
Lecture 27 Consequences of Talagrand’s convex-hull distance inequality. 18.465

Let X = {0, 1}, (x1, . . . , xn) ∈ {0, 1}n, P (xi = 1) = p, and P (xi = 0) = 1 − p. Suppose

A ⊆ {0, 1}n. What is d(A, x) in this case?

x

conv A

d

For a given x, take all y ∈ A and compute s:

x = ( x1, x2, . . . , xn)

= 6= . . . =

y = ( y1, y2, . . . , yn)

s = ( 0, 1, . . . , 0)

Build conv V (A, x) = U(A, x). Finally, d(A, x) = min{|x − u|2; u ∈ conv A}

Theorem 27.1. Consider a convex and Lipschitz f : R
n 7→ R, |f(x) − f(y)| ≤ L|x − y|,

∀x, y ∈ R
n. Then

P

(

f(x1, . . . , xn) ≥ M + L
√

t
)

≤ 2e−t/4

and

P

(

f(x1, . . . , xn) ≤ M − L
√

t
)

≤ 2e−t/4

where M is median of f : P (f ≥ M) ≥ 1/2 and P (f ≤ M) ≥ 1/2.

Proof. Fix a ∈ R and consider A = {(x1, . . . , xn) ∈ {0, 1}n, f(x1, . . . , xn) ≤ a}. We proved

that

P




d(A, x) ≥ t
︸ ︷︷ ︸

event E




 ≤ 1

P (A)
e−t/4 =

1

P (f ≤ a)
e−t/4

d(A, x) = min{|x − u|2; u ∈ conv A} = |x − u0|2

for some u0 ∈ conv A. Note that |f(x) − f(u0)| ≤ L|x − u0|.
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Now, assume that x is such that d(A, x) ≤ t, i.e. complement of event E. Then |x − u0| =
√

d(A, x) ≤
√

t. Hence,

|f(x) − f(u0)| ≤ L|x − u0| ≤ L
√

t.

So, f(x) ≤ f(u0) + L
√

t. What is f(u0)? We know that u0 ∈ conv A, so u0 =
∑

λiai,

ai ∈ A, and λi ≥ 0,
∑

λi = 1. Since f is convex,

f(u0) = f
(∑

λiai

)

≤
∑

λif(ai) ≤
∑

λia = a.

This implies f(x) ≤ a + L
√

t. We proved

{d(A, x) ≤ t} ⊆ {f(x) ≤ a + L
√

t}.

Hence,

1 − 1

P (f ≥ a)
e−t/4 ≤ P (d(A, x) ≤ t) ≤ P

(

f(x) ≤ a + L
√

t
)

.

Therefore,

P

(

f(x) ≥ a + L
√

t
)

≤ 1

P (f ≥ a)
e−t/4.

To prove the first inequality take a = M . Since P (f ≤ M) ≥ 1/2,

P

(

f(x) ≥ M + L
√

t
)

≤ 2e−t/4.

To prove the second inequality, take a = M − L
√

t. Then

P (f ≥ M) ≤ 1

P
(
f ≤ M − L

√
t
)e−t/4,

which means

P

(

f(x) ≤ M − L
√

t
)

≤ 2e−t/4.

Example 1. Let H ⊆ R
n be a bounded set. Let

f(x1, . . . , xn) = sup
h∈H

∣
∣
∣
∣
∣

n∑

i=1

hixi

∣
∣
∣
∣
∣
.

Let’s check:
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(1) convexity:

f(λx + (1 − λ)y) = sup
h∈H

∣
∣
∣
∣
∣

n∑

i=1

hi(λxi + (1 − λ)yi)

∣
∣
∣
∣
∣

= sup
h∈H

∣
∣
∣
∣
∣
λ

n∑

i=1

hixi + (1 − λ)
n∑

i=1

hiyi

∣
∣
∣
∣
∣

≤ λ sup
h∈H

∣
∣
∣
∣
∣

n∑

i=1

hixi

∣
∣
∣
∣
∣
+ (1 − λ) sup

h∈H

∣
∣
∣
∣
∣

n∑

i=1

hiyi

∣
∣
∣
∣
∣

= λf(x) + (1 − λ)f(y)

(2) Lipschitz:

|f(x) − f(y)| =

∣
∣
∣
∣
∣
sup
h∈H

∣
∣
∣
∣
∣

n∑

i=1

hixi

∣
∣
∣
∣
∣
− sup

h∈H

∣
∣
∣
∣
∣

n∑

i=1

hiyi

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

≤ sup
h∈H

∣
∣
∣
∣
∣

n∑

i=1

hi(xi − yi)

∣
∣
∣
∣
∣

≤ (by Cauchy-Schwartz) sup
h∈H

√∑

h2

i

√∑

(xi − yi)2

= |x − y| sup
h∈H

√∑

h2

i

︸ ︷︷ ︸

L=Lipschitz constant

We proved the following

Theorem 27.2. If M is the median of f(x1, . . . , xn), and x1, . . . , xn are i.i.d with P (xi = 1) =

p and P (xi = 0) = 1 − p, then

P

(

sup
h∈H

∣
∣
∣
∣
∣

n∑

i=1

hixi

∣
∣
∣
∣
∣
≥ M + sup

h∈H

√∑

h2

i ·
√

t

)

≤ 2e−t/4

and

P

(

sup
h∈H

∣
∣
∣
∣
∣

n∑

i=1

hixi

∣
∣
∣
∣
∣
≤ M − sup

h∈H

√∑

h2

i ·
√

t

)

≤ 2e−t/4

�
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