1

avction Pos’red price
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Which gives vise Yo The ¥ol|owm3 Table:

ST -
| 0 %
9 COEACER"
3 % Wlges |
: '. : avction
' ‘ ~ does better
3 . 80 ?(O?(’%) ~ 70 - ¥or N > 2

avction Pos’red price
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Which gives vise Yo The {ollowmﬁ Table:

Noer &
| 0 %
92 '!/é' 2/5\[% =33
3 S AU
: '. : avction
' ' ~ does better
3 . 80 ?{0?(’%) ~ 70 - {or N > 2

(this is

avction Pos’red price 3emml)



Probabilit \j'”avc’r 10Ns

So what did this model Yell vs (conditional on assvm?’ﬁons)?

I, The seller will do better with an avetion when N is larﬂe
enovah.

2. This is trve even though the seller needed o know the
distribution of valuations Yo set an optimal posted price
and did vot veed Yo know that distribution Eor the
avction, (£ the seller i wrong about the distribution of
valvations, the fixed price does really badlﬁ.)

3. This model does ot have Transactions costs n it



Probabilit 3'”@‘50(3'5 switch {rom avctions

As | mentioned earlier, eﬁaﬂ, fonded in 1995 as an onlive
avction site exdvs’\velﬂ, now ovxlﬁ has about 15% of its
|is’ﬁ\nﬂs n avctions,



Probabilit 3’”@‘50(3% switch {rom avctions
Here's a 3?0\‘)‘/\ illvs’fmﬁnﬂ that point™

*From NBER working
Figure 1: Auction Share on eBay over Time
1 Paper bv« Eivav, Farronato,

= chm aV\d Swdaresan

0.9 V

0.8

© Liran Einav, Chiara Farronato,

Jonathan D. Levin Neel Sundaresan. 0.7
All rights reserved. This content is '
excluded from our Creative

Commons license. For more A

https://ocw.mit.edu/help/faq-fair-use/

information, see 0.6 \

0.5 £= V=

0.4
0.3
0.2 =Share of active listings
Share of revenues
01 +—
0

Jan-03 Jlan-04 Jan-05 Jan-06 Jan-07 Jan-08 Jan-09 Jan-10 Jan-11 Jan-12

For each month, the figure shows the average daily share of active eBay listings (black) and transaction revenues (gray) from pure auction listings out of all pure
auction and posted price listings. Less common formats, such as hybrid auctions, are not included. The sharp drop in Fall 2008 coincides with a decision in 74
September 2008 to allow “good till canceled” posted price listings (see Section 7).
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Probabilit 3’”@‘50(3'5 switch {rom avctions

Here's a ﬁmp‘n illvs’fmﬁnﬁ that point™
*From NBER working

Paper bm Eivav, Farronato,

Figure 1: Auction Share on eBay over Time

1
o A chm aV\d Swdaresan
0.8

As recc\nﬂﬂ as 2003,

almost all of “egm\js—mhs \

were avctions?

0.4

© Liran Einav, Chiara Farronato,
Jonathan D. Levin Neel Sundaresan.
All rights reserved. This content is
excluded from our Creative 0.3
Commons license. For more
information, see

https://ocw.mit.edu/help/faq-fair-use(), 2 Share of active listings

Share of revenues

01 +——

0 T T 1
Jan-03 Jan-04 Jan-05 Jan-06 Jan-07 Jan-08 Jan-09 Jan-10 Jan-11 Jan-12

For each month, the figure shows the average daily share of active eBay listings {black) and transaction revenues (gray) from pure auction listings out of all pure
auction and posted price listings. Less common formats, such as hybrid auctions, are not included. The sharp drop in Fall 2008 coincides with a decision in 75
September 2008 to allow “good till canceled” posted price listings (see Section 7).
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Figure 1: Auction Share on eBay over Time
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For each month, the figure shows the average daily share of active eBay listings (black) and transaction revenues [gray) from pure auction listings out of all pure
auction and posted price listings. Less common formats, such as hybrid auctions, are not included. The sharp drop in Fall 2008 coincides with a decision in 76
September 2008 to allow “good till canceled” posted price listings (see Section 7).
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Figure presents resufts from "Google Trends" for search terms “online auctions” and "online prices.” The y-axis is a Google generated index for the weekly volume
of Google searches for each of the two search terms, which should make the weekly volume figures comparable over time and across the two search terms.

77


https://ocw.mit.edu/help/faq-fair-use/

Probabilit 3’”@‘50(3% switch {rom avctions

Here's another 3m‘>h* = *From NBER working

Paper by Eivav, Farronato,
Figure 2: Google Search Volume for Online Auctions and Online Prices .
- Levin, and, Sundaresan

—(Online auctions
90

Online prices
80

70

© Liran Einav, Chiara Farronato,
Jonathan D. Levin Neel Sundaresan.
All rights reserved. This content is
excluded from our Creative Commons
license. For more information, see
https://ocw.mit.edu/help/faq-fair-use/

60

Search volume index (Google generated)

50 l l

40 M | |

30 | FI°R = _____'_li_'._ W) i
20

(xoo&le l ;Zq\ds data

Jan-04 Jan-05 Jan-06 Jan-07 Jan-08 Jan-09 Jan-10 Jan-11 Jan-12

Figure presents results from "Google Trends" for search terms "online auctions" and "online prices.” The y-axis is a Google generated index for the weekly volume 78
of Google searches for each of the two search terms, which should make the weekly volume figures comparable over time and across the two search terms.
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fon and viovel as They vsed To be.
3. The “price discovery benefits of auctions have declived

over Yime.

Ovlive search has made it easier Yo find prices for comparable
items

eBouj ireelf s created thick vational warkets for lots of Things
fak didn exist before, which provide price inkormation.
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Can decompose the shikt over Yime from avction Yo posted
price:
How much have product cat eqories sh bred over fime

(Yowards more standardized products, away brom wni que
products )7

How much has the experience of the ’ﬂﬁyical seller

ncreased. over time?

T‘A% Find, Yhat these explanafions ovxhj accomt for a \Cairlﬁ
small fraction of the shidt. Instead, the veturns To
sellers using auctions have diminished.
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